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thank everyone in Dr. Josić’s group, especially Bhargav Karamched, who gave

me a necessary push when I was trying to figure out my future career.

I thank Ms. Kathleen Murrell and Ms. Jeanne Parlangeli. They have been my

major supporters since high school.

My family plays an important role in my success. I want to thank my par-

ents, Trong & Mai Nguyen, and my only sister, Vi Nguyen, for always supporting

me even though they never understood my work. I am grateful to my deceased

grandfather, Linh D. Nguyen, for granting me the opportunity to immigrate to the

United States and achieve the American dream.

Last but not least, I want to acknowledge the Barry Goldwater Scholarship

Foundation and the National Science Foundation for supporting me as a young

scientist.

iii



In Loving Memory of my Grandfather: Linh Duc Nguyen



Abstract

To make the best decisions, organisms must flexibly accumulate information,

accounting for what is relevant and ignoring what is not. Many decision-making

studies focus on sequences of independent trials in which the evidence gathered

to make a choice, as well as the resulting actions and feedback, are irrelevant to

future decisions. Two-alternative forced choice tasks (2AFC) are often used to

characterize strategies subjects use to make decisions. Normative theories, which

model ideal observers, have been developed for such tasks when rewards provide

the sole evidence (e.g., two-armed bandit tasks). Less is known about how ob-

servers should integrate probabilistic rewards interspersed with noisy evidence to

inform their decisions in future correlated trials. To understand decision-making

under more natural conditions, we extend drift-diffusion models to obtain the

normative form of evidence accumulation in a series of 2AFC trials with the cor-

rect choice evolving as a two-state Markov process. We analyze three different

feedback cases: withholding trial-to-trial feedback, giving probabilistic trial-to-

trial signal, and giving probabilistic trial-to-trial reward. Ideal observers integrate

noisy evidence within a trial until reaching a decision threshold and bias their

initial belief depending on the evidence accumulated and feedback received on

previous trials. Optimal observers accumulate more evidence on early trials and

make faster decisions on later trials. Gains in performance are primarily due to

biases in initial beliefs that lead to faster decisions even when feedback is lacking.

Feedback shapes trial-to-trial decision strategies determining whether decisions

are immediate, or a result of past and present evidence, depending on whether the
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feedback is strong enough to overcome the volatility of changes between trials.

Our findings are also consistent with experimentally observed response trends,

showing decreased reaction times when correct choices are repeated and in re-

sponse to prior trial rewards.
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Chapter 1
Introduction

Organismal behavior is often driven by decisions that are the result of evi-

dence accumulated to determine the best choice among available options [12, 39].

Often such evidence comes from conspecifics: for instance, honeybee swarms

use a democratic process in which each bee’s opinion is communicated to the

group to decide which nectar source to forage [82]. Competitive animals evalu-

ate their opponents’ attributes to decide whether to fight or flee [85], and humans

decide which stocks to buy or sell, based on individual research and social infor-

mation [57]. Importantly, the observations of these agents are frequently uncer-

tain [15, 42] so accurate decision-making requires robust evidence integration that

accounts for the reliability and variety of evidence sources [70].

The two-alternative forced choice (2AFC) task paradigm has been successful in

probing the behavioral trends and neural and cognitive mechanisms underlying

decision-making [71]. In a 2AFC task, subjects decide which one of two hypothe-

ses is more likely based on noisy evidence [8, 38]. For instance, in a random dot
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motion discrimination task (see Fig. 1.0.1), subjects decide whether a cloud of

noisy dots predominantly moves in one of two directions. Such stimuli evoke

strong responses in primate motion-detecting areas, showing that the oculomo-

tor system either takes part or is driven by the evolving decision-making process.

This observation also motivates the use of such stimuli in the experimental study

of neural mechanisms underlying decision-making [39, 83].

Trial N

Trial 1

Fig. 1.0.1: Random dot motion discrimination task is commonly used to study
decision-making processes. Some dots move to one direction, either left or right,
while other dots move randomly. Humans or animals need to determine the “cor-
rect” direction of the dots. In this experiment, the dot direction on trial 1 is oppo-
site to the ones on trial N.

The response trends and underlying neural activity are well described by the

drift-diffusion model (DDM), which associates a subject’s belief with a particle

drifting and diffusing between two boundaries, with decisions determined by the

first boundary the particle crosses [8, 73, 86].
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1.1. EVIDENCE OF HISTORY-DEPENDENT BIASES IN DECISIONS

1.1 Evidence of History-Dependent Biases in Decisions

To survive, animals must constantly learn about and adapt to the changing

environment. Some changes are a result of autonomous cycles in the environment

(e.g., temperature, seasons), while others are due to the actions of living beings.

For example, a group of animals migrating can cause food shortages for other

animals, or a new predator in the area can influence prey’s foraging decisions [97].

On the other hand, humans often make decisions to suit their needs. For example,

if you enjoyed a dish you ordered on your last visit to a restaurant, you are likely

to order the same dish at your next visit [43]. Experiments have shown that both

humans and animals can exhibit several irrational trends in their choices based on

previous ones. Such trends are often referred to as sequential effects or biases [17,

84].

Soetens et al. conducted experiments demonstrating sequential effects where

human subjects decided if a LED stimulus appeared on the left or right [84]. Sub-

jects’ mean reaction time and error rate were recorded according to XXXX stimu-

lus sequences (the previous four stimulus sides relative to the current one), where

X was R (A), which stood for a stimulus repetition (alternation), given 16 total

possible sequences. The data showed that subjects react faster in sequences of

AAAA type compared to sequences of AAAR type. Intuitively, subjects are likely

to expect the stimulus to alternate after three consecutive alternations. They thus

3



1.1. EVIDENCE OF HISTORY-DEPENDENT BIASES IN DECISIONS

react faster when this expectation is met, and slower when surprised by a repeat-

ing stimulus. Similar trends were also observed for other types of stimulus pat-

terns [84]. Humans use accumulated information across trials to bias their be-

lief in current trials, which can improve their performance if the strategy is well-

matched to environmental trends but will decrease performance if the strategy is

mismatched.

History-dependent biases are also found in animals. Such biases can also be

reflected in neural activity: Hwang et al. examined the pre-trial activity of the pos-

terior parietal cortex (PPC) in mice. In this task, mice decided if a visual stimulus

was forward or downward. A significant choice selectivity was found in a large

fraction of choice-selective neurons in PPC. Since PPC neurons encode the his-

tory of outcomes and transform visual information to motor outputs, the result

implies that neurons had predicted the choice before the trial even started [43].

In a recent study of primates’ behaviors in an auditory task, in which monkeys

decided if the frequency of a sequence of tone bursts was predominantly low or

high, it was found that choice selectivity increases in ventrolateral prefrontal cor-

tex (vIPFC) neurons post-decision and pre-reward. The vIPFC neurons linked

auditory perception and decision-making, so activation in this area implies that

biases on subsequent trials are established as soon as the current decision is com-

mitted [89]. Both studies show that animals form biases at the beginning of each

subsequent trial.

In these experiments, stimuli appeared randomly on each trial and there were

no intertrial correlations. The observed biases imply that humans and animals
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1.2. IMPORTANCE OF FEEDBACK IN DECISION-MAKING STUDY

could be assuming that trials are correlated, even when no correlations exist.

Goldfarb et al. performed related experiments examining responses in a series of

dependent trials with the correct choice across trials evolving according to a two-

state Markov process [40]. The transition probabilities affected the response time

and accuracy of subjects in ways well described by a DDM with biased initial con-

ditions and thresholds (see Fig. 1.1.1 A). For instance, when repeated states were

more likely, response times decreased in the second of two repeated trials (see Fig.

1.1.1 B).

A B

Stim.  
1

Stim.  
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Fig. 1.1.1: A. There are two possible stimuli that could be presented each trial
which the subject must identify. Between trials, the identity of the stimulus is
repeated (alternated) with probability 1 − PA (PA). B. The mean reaction time
and the error rate of 16 participants were measured in Goldfarb’s experiment. R
stands for Repetition, and A stands for Alternation. Thus, RR, AR, RA, and AA
are second-order sequences for repeating and alternating stimuli. [40].

1.2 Importance of Feedback in Decision-Making Study

In nature, humans and animals require feedback to improve their future per-

formance. For example, both songbirds and humans rely on auditory feedback to

learn a dialect [10]. Toddlers receive feedback to learn simple tasks while adults
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1.2. IMPORTANCE OF FEEDBACK IN DECISION-MAKING STUDY

need feedback to learn more complicated tasks [66, 92]. A student needs feed-

back to learn how to play a violin [53]. Because our world is uncertain, sometimes

feedback is not perfect. We are interested in how an optimal observer combines

probabilistic feedback and their internal belief to make decisions in a changing

environment.

In experiments, one way to give subjects feedback is to give a reward at the

end of each trial. This type of feedback is more common in animal studies. The

effect of feedback has been an interesting topic in the decision-making field. The

neural activity of dopamine neurons is typically examined to study this effect be-

cause dopamine plays an important role in motivating action [13, 14, 96]. More-

over, the mismatch between expected and actual reward is coded by dopamine

neurons. A surprising reward (or omission of a reward) activates (or depresses)

dopamine neurons [80, 94]. In a high-variance environment, subjects who receive

more frequent feedback, and in this case, we can interpret that as receiving more

frequent rewards, perform worse [55]. Therefore, it is important for us to explore

and quantify the optimal strategy when the feedback is probabilistic.

On the other hand, human subjects are able to adjust their strategies based on

true/false feedback. Duijvenvoorde et al. examined the performance and neural

activity of subjects across a range of different ages while they perform feedback-

based sequential tasks [92]. Positive feedback encourages subjects to make the

same decision on repeated trials, while negative feedback motivates subjects to

switch their choice. Experimental data showed that accuracy increased and reac-

tion time decreased across age groups for positive feedback (see Fig. 1.2.1) while
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1.2. IMPORTANCE OF FEEDBACK IN DECISION-MAKING STUDY

only adults successfully adjusted their behaviors after negative feedback. This

result was consistent with previous studies [19, 79]. Moreover, more activation

was found to the left of the dorsolateral prefrontal cortex (DLPC) in adults post-

negative feedback. This contrasted with what was found in children, as there was

more activation post-positive feedback. In summary, both positive and negative

feedback play important roles in sequential tasks.
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Fig. 1.2.1: Subjects from age groups between 8-9, 11-13, and 18-25 participated in
a 2AFC task, where they were instructed to make decisions based on feedback.
Positive feedback and negative feedback indicate correct and incorrect choices,
respectively. A. Percentage correct. B. Mean reaction time. Overall, subjects per-
form better when given positive feedback. Ages 8-9 perform better with positive
feedback while ages 18-25 can adjust their performance when given negative feed-
back. The trends are reproduced from Van Duijivenvoorde et al. data [92].
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1.3. DIFFERENT DECISION-MAKING MODELS

1.3 Different Decision-Making Models

Even though there are many mathematical decision-making models (such as

leaky competing accumulator, integration to bound, urgency model, etc.), the

drift-diffusion model (DDM) is typically used to study this decision-making pro-

cess. The DDM is popular because (1) it can be derived as the continuum limit of

the statistically-optimal sequential probability ratio test [8, 95]; (2) it is an analyt-

ically tractable Wiener diffusion process whose summary statistics can be com-

puted explicitly [8, 74]; and (3) it can be fit remarkably well to behavioral re-

sponses and neural activity in 2AFC tasks with independent trials [38, 39] (al-

though see Latimer et al. [52]).

However, classical DDM does not describe many aspects of decision-making

in natural environments. For instance, the DDM is typically used to model a se-

ries of independent trials where evidence accumulated during one trial is not in-

formative about the correct choice on other trials [73]. Organisms in nature often

make a sequence of related decisions based on overlapping evidence [16]. Con-

sider an animal deciding which way to turn while fleeing a pursuing predator: to

maximize its chances of escape, its decisions should depend on both its own and

the predator’s earlier movements [18]. Animals foraging over multiple days are

biased towards food sites with consistently high yields [41]. Thus even in a vari-

able environment, organisms use previously gathered information to make future

decisions [20].

Even in a sequence of independent trials, previous choices influence subse-

quent decisions [32]. Such serial response dependencies or recency effects have

8



1.3. DIFFERENT DECISION-MAKING MODELS

been observed in 2AFC tasks which do [4, 17, 34] and do not [6, 50] require ac-

cumulation of evidence across trials. For instance, a subject’s response time may

decrease when the current state is the same as the previous state [65]. Thus, trends

in response time and accuracy suggest subjects use trial history to predict the cur-

rent state of the environment, albeit suboptimally [50].

History-dependent biases also increase the probability of repeat responses when

subjects view sequences with repetition probabilities above chance [1, 11]. These

results suggest that an adaptive DDM with an initial condition biased towards

the previous decision is a good model of human decision-making across corre-

lated trials [40]. There is an interesting proposal that bias can be due to a drift

shift. The choice pattern of initial condition bias and drift bias are identical with

different reaction time distributions [90].

Recency effects can appear if an observer is learning the statistical structure

of the environment. Much of the early literature on this subject treated recency

biases as a consequence of an observer trying to learn the frequency of events in

a sequence (reviewed in [31]). For instance, classical incremental learning [27] has

been used to explain how learning the probability of each of two choices across

trials can lead to responses biased by recent feedback [26].

Learning trial-to-trial dependencies can also lead to recency effects [17, 30, 97].

In combination with learning the marginal frequency of each choice, this can ex-

plain a range of experimental observations [45, 49]. However, there is substantial

evidence that human observers can learn dependencies between different trials

9



1.3. DIFFERENT DECISION-MAKING MODELS

[4], and that recency effects are the result of observers stably learning such struc-

ture [47, 58]. Moreover, to address the reward prediction for dopamine neuron

output in primates, temporal difference (TD) method is applied because (1) it

predicts a discounted sum of future rewards using sensory cues; (2) it assumes

Markovian property [81]. In particular, as we will discuss further in this work, ev-

idence accumulated on a previous trial and feedback can bias an observer’s initial

belief and their response on the next trial.

There are many non-DDM models that describe sequential effects [4, 17, 27,

51]. For instance, Cho et al. used Usher and McClelland’s leaky competing ac-

cumulator model to study this effect in 2AFC tasks by constraining possibilities

of bias updates [17]. Even though this model reproduces behavioral trends bet-

ter than previous models, it only induced a sub-optimal strategy. Yu et al. pro-

posed the Fixed Belief Model using the Bayesian framework to study sequential

decision-making. The model shows that in a changing environment, humans

weigh past observations linearly with an exponential decaying coefficient. The

optimal Bayesian inference is approximated by this discounting, but error pat-

terns were not accounted for [97]. However, these models are not normative and

we are not aware of previous normative models that describe both recency and

feedback effects in evidence accumulation tasks. Normative models are useful

because they describe the behaviors of ideal observers.

We extend previous DDMs to provide a normative model of evidence accu-

mulation in serial trials evolving according to a two-state Markov process whose

10
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transition rate and feedback reliability are known to the observer. We use sequen-

tial analysis to derive the posterior for the environmental states H± given a stream

of noisy observations [8, 93]. Under this model, ideal observers incorporate infor-

mation from previous trials to bias their initial belief on subsequent trials. This

decreases the average time to the next decision but not necessarily its accuracy.

Furthermore, in a finite sequences of trials the rate of reward is maximized when

the observer deliberates longer for early decisions but responds more quickly to-

wards the end of the sequence. We show that even in the absence of fractional

learning, i.e., when the observer is fully aware of the correlations between tri-

als, a temporal structure of responses similar to that observed experimentally can

emerge due to the true or assumed dependencies between trials.

1.4 Overview

Many 2AFC tasks have been designed so that the stimulus itself has no corre-

lations from one trial to the next, and often modelers do not consider the effects of

reward or feedback on decision strategy [39]. In this dissertation, we focus on two

aspects of a more realistic decision-making model: correlations between trials and

probabilistic feedback. In chapter 1, we introduce experiments that motivate our

study. In chapter 2, we re-derive the standard drift-diffusion model (DDM) when

sequences of trials are uncorrelated, its summary statistics, as well as expressions

for first passage times and exit probabilities. We will use these computations in

later chapters to compute reward rate and expected net reward functions, which are

measurements of the optimal observer’s performance. In chapter 3, we consider

11



1.4. OVERVIEW

the first two trials of the sequence. We assume that the correlation is known to

an optimal observer and feedback is omitted. When the correlation is strong, the

observer carries more information on subsequent trials to improve the reaction

time. We derive initial bias and compute the observer’s performance in cases of

constant and dynamic decision thresholds. We extend the findings to multiple

trials in chapter 4. In chapter 5, we consider optimal performance in correlated

trials with the observer receiving noisy feedback. Such feedback can take two

forms: (1) a probabilistic light signal with a deterministic reward, or (2) a prob-

abilistic reward. We recap our findings in chapter 6 by comparing our model to

experimental data response trends.

12



Chapter 2
Optimizing Decisions in the Standard

Drift-Diffusion Model

The standard DDM can be derived as the continuum limit of a recursive equa-

tion for the log-likelihood ratio (LLR) [8, 38, 95]. When the environmental states

are uncorrelated between trials and equally likely, an ideal observer has no bias at

the start of each trial. We assume that on one trial the observer integrates a stream

of noisy measurements of the true state, H (see Fig. 2.0.1 A). If these measure-

ments are conditionally independent, the functional central limit theorem yields

the DDM for the scaled LLR, y(t) = D ln P(H=H+|observations)
P(H=H−|observations) , after observation

time t,

dy = gdt +
√

2DdW. (2.0.1)

We have written the above as a Langevin equation in which W is a Wiener

13
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Fig. 2.0.1: A. In a standard two-alternative forced choice task, observers make a
sequence of observations, ξ1:n, to determine which of the two choices is correct.
B. Decision time measures how long it takes y(t) to reach a threshold. Positive/
Negative threshold indicates decisions H+/ H−. The correct probability is the
probability that y(t) reaches the correct threshold. For example, when g > 0,
the correct probability is the probability of exiting through the positive threshold
when starting at an initial position y(0).

process, the drift g ∈ g± depends on the environmental state, and D is the vari-

ance which depends on the quality of each observation. Often, the prefactor of the

Weiner process is taken to be σ , rather than
√

2D, but the form we have chosen

simplifies several expressions we derive subsequently. Eq. (2.0.1) may be written

as a stochastic differential equation ẏ = g +
√

2Dζ , where ζ is Gaussian white

noise, and some use the form dy = gdt +ζ ·
√

2D · dt [91].

For simplicity and consistency with typical random dot kinetogram tasks [39,

78], we assume each drift direction is of equal unit strength: g+ = −g− = 1,

and task difficulty is controlled by scaling the variance through D. An arbitrary

drift amplitude g can also be scaled out via a change of variables y = gỹ, so

the resulting DDM for ỹ has unit drift, and D̃ = D/g2. The initial condition is

14



2.1. DERIVATION OF THE DRIFT-DIFFUSION MODEL FOR A SINGLE TRIAL

determined by the observer’s prior bias, y(0) = D ln[P(H = H+)/P(H = H−)].

Thus for an unbiased observer, y(0) = 0.

There are two primary ways of obtaining a response from the DDM given

by Eq. (2.0.1) that mirror common experimental protocols [38, 39, 83]. The first

way is that the ideal observer interrogates at a set time, t = T, responds with

sign(y(T)) = ±1 indicating the more likely of the two states, H = H±, given

the accumulated evidence. On the other hand, an observer free to choose their

response time can trade speed for accuracy in making a decision. This is typically

modeled in the DDM by defining a decision threshold,θ, and assuming that at the

first time, T, at which |y(T)| ≥ θ, the evidence accumulation process terminates,

and the observer chooses H± if sign(y(T)) = ±1 (see Fig. 2.0.1 B).

2.1 Derivation of the Drift-Diffusion Model for a Sin-

gle Trial

We assume that the optimal observer integrates a stream of noisy measure-

ments ξ1:m = (ξ1,ξ2, ...,ξm) at equally spaced times t1:m = (t1, t2, ..., tm) [8, 95].

The likelihood functions, f±(ξ) := P(ξ |H±), define the probability of each mea-

surement, ξ , conditioned on the environmental state, H±. Observations on each

trial are combined with the prior probabilities P(H±). We assume a symmetric

prior, P(H±) = 1/2. The probability ratio is then

Rm =
P(H = H+|ξ1:m)

P(H = H−|ξ1:m)
=

f+(ξ1) f+(ξ2) · · · f+(ξm)P(H = H+)

f−(ξ1) f−(ξ2) · · · f−(ξm)P(H = H−)
, (2.1.1)
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2.1. DERIVATION OF THE DRIFT-DIFFUSION MODEL FOR A SINGLE TRIAL

due to the independence of each measurement ξm. Thus, if Rm > 1(Rm < 1) then

H = H+(H = H−) is the more likely state. Eq. (2.1.1) can be written recursively

Rm =

(
f+(ξm)

f−(ξm)

)
Rm−1, (2.1.2)

where R0 = P(H+)/P(H−) = 1 due to the equal probability of both states at the

beginning of the first trial.

Taking the logarithm of Eq. (2.1.2) allows us to express the recursive relation

for the log-likelihood ratio (LLR) L1
m = ln Rm as an iterative sum

Lm = Lm−1 + ln
f+(ξm)

f−(ξm)
,

where L0 = ln [P(H+)/P(H−)], so if Lm ≷ 0 then H = H± is the more likely state.

Taking the continuum limit ∆t → 0 of the timestep ∆t := tm − tm−1, we can use

the functional central limit theorem to yield the DDM (see [8, 93] for details)

dy = gdt +
√

2DdW, (2.1.3)

where W is a Wiener process, the drift g ∈ g± = 1
∆t Eξ

[
ln f+(ξ)

f−(ξ)
|H±

]
depends on

the state, and 2D = 1
∆t Varξ

[
ln f+(ξ)

f−(ξ)
|H±

]
is the variance which depends only on

the noisiness of each observation but not the state.

With Eq. (2.0.1) in hand, we can relate y(t) to the probability of either state H±
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2.2. MEAN FIRST PASSAGE TIME

by noting its Gaussian statistics in the case of free boundaries

P(y(t)|H = H±) =
1√

4πDt
e−(y(t)∓t)2/(4Dt),

so that

P(H = H+|y(t))
P(H = H−|y(t))

=
P(y(t)|H = H+)

P(y(t)|H = H−)
= ey(t)/D. (2.1.4)

Note that an identical relation was obtained in [8] in the case of absorbing bound-

aries. Either way, it is clear that y = D · LLR. This means that before any observa-

tions have been made ey(0)/D = P(H=H+)
P(H=H−)

, so we scale the log ratio of the prior by

D to yield the initial condition y0 in Eq. (2.0.1).

2.2 Mean First Passage Time

Here we provide a brief overview of how to compute the mean first passage

time in a DDM by analyzing the corresponding Kolmogorov backward equation

[36]. Assume the decision variable, y, evolves according to Eq. (2.0.1) with pos-

itive drift g1 = 1 (a similar derivation can be carried out for g1 = −1), and let

p(y, t|y0, 0) denote the conditional density of state y at time t given initial condi-

tion y0 at time t = 0 whose corresponding Kolmogorov equation is

∂t p(y, t|y0, 0) = ∂y0 p(y, t|y0, 0) + D · ∂2
y0

p(y, t|y0, 0), (2.2.1)

17



2.2. MEAN FIRST PASSAGE TIME

given initial condition p(y, 0|y0, 0) = δ(y− y0) and boundary conditions p(y, t| ±

θ, 0) = 0 for y ∈ (−θ,θ), implying absorbing boundaries at y0 = ±θ. The survival

probability, that y ∈ (−θ,θ) at time t, is defined:

G(y0, t) :=
ˆ θ

−θ
p(y, t|y0, 0)dy = P(T ≥ t),

where T is a random variable, corresponding to the time the state y leaves the

domain y ∈ (−θ,θ). Integrating Eq. (2.2.1), we obtain

∂tG(y0, t) = ∂y0 G(y0, t) + D · ∂2
y0

G(y0, t). (2.2.2)

Boundary conditions for Eq. (2.2.1) imply G(±θ, t) = 0.

The mean first passage time, T(y0;θ), for the state to depart the domain (−θ,θ)

given initial condition y0 is then given by marginalizing t against the flux ∂tG(y0, t)

of survival probability out of (−θ,θ):

T(y0;θ) = −
ˆ ∞

0
t∂tG(y0, t)dt =

ˆ ∞
0

G(y0, t)dt.

Noting
´∞

0 G(y0, t)dt = limt→∞ G(y0, t)−G(y0, 0) = −1 and integrating Eq. (2.2.2),

we find

∂y0 T(y0;θ) + D · ∂2
y0

T(y0;θ) = −1,
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2.3. PROBABILITY OF EXIT THROUGH A BOUNDARY

with boundary condition T(±θ;θ) = 0, which can be solved explicitly

T(y0;θ) = θ

[
eθ/D + e−θ/D − 2e−y0/D

eθ/D − e−θ/D

]
− y0, (2.2.3)

which for y0 = 0 simplifies to

T(0;θ) = θ

[
1− e−θ/D

1 + e−θ/D

]
= DT. (2.2.4)

2.3 Probability of Exit Through a Boundary

To derive the probability of exit from either boundary y = ±θ, when the deci-

sion variable begins at y0, we integrate the probability current through the bound-

ary of interest, ±J(±θ, t|y0, 0). For instance, the probability the decision variable

exits y = +θ after time t is

gθ(y0, t) =
ˆ ∞

t
J(θ, t′|y0, 0)dt′ =

ˆ ∞
t

[
p(θ, t′|y0, 0)− D∂y0 p(θ, t′|y0, 0)

]
dt′.

(2.3.1)

Using the fact that p(θ, t|y0, 0) satisfies Eq. (2.2.1), we find that gθ(y0, t) satisfies

∂y0 gθ(y0, t) + D∂
2
y0

gθ(y0, t) =
ˆ ∞

t
∂t′ J(θ, t′|y0, 0)dt′ = J(θ, t|y0, 0) = ∂tgθ(y0, t).

(2.3.2)
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2.3. PROBABILITY OF EXIT THROUGH A BOUNDARY

Taking t→ 0 and defining πθ(y) := gθ(y0, 0) , we see that J(θ, 0|y0, 0) vanishes if

θ 6= y0, since p(θ, 0|y0, 0) = δ(y0 −θ), so the right hand side goes to zero and

∂y0πθ(y0) + D∂
2
y0
πθ(y0) = 0, (2.3.3)

where πθ(θ) = 1, πθ(−θ) = 0, and πθ(y0) + π−θ(y0) = 1. Solving the above

equations explicitly, we find

πθ(y0) =
1− e−(y0+θ)/D

1− e−2θ/D
, π−θ(y0) =

e−(y0+θ)/D − e−2θ/D

1− e−2θ/D
. (2.3.4)

An exit through the threshold θ results in a correct choice of H = H+, so c =

πθ(0). The correct probability c increases with θ, since more evidence is required

to reach a larger threshold. Defining the decision as d = ±1 if y(T) = ±θ, Bayes’

rule implies

1
1 + e−θ/D

= c = P(d = ±1|H = H±) = P(H = H±|d = ±1), (2.3.5a)

e−θ/D

1 + e−θ/D
= 1− c = P(d = ±1|H = H∓) = P(H = H∓|d = ±1), (2.3.5b)

since P(H = H±) = P(d = ±1) = 1/2. Rearranging the expressions in Eq. (2.3.5)

and isolating θ relates the threshold θ to the LLR given a decision d = ±1

±θ = D ln
P(H = H+|d = ±1)
P(H = H−|d = ±1)

.
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2.4 The Speed-Accuracy Tradeoff

Humans and other animals balance speed and accuracy to maximize the rate

of correct decisions [9, 16, 39]. If an observer spends more time to accumulate

evidence, they improve their accuracy. However, spending too much time on

one trial will decrease the performance overall. The value of decision threshold

θ reflects this speed-accuracy tradeoff [8]. Setting a high threshold will increase

both probability of being correct (see Fig. 2.4.1 A) and decision time (see Fig. (2.4.1

B). We can measure the observer’s performance by computing reward rate (RR)

or expected net reward (ENR).

The RR provides a measure of how much reward is gained on average in a

given unit of time and is more relevant when considering long trial sequences in

which such averages will be realized. Since it is a rate, the time per trial enters

as a divisor of the RR. Alternatively, one may consider the ENR in which the

observer’s time spent deciding penalizes their reward as a linear subtractive term.

Due to the linearity of the ENR function, methods from dynamic programming

can be applied more readily [23]. However, in some instances, it is possible to

rescale the RR function so that a linear treatment in dynamic programming is also

possible.

2.4.1 Optimizing Reward Rate

Performance can be quantified as reward rate (RR) function, or total reward

per unit time. Earlier decisions are preferred since decreasing reaction time leads

to higher RR [23, 38]. The most basic functional expression of the RR is typically
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2.4. THE SPEED-ACCURACY TRADEOFF

given as

RR(θ) =
c

DT + TD
, (2.4.1)

where c is the probability of a correct decision, DT is the mean time required for

y(t) to reach either threshold ±θ, and TD is the prescribed time delay to the start

of the next trial [8, 38]. Without the delay time, the optimal strategy is to re-

act instantaneously without accumulating evidence because the probability being

correct will be 0.5 while the decision time is 0. Adding the term TD prevents the

observer from making decisions randomly, and such delay times are typically im-

plemented in experiments. Eq. (2.4.1) increases with c (accuracy) and with inverse

time 1/(DT + TD) (speed). This usually leads to a nonmonotonic dependence

of RR on the threshold, θ, since increasing θ increases accuracy and decreases

speed [8, 38] (see Fig. 2.4.1 C).

Substituting this expression into the RR as defined in Eq. (2.4.1), assuming

y0 = 0, we have

RR(θ) =
(
θ
[
1− e−θ/D

]
+ TD

[
1 + e−θ/D

])−1
.

We can identify the maximum of RR(θ) > 0 by finding the minimum of its recip-

rocal, 1/RR(θ) [8],

θopt = TD + D− DW (exp [(TD + D)/D]) . (2.4.2)

HereW( f ) is the Lambert W function (the inverse of f (W) =WeW ). In the limit
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2.4. THE SPEED-ACCURACY TRADEOFF

TD → 0, we have θopt → 0, and Eq. (2.4.2) defines nontrivial optimal thresholds

at TD > 0.
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Fig. 2.4.1: The variance is D = 1. A. Correct probability and B. decision time as
functions of decision thresholds θ. As θ increases, it takes more time for the ob-
server to make decisions and the correct probability is improved. C. Reward rate
(RR) and D. expected net reward (ENR) as functions of thresholds θ, where the
“cost” = 1. The delay time TD has an impact on the optimum of RR. In contrast,
because of the linearity, TD only causes a vertical shift in ENR.
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2.4.2 Optimizing Expected Net Reward

Another quantity that can reflect the speed-accuracy tradeoff is the expected

net reward (ENR) function [23]

ENR(θ) = c− cost · (DT + TD), (2.4.3)

where c, DT, and TD are defined in section 2.4.1. The “cost” variable is the cost of

the evidence accumulation process or energy that an observer spends collecting

information. In fact, if the observer takes too long to decide on one trial, they

will have less time for future trials. The higher the cost, the fewer rewards will be

given. The cost of evidence accumulation plays an important role because without

it, the observer will want to wait infinitely to get the most reward. The cost could

be implicit due to one’s effort or attention or explicit such as losing future reward

[23]. In contrast to the optimal threshold of the RR, the ENR optimal threshold

does not depend on the intertrial delay time TD. Changing the delay time merely

shifts the ENR up and down (See Fig. 2.4.1 D).

2.5 Summary

We have reviewed the derivation of the standard DDM from first principles

and computed its statistics. In addition, we have shown how to optimize the

observer’s performance in a single trial using two different measurements: (1) re-

ward rate, and (2) expected net reward. Even though the standard DDM explains

the decision-making process within a single trial well, it fails to take correlation
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and feedback into account. In nature, both animals and humans exhibit corre-

lations in their trial-to-trial response patterns. Feedback from the natural world

helps them learn the latent structure of their environment. In the next chapters,

we develop a more realistic normative model for decision-making by considering

intertrial correlations and feedback.
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Chapter 3
Integrating Information Across Two

Correlated Trials

We model a repeated 2AFC task with the environmental state in each trial (H+

or H−) chosen according to a two-state Markov process: In a sequence of n trials,

the correct choices (environmental states or hypotheses) H1:n = (H1, H2, ..., Hn)

are generated so that P(H1 = H±) = 0.5 and P(H j = H∓|H j−1 = H±) = ε

for j = 2, ..., n (See Fig. 3.0.1). When ε = 0.5 the states of subsequent trials are

independent, and the decision on one trial does not bias future decisions for an

ideal observer [8, 38, 39, 71, 73, 83].

26



H+ H+ H+ H+

H� H� H� H�

trial 1 trial 2 trial 3 trial 4

time time time time

y
1
(t

)

1 � ✏ 1 � ✏

1 � ✏

✏ ✏ ✏
y
2
(t

)

y
3
(t

)

y
4
(t

)

st
at

es
H

n
<latexit sha1_base64="go8mWrIT7wfLnqpkzCgNfoYlmRA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Qe0sWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2il+/qj6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXldpNHkcRTuAUzsGDK6hBHRrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPx1/jaw=</latexit><latexit sha1_base64="go8mWrIT7wfLnqpkzCgNfoYlmRA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Qe0sWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2il+/qj6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXldpNHkcRTuAUzsGDK6hBHRrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPx1/jaw=</latexit><latexit sha1_base64="go8mWrIT7wfLnqpkzCgNfoYlmRA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Qe0sWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2il+/qj6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXldpNHkcRTuAUzsGDK6hBHRrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPx1/jaw=</latexit><latexit sha1_base64="go8mWrIT7wfLnqpkzCgNfoYlmRA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Qe0sWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2il+/qj6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXldpNHkcRTuAUzsGDK6hBHRrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPx1/jaw=</latexit>

+✓1
<latexit sha1_base64="0m3UOkdUCNI5ekCJ2zFuzSGYqnw=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBAEIexKQI8BLx4jmIckS5iddJIhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXlEhh0fe/vbX1jc2t7cJOcXdv/+CwdHTctHFqODR4LGPTjpgFKTQ0UKCEdmKAqUhCKxrfzvzWExgrYv2AkwRCxYZaDARn6KTHyy6OAFkv6JXKfsWfg66SICdlkqPeK311+zFPFWjkklnbCfwEw4wZFFzCtNhNLSSMj9kQOo5qpsCG2fzgKT13Sp8OYuNKI52rvycypqydqMh1KoYju+zNxP+8ToqDmzATOkkRNF8sGqSSYkxn39O+MMBRThxh3Ah3K+UjZhhHl1HRhRAsv7xKmleVwK8E99VyrZrHUSCn5IxckIBckxq5I3XSIJwo8kxeyZtnvBfv3ftYtK55+cwJ+QPv8wcwto/z</latexit><latexit sha1_base64="0m3UOkdUCNI5ekCJ2zFuzSGYqnw=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBAEIexKQI8BLx4jmIckS5iddJIhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXlEhh0fe/vbX1jc2t7cJOcXdv/+CwdHTctHFqODR4LGPTjpgFKTQ0UKCEdmKAqUhCKxrfzvzWExgrYv2AkwRCxYZaDARn6KTHyy6OAFkv6JXKfsWfg66SICdlkqPeK311+zFPFWjkklnbCfwEw4wZFFzCtNhNLSSMj9kQOo5qpsCG2fzgKT13Sp8OYuNKI52rvycypqydqMh1KoYju+zNxP+8ToqDmzATOkkRNF8sGqSSYkxn39O+MMBRThxh3Ah3K+UjZhhHl1HRhRAsv7xKmleVwK8E99VyrZrHUSCn5IxckIBckxq5I3XSIJwo8kxeyZtnvBfv3ftYtK55+cwJ+QPv8wcwto/z</latexit><latexit sha1_base64="0m3UOkdUCNI5ekCJ2zFuzSGYqnw=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBAEIexKQI8BLx4jmIckS5iddJIhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXlEhh0fe/vbX1jc2t7cJOcXdv/+CwdHTctHFqODR4LGPTjpgFKTQ0UKCEdmKAqUhCKxrfzvzWExgrYv2AkwRCxYZaDARn6KTHyy6OAFkv6JXKfsWfg66SICdlkqPeK311+zFPFWjkklnbCfwEw4wZFFzCtNhNLSSMj9kQOo5qpsCG2fzgKT13Sp8OYuNKI52rvycypqydqMh1KoYju+zNxP+8ToqDmzATOkkRNF8sGqSSYkxn39O+MMBRThxh3Ah3K+UjZhhHl1HRhRAsv7xKmleVwK8E99VyrZrHUSCn5IxckIBckxq5I3XSIJwo8kxeyZtnvBfv3ftYtK55+cwJ+QPv8wcwto/z</latexit><latexit sha1_base64="0m3UOkdUCNI5ekCJ2zFuzSGYqnw=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBAEIexKQI8BLx4jmIckS5iddJIhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXlEhh0fe/vbX1jc2t7cJOcXdv/+CwdHTctHFqODR4LGPTjpgFKTQ0UKCEdmKAqUhCKxrfzvzWExgrYv2AkwRCxYZaDARn6KTHyy6OAFkv6JXKfsWfg66SICdlkqPeK311+zFPFWjkklnbCfwEw4wZFFzCtNhNLSSMj9kQOo5qpsCG2fzgKT13Sp8OYuNKI52rvycypqydqMh1KoYju+zNxP+8ToqDmzATOkkRNF8sGqSSYkxn39O+MMBRThxh3Ah3K+UjZhhHl1HRhRAsv7xKmleVwK8E99VyrZrHUSCn5IxckIBckxq5I3XSIJwo8kxeyZtnvBfv3ftYtK55+cwJ+QPv8wcwto/z</latexit>

�✓1
<latexit sha1_base64="nPb53euWWxcyma/8vNy0byCs65k=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBC8GHYloMeAF48RzEOSJcxOOsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2jg1HBo8lrFpR8yCFBoaKFBCOzHAVCShFY1vZ37rCYwVsX7ASQKhYkMtBoIzdNLjZRdHgKwX9Eplv+LPQVdJkJMyyVHvlb66/ZinCjRyyaztBH6CYcYMCi5hWuymFhLGx2wIHUc1U2DDbH7wlJ47pU8HsXGlkc7V3xMZU9ZOVOQ6FcORXfZm4n9eJ8XBTZgJnaQImi8WDVJJMaaz72lfGOAoJ44wboS7lfIRM4yjy6joQgiWX14lzatK4FeC+2q5Vs3jKJBTckYuSECuSY3ckTppEE4UeSav5M0z3ov37n0sWte8fOaE/IH3+QMzzo/1</latexit><latexit sha1_base64="nPb53euWWxcyma/8vNy0byCs65k=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBC8GHYloMeAF48RzEOSJcxOOsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2jg1HBo8lrFpR8yCFBoaKFBCOzHAVCShFY1vZ37rCYwVsX7ASQKhYkMtBoIzdNLjZRdHgKwX9Eplv+LPQVdJkJMyyVHvlb66/ZinCjRyyaztBH6CYcYMCi5hWuymFhLGx2wIHUc1U2DDbH7wlJ47pU8HsXGlkc7V3xMZU9ZOVOQ6FcORXfZm4n9eJ8XBTZgJnaQImi8WDVJJMaaz72lfGOAoJ44wboS7lfIRM4yjy6joQgiWX14lzatK4FeC+2q5Vs3jKJBTckYuSECuSY3ckTppEE4UeSav5M0z3ov37n0sWte8fOaE/IH3+QMzzo/1</latexit><latexit sha1_base64="nPb53euWWxcyma/8vNy0byCs65k=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBC8GHYloMeAF48RzEOSJcxOOsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2jg1HBo8lrFpR8yCFBoaKFBCOzHAVCShFY1vZ37rCYwVsX7ASQKhYkMtBoIzdNLjZRdHgKwX9Eplv+LPQVdJkJMyyVHvlb66/ZinCjRyyaztBH6CYcYMCi5hWuymFhLGx2wIHUc1U2DDbH7wlJ47pU8HsXGlkc7V3xMZU9ZOVOQ6FcORXfZm4n9eJ8XBTZgJnaQImi8WDVJJMaaz72lfGOAoJ44wboS7lfIRM4yjy6joQgiWX14lzatK4FeC+2q5Vs3jKJBTckYuSECuSY3ckTppEE4UeSav5M0z3ov37n0sWte8fOaE/IH3+QMzzo/1</latexit><latexit sha1_base64="nPb53euWWxcyma/8vNy0byCs65k=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBC8GHYloMeAF48RzEOSJcxOOsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2jg1HBo8lrFpR8yCFBoaKFBCOzHAVCShFY1vZ37rCYwVsX7ASQKhYkMtBoIzdNLjZRdHgKwX9Eplv+LPQVdJkJMyyVHvlb66/ZinCjRyyaztBH6CYcYMCi5hWuymFhLGx2wIHUc1U2DDbH7wlJ47pU8HsXGlkc7V3xMZU9ZOVOQ6FcORXfZm4n9eJ8XBTZgJnaQImi8WDVJJMaaz72lfGOAoJ44wboS7lfIRM4yjy6joQgiWX14lzatK4FeC+2q5Vs3jKJBTckYuSECuSY3ckTppEE4UeSav5M0z3ov37n0sWte8fOaE/IH3+QMzzo/1</latexit>

�✓2
<latexit sha1_base64="9Aw+3njNlQjl0Y+q/ddUK2h56R0=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBiyUpBT0WvHisYD+kDWWznbRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28Sp5tDisYx1N2AGpIighQIldBMNTAUSOsHkdu53nkAbEUcPOE3AV2wUiVBwhlZ6vOrjGJANaoNyxa26C9B14uWkQnI0B+Wv/jDmqYIIuWTG9Dw3QT9jGgWXMCv1UwMJ4xM2gp6lEVNg/Gxx8IxeWGVIw1jbipAu1N8TGVPGTFVgOxXDsVn15uJ/Xi/F8MbPRJSkCBFfLgpTSTGm8+/pUGjgKKeWMK6FvZXyMdOMo82oZEPwVl9eJ+1a1XOr3n290qjncRTJGTknl8Qj16RB7kiTtAgnijyTV/LmaOfFeXc+lq0FJ585JX/gfP4ANVKP9g==</latexit><latexit sha1_base64="9Aw+3njNlQjl0Y+q/ddUK2h56R0=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBiyUpBT0WvHisYD+kDWWznbRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28Sp5tDisYx1N2AGpIighQIldBMNTAUSOsHkdu53nkAbEUcPOE3AV2wUiVBwhlZ6vOrjGJANaoNyxa26C9B14uWkQnI0B+Wv/jDmqYIIuWTG9Dw3QT9jGgWXMCv1UwMJ4xM2gp6lEVNg/Gxx8IxeWGVIw1jbipAu1N8TGVPGTFVgOxXDsVn15uJ/Xi/F8MbPRJSkCBFfLgpTSTGm8+/pUGjgKKeWMK6FvZXyMdOMo82oZEPwVl9eJ+1a1XOr3n290qjncRTJGTknl8Qj16RB7kiTtAgnijyTV/LmaOfFeXc+lq0FJ585JX/gfP4ANVKP9g==</latexit><latexit sha1_base64="9Aw+3njNlQjl0Y+q/ddUK2h56R0=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBiyUpBT0WvHisYD+kDWWznbRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28Sp5tDisYx1N2AGpIighQIldBMNTAUSOsHkdu53nkAbEUcPOE3AV2wUiVBwhlZ6vOrjGJANaoNyxa26C9B14uWkQnI0B+Wv/jDmqYIIuWTG9Dw3QT9jGgWXMCv1UwMJ4xM2gp6lEVNg/Gxx8IxeWGVIw1jbipAu1N8TGVPGTFVgOxXDsVn15uJ/Xi/F8MbPRJSkCBFfLgpTSTGm8+/pUGjgKKeWMK6FvZXyMdOMo82oZEPwVl9eJ+1a1XOr3n290qjncRTJGTknl8Qj16RB7kiTtAgnijyTV/LmaOfFeXc+lq0FJ585JX/gfP4ANVKP9g==</latexit><latexit sha1_base64="9Aw+3njNlQjl0Y+q/ddUK2h56R0=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBiyUpBT0WvHisYD+kDWWznbRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28Sp5tDisYx1N2AGpIighQIldBMNTAUSOsHkdu53nkAbEUcPOE3AV2wUiVBwhlZ6vOrjGJANaoNyxa26C9B14uWkQnI0B+Wv/jDmqYIIuWTG9Dw3QT9jGgWXMCv1UwMJ4xM2gp6lEVNg/Gxx8IxeWGVIw1jbipAu1N8TGVPGTFVgOxXDsVn15uJ/Xi/F8MbPRJSkCBFfLgpTSTGm8+/pUGjgKKeWMK6FvZXyMdOMo82oZEPwVl9eJ+1a1XOr3n290qjncRTJGTknl8Qj16RB7kiTtAgnijyTV/LmaOfFeXc+lq0FJ585JX/gfP4ANVKP9g==</latexit>

+✓2
<latexit sha1_base64="CTOC4x0LAtbkHy9nvBL7DY4fTJc=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEpSCnosePFYwX5IG8pmO2mX7iZhdyKU0F/hxYMiXv053vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzaHFYxnrbsAMSBFBCwVK6CYamAokdILJ7dzvPIE2Io4ecJqAr9goEqHgDK30eNXHMSAb1Ablilt1F6DrxMtJheRoDspf/WHMUwURcsmM6Xlugn7GNAouYVbqpwYSxidsBD1LI6bA+Nni4Bm9sMqQhrG2FSFdqL8nMqaMmarAdiqGY7PqzcX/vF6K4Y2fiShJESK+XBSmkmJM59/TodDAUU4tYVwLeyvlY6YZR5tRyYbgrb68Ttq1qudWvft6pVHP4yiSM3JOLolHrkmD3JEmaRFOFHkmr+TN0c6L8+58LFsLTj5zSv7A+fwBMjqP9A==</latexit><latexit sha1_base64="CTOC4x0LAtbkHy9nvBL7DY4fTJc=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEpSCnosePFYwX5IG8pmO2mX7iZhdyKU0F/hxYMiXv053vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzaHFYxnrbsAMSBFBCwVK6CYamAokdILJ7dzvPIE2Io4ecJqAr9goEqHgDK30eNXHMSAb1Ablilt1F6DrxMtJheRoDspf/WHMUwURcsmM6Xlugn7GNAouYVbqpwYSxidsBD1LI6bA+Nni4Bm9sMqQhrG2FSFdqL8nMqaMmarAdiqGY7PqzcX/vF6K4Y2fiShJESK+XBSmkmJM59/TodDAUU4tYVwLeyvlY6YZR5tRyYbgrb68Ttq1qudWvft6pVHP4yiSM3JOLolHrkmD3JEmaRFOFHkmr+TN0c6L8+58LFsLTj5zSv7A+fwBMjqP9A==</latexit><latexit sha1_base64="CTOC4x0LAtbkHy9nvBL7DY4fTJc=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEpSCnosePFYwX5IG8pmO2mX7iZhdyKU0F/hxYMiXv053vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzaHFYxnrbsAMSBFBCwVK6CYamAokdILJ7dzvPIE2Io4ecJqAr9goEqHgDK30eNXHMSAb1Ablilt1F6DrxMtJheRoDspf/WHMUwURcsmM6Xlugn7GNAouYVbqpwYSxidsBD1LI6bA+Nni4Bm9sMqQhrG2FSFdqL8nMqaMmarAdiqGY7PqzcX/vF6K4Y2fiShJESK+XBSmkmJM59/TodDAUU4tYVwLeyvlY6YZR5tRyYbgrb68Ttq1qudWvft6pVHP4yiSM3JOLolHrkmD3JEmaRFOFHkmr+TN0c6L8+58LFsLTj5zSv7A+fwBMjqP9A==</latexit><latexit sha1_base64="CTOC4x0LAtbkHy9nvBL7DY4fTJc=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEpSCnosePFYwX5IG8pmO2mX7iZhdyKU0F/hxYMiXv053vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzaHFYxnrbsAMSBFBCwVK6CYamAokdILJ7dzvPIE2Io4ecJqAr9goEqHgDK30eNXHMSAb1Ablilt1F6DrxMtJheRoDspf/WHMUwURcsmM6Xlugn7GNAouYVbqpwYSxidsBD1LI6bA+Nni4Bm9sMqQhrG2FSFdqL8nMqaMmarAdiqGY7PqzcX/vF6K4Y2fiShJESK+XBSmkmJM59/TodDAUU4tYVwLeyvlY6YZR5tRyYbgrb68Ttq1qudWvft6pVHP4yiSM3JOLolHrkmD3JEmaRFOFHkmr+TN0c6L8+58LFsLTj5zSv7A+fwBMjqP9A==</latexit>

+✓3
<latexit sha1_base64="8x/oj4ujzDr+s2EMPaut9I94hoM=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiBT0WvHisYD+kDWWznbRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpIigiQIldBINTAUS2sH4dua3n0AbEUcPOEnAV2wYiVBwhlZ6vOjhCJD1r/rlilt156CrxMtJheRo9MtfvUHMUwURcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LI6bA+Nn84Ck9s8qAhrG2FSGdq78nMqaMmajAdiqGI7PszcT/vG6K4Y2fiShJESK+WBSmkmJMZ9/TgdDAUU4sYVwLeyvlI6YZR5tRyYbgLb+8SlqXVc+teve1Sr2Wx1EkJ+SUnBOPXJM6uSMN0iScKPJMXsmbo50X5935WLQWnHzmmPyB8/kDM76P9Q==</latexit><latexit sha1_base64="8x/oj4ujzDr+s2EMPaut9I94hoM=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiBT0WvHisYD+kDWWznbRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpIigiQIldBINTAUS2sH4dua3n0AbEUcPOEnAV2wYiVBwhlZ6vOjhCJD1r/rlilt156CrxMtJheRo9MtfvUHMUwURcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LI6bA+Nn84Ck9s8qAhrG2FSGdq78nMqaMmajAdiqGI7PszcT/vG6K4Y2fiShJESK+WBSmkmJMZ9/TgdDAUU4sYVwLeyvlI6YZR5tRyYbgLb+8SlqXVc+teve1Sr2Wx1EkJ+SUnBOPXJM6uSMN0iScKPJMXsmbo50X5935WLQWnHzmmPyB8/kDM76P9Q==</latexit><latexit sha1_base64="8x/oj4ujzDr+s2EMPaut9I94hoM=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiBT0WvHisYD+kDWWznbRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpIigiQIldBINTAUS2sH4dua3n0AbEUcPOEnAV2wYiVBwhlZ6vOjhCJD1r/rlilt156CrxMtJheRo9MtfvUHMUwURcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LI6bA+Nn84Ck9s8qAhrG2FSGdq78nMqaMmajAdiqGI7PszcT/vG6K4Y2fiShJESK+WBSmkmJMZ9/TgdDAUU4sYVwLeyvlI6YZR5tRyYbgLb+8SlqXVc+teve1Sr2Wx1EkJ+SUnBOPXJM6uSMN0iScKPJMXsmbo50X5935WLQWnHzmmPyB8/kDM76P9Q==</latexit><latexit sha1_base64="8x/oj4ujzDr+s2EMPaut9I94hoM=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiBT0WvHisYD+kDWWznbRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpIigiQIldBINTAUS2sH4dua3n0AbEUcPOEnAV2wYiVBwhlZ6vOjhCJD1r/rlilt156CrxMtJheRo9MtfvUHMUwURcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LI6bA+Nn84Ck9s8qAhrG2FSGdq78nMqaMmajAdiqGI7PszcT/vG6K4Y2fiShJESK+WBSmkmJMZ9/TgdDAUU4sYVwLeyvlI6YZR5tRyYbgLb+8SlqXVc+teve1Sr2Wx1EkJ+SUnBOPXJM6uSMN0iScKPJMXsmbo50X5935WLQWnHzmmPyB8/kDM76P9Q==</latexit>

�✓3
<latexit sha1_base64="QHfLmiyJbdDUUYiR5waBCTZr7SE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBiyXRgh4LXjxWsB/ShrLZTtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8O/PbT6CNiKMHnCTgKzaMRCg4Qys9XvRwBMj6V/1yxa26c9BV4uWkQnI0+uWv3iDmqYIIuWTGdD03QT9jGgWXMC31UgMJ42M2hK6lEVNg/Gx+8JSeWWVAw1jbipDO1d8TGVPGTFRgOxXDkVn2ZuJ/XjfF8MbPRJSkCBFfLApTSTGms+/pQGjgKCeWMK6FvZXyEdOMo82oZEPwll9eJa3LqudWvftapV7L4yiSE3JKzolHrkmd3JEGaRJOFHkmr+TN0c6L8+58LFoLTj5zTP7A+fwBNtaP9w==</latexit><latexit sha1_base64="QHfLmiyJbdDUUYiR5waBCTZr7SE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBiyXRgh4LXjxWsB/ShrLZTtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8O/PbT6CNiKMHnCTgKzaMRCg4Qys9XvRwBMj6V/1yxa26c9BV4uWkQnI0+uWv3iDmqYIIuWTGdD03QT9jGgWXMC31UgMJ42M2hK6lEVNg/Gx+8JSeWWVAw1jbipDO1d8TGVPGTFRgOxXDkVn2ZuJ/XjfF8MbPRJSkCBFfLApTSTGms+/pQGjgKCeWMK6FvZXyEdOMo82oZEPwll9eJa3LqudWvftapV7L4yiSE3JKzolHrkmd3JEGaRJOFHkmr+TN0c6L8+58LFoLTj5zTP7A+fwBNtaP9w==</latexit><latexit sha1_base64="QHfLmiyJbdDUUYiR5waBCTZr7SE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBiyXRgh4LXjxWsB/ShrLZTtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8O/PbT6CNiKMHnCTgKzaMRCg4Qys9XvRwBMj6V/1yxa26c9BV4uWkQnI0+uWv3iDmqYIIuWTGdD03QT9jGgWXMC31UgMJ42M2hK6lEVNg/Gx+8JSeWWVAw1jbipDO1d8TGVPGTFRgOxXDkVn2ZuJ/XjfF8MbPRJSkCBFfLApTSTGms+/pQGjgKCeWMK6FvZXyEdOMo82oZEPwll9eJa3LqudWvftapV7L4yiSE3JKzolHrkmd3JEGaRJOFHkmr+TN0c6L8+58LFoLTj5zTP7A+fwBNtaP9w==</latexit><latexit sha1_base64="QHfLmiyJbdDUUYiR5waBCTZr7SE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBiyXRgh4LXjxWsB/ShrLZTtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8O/PbT6CNiKMHnCTgKzaMRCg4Qys9XvRwBMj6V/1yxa26c9BV4uWkQnI0+uWv3iDmqYIIuWTGdD03QT9jGgWXMC31UgMJ42M2hK6lEVNg/Gx+8JSeWWVAw1jbipDO1d8TGVPGTFRgOxXDkVn2ZuJ/XjfF8MbPRJSkCBFfLApTSTGms+/pQGjgKCeWMK6FvZXyEdOMo82oZEPwll9eJa3LqudWvftapV7L4yiSE3JKzolHrkmd3JEGaRJOFHkmr+TN0c6L8+58LFoLTj5zTP7A+fwBNtaP9w==</latexit>

�✓4
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Fig. 3.0.1: Sequence of 2AFC trials with states Hn determined by a two-state
Markov process with switching probability ε := P(Hn 6= Hn−1). For instance,
H1:4 = (H+, H+, H−, H+) stands for the true states of the environment. When the
environment is H+ (H−), the drift direction of the drift-diffusion process is pos-
itive (negative). The decision threshold (θn−1) crossed on trial n − 1 determines
the sign of the initial condition, yn(0), on trial n.

When repetitions are more likely and trials are dependent, i.e., 0 ≤ ε < 0.5,

evidence obtained during one trial can inform a decision on the next trial. If 0.5 <

ε ≤ 1, states are more likely to alternate. The analysis is similar to the one we

present here, so we do not discuss this case separately. We will show that ideal

observers use their decision on the previous trial to adjust their prior over the

states at the beginning of the following trial.
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Importantly, we assume that all rewards are given at the end of the trial se-

quence [11]. Rewarding the correct choice on trial j provides unambiguous infor-

mation about the state H j, superseding the noisy information gathered over that

trial. The results can be easily extended to this case, as well as cases when rewards

are only given with some probability, as we show in chapter 5.

Our main contribution is to derive and analyze the ideal observer model for

this sequential version of the 2AFC task. We use principles of probabilistic infer-

ence to derive the sequence of DDMs, and optimization to determine the decision

thresholds that maximize the reward rate (RR). Due to the tractability of the DDM,

the correct probability and decision times that constitute the RR can be computed

analytically. We also demonstrate that response biases, such as repetitions, com-

monly observed in sequential decision tasks, follow naturally from this model.

We first focus on the case of two sequential 2AFC trials. Both states are equally

likely on the first trial, P(H1 = H±) = 0.5, but the state on the second trial can

depend on the state of the first, ε := P(H2 = H∓|H1 = H±). On trial 2, the ideal

observer makes observations,ξ2
1:m2

, with conditional density f±(ξ2
1:m2

) if H2 = H±

to infer the state H2. All information about H1 can be obtained from the decision

variable, d1 = ±1, and the ideal observer uses the decision variable to set their

initial belief, y2
0 6= 0, at the start of trial 2. We later show that the results for two

trials can be extended to trial sequences of arbitrary length with states generated

according to the same two-state Markov process.
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3.1. OPTIMAL OBSERVER’S PRIORS

3.1 Optimal Observer’s Priors

The first trial is equivalent to the single trial case discussed in chapter 2. As-

suming each choice is equally likely, P(H1 = H±) = 1/2, no prior information ex-

ists. Therefore, the decision variable, y1(t), evolves according to the DDM given

by Eq. (2.0.1) with y1(0) = 0. This generates a decision d1 ∈ ±1 if y1(T1) = ±θ1,

so that the probability of a correct decision c1 is related to the threshold θ1 by

Eq. (2.3.5). Furthermore, since ε = P(H2 = H∓|H1 = H±), it follows that

1−ε = P(H2 = H±|H1 = H±), which means

P(H2 = H±|d1 = ±1) =P(H2 = H±|H1 = H±)P(H1 = H±|d1 = ±1)

+P(H2 = H±|H1 = H∓)P(H1 = H∓|d1 = ±1)

=(1−ε)c1 +ε(1− c1), (3.1.1)

and, similarly,

P(H2 = H∓|d1 = ±1) = (1−ε)(1− c1) +εc1. (3.1.2)

As the decision, d1 = ±1, determines the probability of each state at the end

of trial 1, individual observations, ξ1
1:m1

, are not needed to define the belief of

the ideal observer at the outset of trial 2. The ideal observer uses a sequence of

observations, ξ2
1:m2

, and their decision on the previous trial, d1, to arrive at the
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3.1. OPTIMAL OBSERVER’S PRIORS

probability ratio

R2
m2

=
P(H2 = H+|ξ2

1:m2
, d1)

P(H2 = H−|ξ2
1:m2

, d1)
=

P(ξ2
1:m2
|H2 = H+)P(H2 = H+|d1)

P(ξ2
1:m2
|H2 = H−)P(H2 = H−|d1)

.

Taking the logarithm, and applying conditional independence of the measure-

ments ξ2
1:m2

, we have that

L2
m2

= ln R2
m2

=
m2

∑
j=1

ln
f+(ξ2

j )

f−(ξ2
j )

+ ln
P(H2 = H+|d1)

P(H2 = H−|d1)
,

indicating that L2
0 = ln

[
P(H2 = H+|d1)/P(H2 = H−|d1)

]
. Taking the temporal

continuum limit as in 2.1, we find

dy2 = g2dt +
√

2DdW, (3.1.3)

with the Wiener process, W, and variance defined as in Eq. (2.0.1). The drift g2 ∈

±1 is determined by H2 = H±.

Furthermore, the initial belief is biased in the direction of the previous deci-

sion, as the observer knows that are correlated across trials. The initial condition

for Eq. (3.1.3) can be derived from Eq. (2.1.4) and is therefore

y2(0; d1 = ±1) = D ln
P(H2 = H+|d1 = ±1)
P(H2 = H−|d1 = ±1)

= ±D ln
(1−ε)eθ1/D +ε

εeθ1/D + (1−ε)
= ±y2

0,

(3.1.4)

where we have used Eqs. (2.3.5), (3.1.1), and (3.1.2). Note that y2
0 → 0 in the limit

ε → 0.5, so no information is carried forward when uncorrelated across trials. In
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3.2. PERFORMANCE ON THE FIRST TWO TRIALS

the limit ε → 0, we find y2
0 → θ1, so the ending value of the decision variable

y1(T1) = ±θ1 on trial 1 is carried forward to trial 2, since there is no change in

environmental state from trial 1 to 2. For ε ∈ (0, 1/2), the information gathered

on the previous trial provides partial information about the next state, and we

have y2
0 ∈ (0,θ1) [61].

We assume that the decision variable, y2(t), evolves according to Eq. (3.1.3)

until it reaches a threshold ±θ2, at which point the decision d2 = ±1 is registered.

The full model is thus specified by

dy j = g jdt +
√

2DdW, until |y j(Tj)| ≥ θ j 7→ d j = sign(y j(Tj)),

y1(0) = 0, y2(0) = ±y2
0 for d1 = ±1, and

g j = ±1 for H j = H±, j = 1, 2.

3.2 Performance on the First Two Trials

Next, we show how varying the decision thresholds impacts the performance

of the observer. For simplicity, we first assume the same threshold is used on both

trials, θ1:2 = θ. We quantify performance using a reward rate (RR) function across

both trials:

RR1:2 =
c1 + c2

DT1 + DT2 + 2TD
, (3.2.1)

where c j is the probability of correct responses on trial j = 1, 2, DT j is the mean

decision time on trial j, and TD is the time delay after each trial. The expected
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3.2. PERFORMANCE ON THE FIRST TWO TRIALS

time until the reward is thus DT1 + DT2 + 2TD. The reward rate will increase

as the correct probability in each trial increases and as decision time decreases.

However, the decision time on trial 2 will depend on the outcome of trial 1.

3.2.1 Threshold Determines the Probability of Being Correct

We note that Eq. (2.1.4) extends to any trial j in the case of an ideal observer.

In this case, when the decision variable y2(T2) = θ, we can write

P(H2 = H+|y2(T2) = θ)

P(H2 = H−|y2(T2) = θ)
= eθ/D, (3.2.2)

so that rearranging Eq. (3.2.2) yields

c2 :=
P(H2 = H+|y2(T2) = θ)P(y2(T2) = θ)

P(d2 = +1)
=

1
1 + e−θ/D

= c1. (3.2.3)

Therefore the probability of correct decision on trials 1 and 2 are equal, and deter-

mined byθ = θ1:2, and D. A similar computation shows that the threshold,θ j = θ,

and diffusion rate, D, but not the initial belief, determine the probability of a correct

response on any trial j. On trial 2, information from the previous trial is already

incorporated as a prior, so the threshold directly determines the probability of a

correct decision on both trials 1 and 2.

To demonstrate self-consistency in the general case of decision thresholds that

may differ between trials θ1:2, we can also derive the formula for c2 in the case

y2
0 ≤ θ2. Our alternative derivation of Eq. (3.2.3) begins by computing the total

probability of a correct choice on trial 2 by combining the conditional probabilities
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3.2. PERFORMANCE ON THE FIRST TWO TRIALS

of a correct choice given decision d1 = +1 leading to initial belief y2
0, and decision

d1 = −1 leading to initial belief −y2
0

c2 = [(1−ε)c1 +ε(1− c1)] · πθ2(y2
0) + [εc1 + (1−ε)(1− c1)] · πθ2(−y2

0),

=
(1−ε)eθ1/D +ε

eθ1/D + 1
· (1−ε)(eθ1/D − e−θ2/D) +ε(1− e(θ1−θ2)/D)

((1−ε)eθ1/D +ε)(1− e−2θ2/D)

+
εeθ1/D + (1−ε)

eθ1/D + 1
· ε(e

θ1/D − e−θ2/D) + (1−ε)(1− e(θ1−θ2)/D)

(εeθ1/D + (1−ε))(1− e−2θ2/D)

=
(εeθ1/D + (1−ε))((1−ε)eθ1/D +ε)(eθ1/D + 1)(1− e−θ2/D)

(εeθ1/D + (1−ε))((1−ε)eθ1/D +ε)(eθ1/D + 1)(1− e−2θ2/D)

=
1

1 + e−θ2/D
,

showing again that the correct probability c2 on trial 2 is solely determined by θ2

and D, assuming y2
0 ≤ θ2.

3.2.2 Mean Response Time on the Second Trial

We can compute the expected time until a decision on trial 2, DT2, by marginal-

izing over d1 = ±1,

DT2|(H2 = H±) = ∑
k=±1

T(k · y2
0;θ2) · P(d1 = k|H2 = H±), (3.2.4)
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3.2. PERFORMANCE ON THE FIRST TWO TRIALS

since d1 = ±1 will lead to the initial condition ±y2
0 on trial 2. We can compute

T(±y2
0;θ) using Eq. (2.2.3) as

T(±y2
0;θ2) =θ2


coth

θ2

D
− csch

θ2

D

[
εeθ1/D + (1−ε)

(1−ε)eθ1/D +ε

]±1

∓ D ln

(1−ε)eθ1/D +ε

εeθ1/D + (1−ε)
.

(3.2.5)

The second terms in the summands of Eq. (3.2.4) are given by

P(d1 = ±1|H2 = H±) =
P(H2 = H±|d1 = ±1)P(d1 = ±1)

P(H2 = H±)
= (1−ε)c1 +ε(1− c1),

P(d1 = ∓1|H2 = H±) =
P(H2 = H±|d1 = ∓1)P(d1 = ∓1)

P(H2 = H±)
= εc1 + (1−ε)(1− c1).

We also note that DT2 =
[
DT2|H2 = H+

]
P(H2 = H+)+

[
DT2|H2 = H−

]
P(H2 =

H−) = DT2|(H2 = H±).

The average time until a decision on trial 2 is (see section 3.2.2)

DT2 =
1− e−θ/D

1 + e−θ/D

[
θ− (1− 2ε)D ln

(1−ε)eθ/D +ε

εeθ/D + (1−ε)

]
. (3.2.6)

Notice, in the limitε→ 0.5, Eq. (3.2.6) reduces to Eq. (2.2.4) forθ1 = θ as expected.

Furthermore, in the limit ε → 0, DT2 → 0, since decision is made immediately in

an unchanging environment as y2
0(0) = ±θ.

We can now use the fact that c1 = c2 to combine Eqs. (2.3.5), and (3.2.6) with
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3.2. PERFORMANCE ON THE FIRST TWO TRIALS

Eq. (3.2.1) to find

RR1:2(θ) = 2

([
1− e−θ/D

] [
2θ− (1− 2ε)D ln

(1−ε)eθ/D +ε

εeθ/D + (1−ε)

]
+ 2TD

[
1 + e−θ/D

])−1

,

which can be maximized using numerical optimization.

Our analysis shows that the correct probability on both trials, c1:2, increases

with θ and does not depend on the transition probability ε (Fig. 3.2.1A). In ad-

dition, the decision time on trial 2, DT2, increases with θ and ε (Fig. 3.2.1B): At

smaller transition rates, ε, more information is carried forward to the second trial,

so the decision variable y2
0 is, on average, closer to the threshold θ. This shortens

the average decision time and increases the RR (Fig. 3.2.1C, D). Lastly, note that

the threshold value, θ, that maximizes the RR is higher for lower values of ε, as

the observer can afford to require more evidence for a decision when starting trial

2 with more information.
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✏ =
0.
25

<latexit sha1_base64="s+QXTTAvxGtXGWXchJ8vQZADf9Y=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgadkNvi5CwIvHCOYByRJmJ73JkNmZdWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKW8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQTZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUald5XEU0Qk6RefIR9eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5vpkUg=</latexit><latexit sha1_base64="s+QXTTAvxGtXGWXchJ8vQZADf9Y=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgadkNvi5CwIvHCOYByRJmJ73JkNmZdWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKW8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQTZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUald5XEU0Qk6RefIR9eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5vpkUg=</latexit><latexit sha1_base64="s+QXTTAvxGtXGWXchJ8vQZADf9Y=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgadkNvi5CwIvHCOYByRJmJ73JkNmZdWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKW8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQTZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUald5XEU0Qk6RefIR9eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5vpkUg=</latexit><latexit sha1_base64="s+QXTTAvxGtXGWXchJ8vQZADf9Y=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgadkNvi5CwIvHCOYByRJmJ73JkNmZdWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKW8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQTZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUald5XEU0Qk6RefIR9eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5vpkUg=</latexit>

✏ = 0.1
<latexit sha1_base64="XUfCXrJF8VcsSgf11NYtifGpt8g=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9CwYvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMixVnxvr+t1daW9/Y3CpvV3Z29/YPqodHbSMzTWiLSC51N8aGciZoyzLLaVdpitOY0048vpv5nSeqDZPi0U4UjVI8FCxhBFsnhSFVhnEpbv160K/W/Lo/B1olQUFqUKDZr36FA0mylApLODamF/jKRjnWlhFOp5UwM1RhMsZD2nNU4JSaKJ/fPEVnThmgRGpXwqK5+nsix6kxkzR2nSm2I7PszcT/vF5mk5soZ0JllgqyWJRkHFmJZgGgAdOUWD5xBBPN3K2IjLDGxLqYKi6EYPnlVdK+qAcusYfLWuOqiKMMJ3AK5xDANTTgHprQAgIKnuEV3rzMe/HevY9Fa8krZo7hD7zPHyD0kQg=</latexit><latexit sha1_base64="XUfCXrJF8VcsSgf11NYtifGpt8g=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9CwYvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMixVnxvr+t1daW9/Y3CpvV3Z29/YPqodHbSMzTWiLSC51N8aGciZoyzLLaVdpitOY0048vpv5nSeqDZPi0U4UjVI8FCxhBFsnhSFVhnEpbv160K/W/Lo/B1olQUFqUKDZr36FA0mylApLODamF/jKRjnWlhFOp5UwM1RhMsZD2nNU4JSaKJ/fPEVnThmgRGpXwqK5+nsix6kxkzR2nSm2I7PszcT/vF5mk5soZ0JllgqyWJRkHFmJZgGgAdOUWD5xBBPN3K2IjLDGxLqYKi6EYPnlVdK+qAcusYfLWuOqiKMMJ3AK5xDANTTgHprQAgIKnuEV3rzMe/HevY9Fa8krZo7hD7zPHyD0kQg=</latexit><latexit sha1_base64="XUfCXrJF8VcsSgf11NYtifGpt8g=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9CwYvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMixVnxvr+t1daW9/Y3CpvV3Z29/YPqodHbSMzTWiLSC51N8aGciZoyzLLaVdpitOY0048vpv5nSeqDZPi0U4UjVI8FCxhBFsnhSFVhnEpbv160K/W/Lo/B1olQUFqUKDZr36FA0mylApLODamF/jKRjnWlhFOp5UwM1RhMsZD2nNU4JSaKJ/fPEVnThmgRGpXwqK5+nsix6kxkzR2nSm2I7PszcT/vF5mk5soZ0JllgqyWJRkHFmJZgGgAdOUWD5xBBPN3K2IjLDGxLqYKi6EYPnlVdK+qAcusYfLWuOqiKMMJ3AK5xDANTTgHprQAgIKnuEV3rzMe/HevY9Fa8krZo7hD7zPHyD0kQg=</latexit><latexit sha1_base64="XUfCXrJF8VcsSgf11NYtifGpt8g=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9CwYvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMixVnxvr+t1daW9/Y3CpvV3Z29/YPqodHbSMzTWiLSC51N8aGciZoyzLLaVdpitOY0048vpv5nSeqDZPi0U4UjVI8FCxhBFsnhSFVhnEpbv160K/W/Lo/B1olQUFqUKDZr36FA0mylApLODamF/jKRjnWlhFOp5UwM1RhMsZD2nNU4JSaKJ/fPEVnThmgRGpXwqK5+nsix6kxkzR2nSm2I7PszcT/vF5mk5soZ0JllgqyWJRkHFmJZgGgAdOUWD5xBBPN3K2IjLDGxLqYKi6EYPnlVdK+qAcusYfLWuOqiKMMJ3AK5xDANTTgHprQAgIKnuEV3rzMe/HevY9Fa8krZo7hD7zPHyD0kQg=</latexit>

✏ = 0
<latexit sha1_base64="ylEzN1X1eq2A1FKaVsLnMwAbo88=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhGMDGYHGFvM5cs2ds9dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmmGDKaF0K6IGBZfYsNwKbKUaaRIJfIiGN1P/4Qm14Ure21GKYUL7ksecUeukxw6mhgslr/1uueJX/RnIMglyUoEc9W75q9NTLEtQWiaoMe3AT204ptpyJnBS6mQGU8qGtI9tRyVN0ITj2cUTcuKUHomVdiUtmam/J8Y0MWaURK4zoXZgFr2p+J/Xzmx8FY65TDOLks0XxZkgVpHp+6THNTIrRo5Qprm7lbAB1ZRZF1LJhRAsvrxMmmfVwK8Gd+eV2kUeRxGO4BhOIYBLqMEt1KEBDCQ8wyu8ecZ78d69j3lrwctnDuEPvM8fP0eQlQ==</latexit><latexit sha1_base64="ylEzN1X1eq2A1FKaVsLnMwAbo88=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhGMDGYHGFvM5cs2ds9dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmmGDKaF0K6IGBZfYsNwKbKUaaRIJfIiGN1P/4Qm14Ure21GKYUL7ksecUeukxw6mhgslr/1uueJX/RnIMglyUoEc9W75q9NTLEtQWiaoMe3AT204ptpyJnBS6mQGU8qGtI9tRyVN0ITj2cUTcuKUHomVdiUtmam/J8Y0MWaURK4zoXZgFr2p+J/Xzmx8FY65TDOLks0XxZkgVpHp+6THNTIrRo5Qprm7lbAB1ZRZF1LJhRAsvrxMmmfVwK8Gd+eV2kUeRxGO4BhOIYBLqMEt1KEBDCQ8wyu8ecZ78d69j3lrwctnDuEPvM8fP0eQlQ==</latexit><latexit sha1_base64="ylEzN1X1eq2A1FKaVsLnMwAbo88=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhGMDGYHGFvM5cs2ds9dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmmGDKaF0K6IGBZfYsNwKbKUaaRIJfIiGN1P/4Qm14Ure21GKYUL7ksecUeukxw6mhgslr/1uueJX/RnIMglyUoEc9W75q9NTLEtQWiaoMe3AT204ptpyJnBS6mQGU8qGtI9tRyVN0ITj2cUTcuKUHomVdiUtmam/J8Y0MWaURK4zoXZgFr2p+J/Xzmx8FY65TDOLks0XxZkgVpHp+6THNTIrRo5Qprm7lbAB1ZRZF1LJhRAsvrxMmmfVwK8Gd+eV2kUeRxGO4BhOIYBLqMEt1KEBDCQ8wyu8ecZ78d69j3lrwctnDuEPvM8fP0eQlQ==</latexit><latexit sha1_base64="ylEzN1X1eq2A1FKaVsLnMwAbo88=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhGMDGYHGFvM5cs2ds9dveEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPmkZlmmGDKaF0K6IGBZfYsNwKbKUaaRIJfIiGN1P/4Qm14Ure21GKYUL7ksecUeukxw6mhgslr/1uueJX/RnIMglyUoEc9W75q9NTLEtQWiaoMe3AT204ptpyJnBS6mQGU8qGtI9tRyVN0ITj2cUTcuKUHomVdiUtmam/J8Y0MWaURK4zoXZgFr2p+J/Xzmx8FY65TDOLks0XxZkgVpHp+6THNTIrRo5Qprm7lbAB1ZRZF1LJhRAsvrxMmmfVwK8Gd+eV2kUeRxGO4BhOIYBLqMEt1KEBDCQ8wyu8ecZ78d69j3lrwctnDuEPvM8fP0eQlQ==</latexit>

✏ =
0.5

<latexit sha1_base64="ELWHCTx/Puzgd/Y5v8UD/nLAeCw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbB07Irfl2EghePFawtdJeSTbNtaDYJSVYopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMSxRnxgbBt1daWV1b3yhvVra2d3b3qvsHj0bmmtAmkVzqdoIN5UzQpmWW07bSFGcJp61keDv1W09UGybFgx0pGme4L1jKCLZOiiKqDONS3AT+RbdaC/xgBrRMwoLUoECjW/2KepLkGRWWcGxMJwyUjcdYW0Y4nVSi3FCFyRD3acdRgTNq4vHs5gk6cUoPpVK7EhbN1N8TY5wZM8oS15lhOzCL3lT8z+vkNr2Ox0yo3FJB5ovSnCMr0TQA1GOaEstHjmCimbsVkQHWmFgXU8WFEC6+vEwez/ww8MP781r9soijDEdwDKcQwhXU4Q4a0AQCCp7hFd683Hvx3r2PeWvJK2YO4Q+8zx8nBJEM</latexit><latexit sha1_base64="ELWHCTx/Puzgd/Y5v8UD/nLAeCw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbB07Irfl2EghePFawtdJeSTbNtaDYJSVYopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMSxRnxgbBt1daWV1b3yhvVra2d3b3qvsHj0bmmtAmkVzqdoIN5UzQpmWW07bSFGcJp61keDv1W09UGybFgx0pGme4L1jKCLZOiiKqDONS3AT+RbdaC/xgBrRMwoLUoECjW/2KepLkGRWWcGxMJwyUjcdYW0Y4nVSi3FCFyRD3acdRgTNq4vHs5gk6cUoPpVK7EhbN1N8TY5wZM8oS15lhOzCL3lT8z+vkNr2Ox0yo3FJB5ovSnCMr0TQA1GOaEstHjmCimbsVkQHWmFgXU8WFEC6+vEwez/ww8MP781r9soijDEdwDKcQwhXU4Q4a0AQCCp7hFd683Hvx3r2PeWvJK2YO4Q+8zx8nBJEM</latexit><latexit sha1_base64="ELWHCTx/Puzgd/Y5v8UD/nLAeCw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbB07Irfl2EghePFawtdJeSTbNtaDYJSVYopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMSxRnxgbBt1daWV1b3yhvVra2d3b3qvsHj0bmmtAmkVzqdoIN5UzQpmWW07bSFGcJp61keDv1W09UGybFgx0pGme4L1jKCLZOiiKqDONS3AT+RbdaC/xgBrRMwoLUoECjW/2KepLkGRWWcGxMJwyUjcdYW0Y4nVSi3FCFyRD3acdRgTNq4vHs5gk6cUoPpVK7EhbN1N8TY5wZM8oS15lhOzCL3lT8z+vkNr2Ox0yo3FJB5ovSnCMr0TQA1GOaEstHjmCimbsVkQHWmFgXU8WFEC6+vEwez/ww8MP781r9soijDEdwDKcQwhXU4Q4a0AQCCp7hFd683Hvx3r2PeWvJK2YO4Q+8zx8nBJEM</latexit><latexit sha1_base64="ELWHCTx/Puzgd/Y5v8UD/nLAeCw=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbB07Irfl2EghePFawtdJeSTbNtaDYJSVYopX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMSxRnxgbBt1daWV1b3yhvVra2d3b3qvsHj0bmmtAmkVzqdoIN5UzQpmWW07bSFGcJp61keDv1W09UGybFgx0pGme4L1jKCLZOiiKqDONS3AT+RbdaC/xgBrRMwoLUoECjW/2KepLkGRWWcGxMJwyUjcdYW0Y4nVSi3FCFyRD3acdRgTNq4vHs5gk6cUoPpVK7EhbN1N8TY5wZM8oS15lhOzCL3lT8z+vkNr2Ox0yo3FJB5ovSnCMr0TQA1GOaEstHjmCimbsVkQHWmFgXU8WFEC6+vEwez/ww8MP781r9soijDEdwDKcQwhXU4Q4a0AQCCp7hFd683Hvx3r2PeWvJK2YO4Q+8zx8nBJEM</latexit>

✏ =
0.25

<latexit sha1_base64="s+QXTTAvxGtXGWXchJ8vQZADf9Y=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgadkNvi5CwIvHCOYByRJmJ73JkNmZdWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKW8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQTZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUald5XEU0Qk6RefIR9eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5vpkUg=</latexit><latexit sha1_base64="s+QXTTAvxGtXGWXchJ8vQZADf9Y=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgadkNvi5CwIvHCOYByRJmJ73JkNmZdWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKW8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQTZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUald5XEU0Qk6RefIR9eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5vpkUg=</latexit><latexit sha1_base64="s+QXTTAvxGtXGWXchJ8vQZADf9Y=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgadkNvi5CwIvHCOYByRJmJ73JkNmZdWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKW8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQTZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUald5XEU0Qk6RefIR9eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5vpkUg=</latexit><latexit sha1_base64="s+QXTTAvxGtXGWXchJ8vQZADf9Y=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgadkNvi5CwIvHCOYByRJmJ73JkNmZdWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//oHx41NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3c381hiUZlI8mkkCQUwGgkWMEmOloAuJZlyKW8+tXvbKFc/15sCrxM9JBeWo98pf3b6kaQzCUE607vheYoKMKMMoh2mpm2pICB2RAXQsFSQGHWTzo6f4zCp9HEllSxg8V39PZCTWehKHtjMmZqiXvZn4n9dJTXQTZEwkqQFBF4uilGMj8SwB3GcKqOETSwhVzN6K6ZAoQo3NqWRD8JdfXiXNqut7rv9wUald5XEU0Qk6RefIR9eohu5RHTUQRU/oGb2iN2fsvDjvzseiteDkM8foD5zPH5vpkUg=</latexit>

✏ =
0.1
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Fig. 3.2.1: The reward rate (RR) depends on the state change rateε := P(H2 6= H1)
for a constant threshold θ := θ1:2. Here and below stochastic simulations (dots)
are compared to theoretical predictions (solid lines). A. The probability of a correct
response on trials 1 and 2 (c1:2) only depends on the threshold θ, and increases
with θ. B. Decision time DT2 on trial 2 increases with the threshold θ and with
the change rate, ε. Threshold crossings happen sooner on average for lower ε,
since trial 2 is initiated closer to threshold. C. The reward rate (RR) as defined
by Eq. (3.2.1) is unimodal. D. Colormap plot of RR as a function of θ and ε. The
maximal RR increases and occurs at higher thresholds, θ, when state changes are
less likely (lower ε): As ε decreases, the observer can afford to integrate evidence
for a longer time on trial 1 because trial 2 will be much shorter (as shown in B).
Here and in subsequent figures we used delay time TD = 2 and noise amplitude
D = 1.
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3.3 Performance for Dynamic Decision Thresholds

We next ask whether the RR given by Eq. (3.2.1) can be increased by allowing

unequal decision thresholds between the trials, θ1 6= θ2. As before, the proba-

bility of a correct response, c1 = πθ1(0), and mean decision time, DT1, on trial 1

are given by Eqs. (2.2.4) and (2.3.4). The correct probability c2 on trial 2 is again

determined by the decision threshold, and noise variance, D, as long as θ2 > y2
0.

However, when θ2 < y2
0, the response on trial 2 is instantaneous (DT2 = 0) and

c2 = (1−ε)c1 +ε(1− c1). Therefore, the probability of a correct response on trial

2 is defined piecewise

c2 =





1
1 + e−θ2/D

: θ2 > y2
0,

(1−ε) +εe−θ1/D

1 + e−θ1/D
: θ2 ≤ y2

0.
(3.3.1)

In the case θ2 > y2
0, the average time until a decision on trial 2, is (See 3.2.2)

DT2 = θ2
1− e−θ2/D

1 + e−θ2/D
− (1− 2ε)(1− e−θ1/D)

1 + e−θ1/D
D ln

(1−ε)eθ1/D +ε

εeθ1/D + (1−ε)
, (3.3.2)

which allows us to compute the reward rate function RR1:2(ε) = RR1:2(θ1:2;ε):

RR1:2(ε) =





E1
+ + E2

+

E2
+E1
−
[
θ1 − (1− 2ε)y2

0
]
+ E1

+

[
θ2E2

− + 2TDE2
+

] : θ2 > y2
0,

2(1−ε) +εE1
+

θ1E1
− + 2TDE1

+

: θ2 ≤ y2
0,

(3.3.3)
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where E j
± = 1± e−θ j/D. This reward rate is convex as a function of the thresholds,

θ1:2, for all examples we examined.
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Fig. 3.3.1: A,B. Reward rate (RR), given by Eq. (3.3.3), depends on the change rate
ε and thresholds θ1:2. For ε = 0.25 (panel A), the pair θmax

1:2 that maximizes RR
(dot) satisfies θmax

1 > θmax
2 . Compare to the pair θmax

1:2 (circle) for θ = θ1:2 as in
Fig. 3.2.1D. The boundary θ2 = y2

0(θ1), obtained from Eq. (3.1.4), is shown as a
dashed line. For ε = 0.1 (panel B), the optimal choice of thresholds (dot) is on the
boundary θ2 = y2

0(θ1). C. Decreasing ε from 0.5, initially results in an increase in
θmax

1 and decrease in θmax
2 . At sufficiently small value of ε, the second threshold

collides with the initial condition,θ2 = y2
0(θ1) (vertical line). After this point, both

θmax
1 and θmax

2 increase with ε and meet at ε = 0. The optimal constant threshold,
θmax, is represented by the thin curve. D. RRmax

1:2 (ε) decreases as ε is increased,
since the observer carries less information from trial 1 to trial 2. The thin light
curve shows RRmax

1:2 for the constant threshold case, and the horizontal line shows
RRmax

1:2 when assuming independence.
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3.4. OPTIMIZING THE EXPECTED NET REWARD

The pair of thresholds, θmax
1:2 , that maximize RR satisfy θmax

1 ≥ θmax
2 so that the

optimal observer typically decreases their decision threshold from trial 1 to trial 2

(Fig. 3.3.1A,B). This shortens the mean time to a decision on trial 2 since the initial

belief y2
0 is closer to the decision threshold more likely to be correct. As the change

probability, ε, decreases from 0.5, initially the optimalθmax
2 decreases andθmax

1 in-

creases (Fig. 3.3.1C), and θmax
2 eventually collides with the boundary y2

0 = θ2. For

smaller values of ε, RR is thus maximized when the observer accumulates infor-

mation on trial 1, and then makes the same decision instantaneously on trial 2, so

that c2 = (1−ε)c1 +ε(1− c1) and DT2 = 0. As in the case of a fixed threshold,

the maximal reward rate, RRmax
1:2 (ε), increases as ε is decreased (Fig. 3.3.1D), since

the observer starts trial 2 with more information. Surprisingly, despite different

strategies, there is no big increase in RRmax
1:2 compared to constant thresholds, with

the largest gain at low values of ε.

Remark: In the results displayed for our RR maximization analysis (Fig. 3.2.1

and 3.3.1), we have fixed TD = 2 and D = 1. We have also examined these trends

in the RR at lower and higher values of TD and D (plots not shown), and the

results are qualitatively similar. The impact of dynamic thresholds θ1:2 on the RR

is slightly more pronounced when TD is small or when D is large.

3.4 Optimizing the Expected Net Reward

Our next question is what is the optimal strategy if the performance is defined

as ENR. From Eq. (3.3.2) and (3.3.1), we can write ENR function as the following
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ENR1:2 =





E1
++E2

+−cost·
[

E2
+E1
−(θ1−γ(1−2ε)y2

0)+E1
+[γθ2E2

−+(1+γ)TDE2
+]
]

E1
+E2

+
: θ2 > y2

0,

1+γ(1−εE1
−)−cost·

[
θ1E1

−+(1+γ)TDE1
+

]

E1
+

: θ2 ≤ y2
0,

(3.4.1)

where E j
± = 1 ± e−θ j/D, and 0 ≤ γ ≤ 1 is the discount rate. The discount rate

reflects the current value of future rewards: the reward is received j trials later in

the future is only worth γ j−1 times of its immediate value [87].

We analyze ENR similarly to the way we do RR analysis. First, we look at the

color map of ENR as a function of θ1 and θ2 for 2 different values of change rate,

ε = 0.1 and ε = 0.25. In both cases, the global maximum of ENR is obtained

when threshold on trial 2 is lower, i.e., θ2 < θ1 (see Fig. 3.4.1 A, B) . This is the

same result as we find in section 3.3 (see Fig. 3.3.1 A and B). Interestingly, we also

find similar trends when we plot optimal thresholds θmax
1:2 and maximum ENR as

a function of ε (compare Fig. 3.4.1 A and B to Fig. 3.3.1 A and B, respectively).

The same explanation for RR can be explained here. When initial belief collides

with the threshold on trial 2, the observer makes an immediate decision. There-

fore, increasing θ2 does not impact the decision time while improving the correct

probability. We also find that the dynamic threshold strategy improves slightly

for small values of change rate.
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ENR1:2(✓1:2; ✏ = 0.1)
<latexit sha1_base64="6yXq8x2brX+Ptedgm7YmvxFYreI=">AAACF3icbVBNSwMxEM36WetX1aOXYBHqZdlVQVGEogieRMWq0C0lm05taDa7JLNiWfovvPhXvHhQxKve/DemHwe1Phh4eW+GzLwwkcKg5305Y+MTk1PTuZn87Nz8wmJhafnKxKnmUOGxjPVNyAxIoaCCAiXcJBpYFEq4DttHPf/6DrQRsbrETgK1iN0q0RScoZXqBTdAuMfs+PSiW8/8vc1uKcAWIBs89mkAiREyVvSAeq6/US8UPdfrg44Sf0iKZIizeuEzaMQ8jUAhl8yYqu8lWMuYRsEldPNBaiBhvM1uoWqpYhGYWta/q0vXrdKgzVjbUkj76s+JjEXGdKLQdkYMW+av1xP/86opNndrmVBJiqD44KNmKinGtBcSbQgNHGXHEsa1sLtS3mKacbRR5m0I/t+TR8nVputvud75drF8OIwjR1bJGikRn+yQMjkhZ6RCOHkgT+SFvDqPzrPz5rwPWsec4cwK+QXn4xv/Qp3f</latexit>A B

D

✓ m
ax

2

⌘
y 20

<latexit sha1_base64="vaZ9s6INRk5FH1uqAZIuGT/IYqs=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GwCndB1FKwsYxgPiAXj73NnFncvTt358RwpLTxr9hYKGLrT7Dz37hJrvDrwcDjvRlm5oWpFAZd99OZmZ2bX1gsLZWXV1bX1isbmy2TZJpDkycy0Z2QGZAihiYKlNBJNTAVSmiH16djv30L2ogkvsBhCj3FrmIRCc7QSkFlx8cBIAvql7mvFVXsbkR9uMnELR0G7mU9qFTdmjsB/Uu8glRJgUZQ+fD7Cc8UxMglM6bruSn2cqZRcAmjsp8ZSBm/ZlfQtTRmCkwvnzwyontW6dMo0bZipBP1+0TOlDFDFdpOxXBgfntj8T+vm2F03MtFnGYIMZ8uijJJMaHjVGhfaOAoh5YwroW9lfIB04yjza5sQ/B+v/yXtOo1z6155wfVk8MijhLZJrtkn3jkiJyQM9IgTcLJPXkkz+TFeXCenFfnbdo64xQzW+QHnPcv39CZLQ==</latexit><latexit sha1_base64="vaZ9s6INRk5FH1uqAZIuGT/IYqs=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GwCndB1FKwsYxgPiAXj73NnFncvTt358RwpLTxr9hYKGLrT7Dz37hJrvDrwcDjvRlm5oWpFAZd99OZmZ2bX1gsLZWXV1bX1isbmy2TZJpDkycy0Z2QGZAihiYKlNBJNTAVSmiH16djv30L2ogkvsBhCj3FrmIRCc7QSkFlx8cBIAvql7mvFVXsbkR9uMnELR0G7mU9qFTdmjsB/Uu8glRJgUZQ+fD7Cc8UxMglM6bruSn2cqZRcAmjsp8ZSBm/ZlfQtTRmCkwvnzwyontW6dMo0bZipBP1+0TOlDFDFdpOxXBgfntj8T+vm2F03MtFnGYIMZ8uijJJMaHjVGhfaOAoh5YwroW9lfIB04yjza5sQ/B+v/yXtOo1z6155wfVk8MijhLZJrtkn3jkiJyQM9IgTcLJPXkkz+TFeXCenFfnbdo64xQzW+QHnPcv39CZLQ==</latexit><latexit sha1_base64="vaZ9s6INRk5FH1uqAZIuGT/IYqs=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GwCndB1FKwsYxgPiAXj73NnFncvTt358RwpLTxr9hYKGLrT7Dz37hJrvDrwcDjvRlm5oWpFAZd99OZmZ2bX1gsLZWXV1bX1isbmy2TZJpDkycy0Z2QGZAihiYKlNBJNTAVSmiH16djv30L2ogkvsBhCj3FrmIRCc7QSkFlx8cBIAvql7mvFVXsbkR9uMnELR0G7mU9qFTdmjsB/Uu8glRJgUZQ+fD7Cc8UxMglM6bruSn2cqZRcAmjsp8ZSBm/ZlfQtTRmCkwvnzwyontW6dMo0bZipBP1+0TOlDFDFdpOxXBgfntj8T+vm2F03MtFnGYIMZ8uijJJMaHjVGhfaOAoh5YwroW9lfIB04yjza5sQ/B+v/yXtOo1z6155wfVk8MijhLZJrtkn3jkiJyQM9IgTcLJPXkkz+TFeXCenFfnbdo64xQzW+QHnPcv39CZLQ==</latexit><latexit sha1_base64="vaZ9s6INRk5FH1uqAZIuGT/IYqs=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GwCndB1FKwsYxgPiAXj73NnFncvTt358RwpLTxr9hYKGLrT7Dz37hJrvDrwcDjvRlm5oWpFAZd99OZmZ2bX1gsLZWXV1bX1isbmy2TZJpDkycy0Z2QGZAihiYKlNBJNTAVSmiH16djv30L2ogkvsBhCj3FrmIRCc7QSkFlx8cBIAvql7mvFVXsbkR9uMnELR0G7mU9qFTdmjsB/Uu8glRJgUZQ+fD7Cc8UxMglM6bruSn2cqZRcAmjsp8ZSBm/ZlfQtTRmCkwvnzwyontW6dMo0bZipBP1+0TOlDFDFdpOxXBgfntj8T+vm2F03MtFnGYIMZ8uijJJMaHjVGhfaOAoh5YwroW9lfIB04yjza5sQ/B+v/yXtOo1z6155wfVk8MijhLZJrtkn3jkiJyQM9IgTcLJPXkkz+TFeXCenFfnbdo64xQzW+QHnPcv39CZLQ==</latexit>

✓max
2 > y2

0
<latexit sha1_base64="6J1v/Ex1fZHFUfhlkQEAf5nJwko=">AAACA3icbVDLSsNAFJ34rPVVdaebwSK4KkkRdSUFNy4r2Ac0aZhMJ+3QmSTM3IghFNz4K25cKOLWn3Dn3zh9LLT1wIXDOfdy7z1BIrgG2/62lpZXVtfWCxvFza3tnd3S3n5Tx6mirEFjEat2QDQTPGIN4CBYO1GMyECwVjC8Hvute6Y0j6M7yBLmSdKPeMgpASP5pUMXBgyIX+3mrpJYkocRvsKZb3erfqlsV+wJ8CJxZqSMZqj7pS+3F9NUsgioIFp3HDsBLycKOBVsVHRTzRJCh6TPOoZGRDLt5ZMfRvjEKD0cxspUBHii/p7IidQ6k4HplAQGet4bi/95nRTCSy/nUZICi+h0UZgKDDEeB4J7XDEKIjOEUMXNrZgOiCIUTGxFE4Iz//IiaVYrjl1xbs/KtfNZHAV0hI7RKXLQBaqhG1RHDUTRI3pGr+jNerJerHfrY9q6ZM1mDtAfWJ8/eR+Wsw==</latexit><latexit sha1_base64="6J1v/Ex1fZHFUfhlkQEAf5nJwko=">AAACA3icbVDLSsNAFJ34rPVVdaebwSK4KkkRdSUFNy4r2Ac0aZhMJ+3QmSTM3IghFNz4K25cKOLWn3Dn3zh9LLT1wIXDOfdy7z1BIrgG2/62lpZXVtfWCxvFza3tnd3S3n5Tx6mirEFjEat2QDQTPGIN4CBYO1GMyECwVjC8Hvute6Y0j6M7yBLmSdKPeMgpASP5pUMXBgyIX+3mrpJYkocRvsKZb3erfqlsV+wJ8CJxZqSMZqj7pS+3F9NUsgioIFp3HDsBLycKOBVsVHRTzRJCh6TPOoZGRDLt5ZMfRvjEKD0cxspUBHii/p7IidQ6k4HplAQGet4bi/95nRTCSy/nUZICi+h0UZgKDDEeB4J7XDEKIjOEUMXNrZgOiCIUTGxFE4Iz//IiaVYrjl1xbs/KtfNZHAV0hI7RKXLQBaqhG1RHDUTRI3pGr+jNerJerHfrY9q6ZM1mDtAfWJ8/eR+Wsw==</latexit><latexit sha1_base64="6J1v/Ex1fZHFUfhlkQEAf5nJwko=">AAACA3icbVDLSsNAFJ34rPVVdaebwSK4KkkRdSUFNy4r2Ac0aZhMJ+3QmSTM3IghFNz4K25cKOLWn3Dn3zh9LLT1wIXDOfdy7z1BIrgG2/62lpZXVtfWCxvFza3tnd3S3n5Tx6mirEFjEat2QDQTPGIN4CBYO1GMyECwVjC8Hvute6Y0j6M7yBLmSdKPeMgpASP5pUMXBgyIX+3mrpJYkocRvsKZb3erfqlsV+wJ8CJxZqSMZqj7pS+3F9NUsgioIFp3HDsBLycKOBVsVHRTzRJCh6TPOoZGRDLt5ZMfRvjEKD0cxspUBHii/p7IidQ6k4HplAQGet4bi/95nRTCSy/nUZICi+h0UZgKDDEeB4J7XDEKIjOEUMXNrZgOiCIUTGxFE4Iz//IiaVYrjl1xbs/KtfNZHAV0hI7RKXLQBaqhG1RHDUTRI3pGr+jNerJerHfrY9q6ZM1mDtAfWJ8/eR+Wsw==</latexit><latexit sha1_base64="6J1v/Ex1fZHFUfhlkQEAf5nJwko=">AAACA3icbVDLSsNAFJ34rPVVdaebwSK4KkkRdSUFNy4r2Ac0aZhMJ+3QmSTM3IghFNz4K25cKOLWn3Dn3zh9LLT1wIXDOfdy7z1BIrgG2/62lpZXVtfWCxvFza3tnd3S3n5Tx6mirEFjEat2QDQTPGIN4CBYO1GMyECwVjC8Hvute6Y0j6M7yBLmSdKPeMgpASP5pUMXBgyIX+3mrpJYkocRvsKZb3erfqlsV+wJ8CJxZqSMZqj7pS+3F9NUsgioIFp3HDsBLycKOBVsVHRTzRJCh6TPOoZGRDLt5ZMfRvjEKD0cxspUBHii/p7IidQ6k4HplAQGet4bi/95nRTCSy/nUZICi+h0UZgKDDEeB4J7XDEKIjOEUMXNrZgOiCIUTGxFE4Iz//IiaVYrjl1xbs/KtfNZHAV0hI7RKXLQBaqhG1RHDUTRI3pGr+jNerJerHfrY9q6ZM1mDtAfWJ8/eR+Wsw==</latexit>

✓max
1

<latexit sha1_base64="oiScTedbtN6PS7MKaUbqTghI/Ik=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIR9Vjw4rGC/YAmhs120y7dTcLuRFpC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXpoJrcJxva219Y3Nru7JT3d3bPzi0j2odnWSKsjZNRKJ6IdFM8Ji1gYNgvVQxIkPBuuH4duZ3n5jSPIkfYJoyX5JhzCNOCRgpsGsejBiQwH3MPSWxJJMisOtOw5kDrxK3JHVUohXYX94goZlkMVBBtO67Tgp+ThRwKlhR9TLNUkLHZMj6hsZEMu3n89sLfGaUAY4SZSoGPFd/T+REaj2VoemUBEZ62ZuJ/3n9DKIbP+dxmgGL6WJRlAkMCZ4FgQdcMQpiagihiptbMR0RRSiYuKomBHf55VXSuWi4TsO9v6w3r8o4KugEnaJz5KJr1ER3qIXaiKIJekav6M0qrBfr3fpYtK5Z5cwx+gPr8wfmC5RM</latexit><latexit sha1_base64="oiScTedbtN6PS7MKaUbqTghI/Ik=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIR9Vjw4rGC/YAmhs120y7dTcLuRFpC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXpoJrcJxva219Y3Nru7JT3d3bPzi0j2odnWSKsjZNRKJ6IdFM8Ji1gYNgvVQxIkPBuuH4duZ3n5jSPIkfYJoyX5JhzCNOCRgpsGsejBiQwH3MPSWxJJMisOtOw5kDrxK3JHVUohXYX94goZlkMVBBtO67Tgp+ThRwKlhR9TLNUkLHZMj6hsZEMu3n89sLfGaUAY4SZSoGPFd/T+REaj2VoemUBEZ62ZuJ/3n9DKIbP+dxmgGL6WJRlAkMCZ4FgQdcMQpiagihiptbMR0RRSiYuKomBHf55VXSuWi4TsO9v6w3r8o4KugEnaJz5KJr1ER3qIXaiKIJekav6M0qrBfr3fpYtK5Z5cwx+gPr8wfmC5RM</latexit><latexit sha1_base64="oiScTedbtN6PS7MKaUbqTghI/Ik=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIR9Vjw4rGC/YAmhs120y7dTcLuRFpC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXpoJrcJxva219Y3Nru7JT3d3bPzi0j2odnWSKsjZNRKJ6IdFM8Ji1gYNgvVQxIkPBuuH4duZ3n5jSPIkfYJoyX5JhzCNOCRgpsGsejBiQwH3MPSWxJJMisOtOw5kDrxK3JHVUohXYX94goZlkMVBBtO67Tgp+ThRwKlhR9TLNUkLHZMj6hsZEMu3n89sLfGaUAY4SZSoGPFd/T+REaj2VoemUBEZ62ZuJ/3n9DKIbP+dxmgGL6WJRlAkMCZ4FgQdcMQpiagihiptbMR0RRSiYuKomBHf55VXSuWi4TsO9v6w3r8o4KugEnaJz5KJr1ER3qIXaiKIJekav6M0qrBfr3fpYtK5Z5cwx+gPr8wfmC5RM</latexit><latexit sha1_base64="oiScTedbtN6PS7MKaUbqTghI/Ik=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIR9Vjw4rGC/YAmhs120y7dTcLuRFpC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXpoJrcJxva219Y3Nru7JT3d3bPzi0j2odnWSKsjZNRKJ6IdFM8Ji1gYNgvVQxIkPBuuH4duZ3n5jSPIkfYJoyX5JhzCNOCRgpsGsejBiQwH3MPSWxJJMisOtOw5kDrxK3JHVUohXYX94goZlkMVBBtO67Tgp+ThRwKlhR9TLNUkLHZMj6hsZEMu3n89sLfGaUAY4SZSoGPFd/T+REaj2VoemUBEZ62ZuJ/3n9DKIbP+dxmgGL6WJRlAkMCZ4FgQdcMQpiagihiptbMR0RRSiYuKomBHf55VXSuWi4TsO9v6w3r8o4KugEnaJz5KJr1ER3qIXaiKIJekav6M0qrBfr3fpYtK5Z5cwx+gPr8wfmC5RM</latexit>

ENR1:2(✓1:2; ✏ = 0.25)
<latexit sha1_base64="bxbF7BVZ7Puq/qloD3jkrn6UTPQ=">AAACGHicbVBNSwMxEM36bf2qevQSLEK91N2qKIogiuBJqlgtdEvJptM2mM0uyaxYlv4ML/4VLx4U8erNf2P6cdDqg4GX92bIzAtiKQy67pczNj4xOTU9M5uZm19YXMour9yYKNEcyjySka4EzIAUCsooUEIl1sDCQMJtcHfa82/vQRsRqWvsxFALWUuJpuAMrVTPbvkID5ieXVx166l3UOzmfWwDssHjkPoQGyEjRY+oWyjubtazObfg9kH/Em9IcmSIUj376TcinoSgkEtmTNVzY6ylTKPgEroZPzEQM37HWlC1VLEQTC3tH9alG1Zp0GakbSmkffXnRMpCYzphYDtDhm0z6vXE/7xqgs39WipUnCAoPviomUiKEe2lRBtCA0fZsYRxLeyulLeZZhxtlhkbgjd68l9yUyx42wX3cid3fDKMY4askXWSJx7ZI8fknJRImXDySJ7JK3lznpwX5935GLSOOcOZVfILzuc3hfqeHw==</latexit>

E
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m

a
x

1
:2

(✏
)

<latexit sha1_base64="z2V0CEXI/mlm5lBHSrx2CXI658A=">AAACEXicbVA9SwNBEN2L3/ErammzGITYhDsVFKugCFYSxZhAEsPeZhKX7O0du3NiOO4v2PhXbCwUsbWz89+4+SjU+GDg8d4MM/P8SAqDrvvlZKamZ2bn5heyi0vLK6u5tfVrE8aaQ4WHMtQ1nxmQQkEFBUqoRRpY4Euo+r2TgV+9A21EqK6wH0EzYF0lOoIztFIrV2gg3GNyen6ZthLvaDe9SUZKwO7TlBYaEBkhQ7XTyuXdojsEnSTemOTJGOVW7rPRDnkcgEIumTF1z42wmTCNgktIs43YQMR4j3WhbqliAZhmMvwopdtWadNOqG0ppEP150TCAmP6gW87A4a35q83EP/z6jF2DpuJUFGMoPhoUSeWFEM6iIe2hQaOsm8J41rYWym/ZZpxtCFmbQje35cnyfVu0dsruhf7+dLxOI55skm2SIF45ICUyBkpkwrh5IE8kRfy6jw6z86b8z5qzTjjmQ3yC87HN+QUnas=</latexit>

✓1
<latexit sha1_base64="Gd62gyZ2YzjeY1fOCmit171NjUE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMFWwttKJvtpF262cTdiVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXplIY8rxvp7Cyura+UdwsbW3v7O6V9w+aJsk0xwZPZKJbITMohcIGCZLYSjWyOJT4EA5vpv7DE2ojEnVPoxSDmPWViARnZKVWhwZIrOt3yxWv6s3gLhM/JxXIUe+Wvzq9hGcxKuKSGdP2vZSCMdMkuMRJqZMZTBkfsj62LVUsRhOMZ/dO3BOr9Nwo0bYUuTP198SYxcaM4tB2xowGZtGbiv957Yyiq2AsVJoRKj5fFGXSpcSdPu/2hEZOcmQJ41rYW10+YJpxshGVbAj+4svLpHlW9c+r3t1FpXadx1GEIziGU/DhEmpwC3VoAAcJz/AKb86j8+K8Ox/z1oKTzxzCHzifP84Rj84=</latexit>

✓1
<latexit sha1_base64="Gd62gyZ2YzjeY1fOCmit171NjUE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMFWwttKJvtpF262cTdiVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXplIY8rxvp7Cyura+UdwsbW3v7O6V9w+aJsk0xwZPZKJbITMohcIGCZLYSjWyOJT4EA5vpv7DE2ojEnVPoxSDmPWViARnZKVWhwZIrOt3yxWv6s3gLhM/JxXIUe+Wvzq9hGcxKuKSGdP2vZSCMdMkuMRJqZMZTBkfsj62LVUsRhOMZ/dO3BOr9Nwo0bYUuTP198SYxcaM4tB2xowGZtGbiv957Yyiq2AsVJoRKj5fFGXSpcSdPu/2hEZOcmQJ41rYW10+YJpxshGVbAj+4svLpHlW9c+r3t1FpXadx1GEIziGU/DhEmpwC3VoAAcJz/AKb86j8+K8Ox/z1oKTzxzCHzifP84Rj84=</latexit>

✓ 2 <latexit sha1_base64="YyziclZDNwiovZXiqGAnBAalXOQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGm/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+75ScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRlRThjaikg3BW355lbRqVe+i6t5fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QPPlY/P</latexit> ✓ 2 <latexit sha1_base64="YyziclZDNwiovZXiqGAnBAalXOQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTg9HHGm/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+75ScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRlRThjaikg3BW355lbRqVe+i6t5fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QPPlY/P</latexit>
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a
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<latexit sha1_base64="3KxHibm31ZKLS64SpzPuP+TZefY=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2IQPIXdKCiegl48RjAPSNYwO+kkQ2YfzPRKwrJ48Ve8eFDEq1/hzb9xkuxBEwsaiqpuuru8SHCFtv1t5JaWV1bX8uuFjc2t7R1zd6+uwlgyqLFQhLLpUQWCB1BDjgKakQTqewIa3vB64jceQCoeBnc4jsD1aT/gPc4oaqljHrRxAEg7iXNZTu+TNsIIE5+O0rRjFu2SPYW1SJyMFEmGasf8andDFvsQIBNUqZZjR+gmVCJnAtJCO1YQUTakfWhpGlAflJtMX0itY610rV4odQVoTdXfEwn1lRr7nu70KQ7UvDcR//NaMfYu3IQHUYwQsNmiXiwsDK1JHlaXS2AoxppQJrm+1WIDKilDnVpBh+DMv7xI6uWSc1qyb8+Klassjjw5JEfkhDjknFTIDamSGmHkkTyTV/JmPBkvxrvxMWvNGdnMPvkD4/MH55uXwg==</latexit>

Fig. 3.4.1: Diffusion term D = 1, the evidence-accumulation cost is “cost” = 0.5,
the intertrial delay time is TD = 0.5, and discount rate γ = 0.7. A,B. Expected
Net Reward (ENR), given by Eq. (3.4.1) as a function of change rate ε and thresh-
olds θ1:2. The pair θmax

1:2 that maximizes ENR (dot) satisfies θmax
1 > θmax

2 . On the
other hand, the pair θmax

1:2 (circle) maximizes ENR under the constraint on con-
stant thresholds, θ1 = θ2. The boundary θ2 = y2

0(θ1), obtained from Eq. (3.1.4),
is shown as a dashed line. C, D. Optimal decision thresholds θmax

1:2 and maximum
ENRmax

1:2 as functions of change rate ε. The trends are similar to the results in Fig.
3.3.1 C and D even though the optimal values are different between RR and ENR.
The thin light blue curve shows ENRmax

1:2 for the constant threshold case, and the
vertical line in panel C shows the boundary of θ2 = y2

0(θ1).

Remark: The optimal thresholds found from optimizing ENR are lower than

from RR optimization. Recall that the intertrial delay time TD makes a difference

in optimizing RR while it does not affect optimizing ENR. We set high delay time
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(TD = 2) in our RR optimization problem, so it increases the optimal thresholds.

Note that ENR and RR are two different functions, so we cannot say that one

function is a better optimization.

3.5 Summary

In this chapter, we extend the standard DDM to include correlation while omit-

ting feedback. We compute the history bias, mean decision time, and probability

of being correct. Optimizing RR and ENR for the first two trials, we find that

varying thresholds across trials yields the global maximum. In fact, the optimal

strategy is to set higher thresholds on trial 1 and lower thresholds on trial 2 so that

the bias is closer to the threshold. In chapter 4, we extend these observations to

multiple correlated trials.
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Chapter 4
Integrating Information Across

Multiple Correlated Trials

To understand optimal decisions across multiple correlated trials, we again

assume that the states evolve according to a two-state Markov Chain with ε :=

P(H j+1 = H∓|H j = H±). Information gathered on one trial again determines

the initial belief on the next. We first discuss optimizing the RR for a constant

threshold for a fixed number, n, of trials known to the observer. When decision

thresholds are allowed to vary between trials, optimal thresholds typically de-

crease across trials, θmax
j ≤ θmax

j−1 .
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4.1. OPTIMAL OBSERVER MODEL FOR MULTIPLE TRIALS

4.1 Optimal Observer Model for Multiple Trials

As in the case of two trials, we must consider the caveats associated with in-

stantaneous decisions to define initial conditions, y j
0, probabilities of correct re-

sponses, c j, and mean decision times DT j. The same argument leading to Eq. (3.1.3)

shows that the decision variable evolves according to a linear drift-diffusion pro-

cess on each trial. Because the thresholds are symmetric, we only discuss the case

where the correct threshold is positive. The probability of a correct choice is again

defined by the threshold, c j = 1/(1 + e−θ j/D) when θ j > y j
0. When θ j ≤ y j

0, no

evidence is accumulated and a decision is made immediately. The correct prob-

ability is c j = (1 − ε)c j−1 + ε(1 − c j−1) as in Eq. (3.3.1). Therefore, c j may be

defined iteratively for j ≥ 2, as

c j =





1

1 + e−θ j/D
: θ j > y j

0,

(1−ε)c j−1 +ε(1− c j−1) : θ j ≤ y j
0,

(4.1.1)

with c1 = 1/(1 + e−θ1/D) since y1
0 = 0.

The probability c j also quantifies the belief of a rational observer at the end of

trial j. Hence, as in Eq. (3.1.4), the initial belief of an ideal observer on trial j + 1

has the form

y j+1(0; d j = ±1) = ±D ln
(1−ε)c j +ε(1− c j)

εc j + (1−ε)(1− c j)
= ±y j+1

0 , (4.1.2)

and the decision variable y j(t) within trials obeys a DDM with threshold θ j as

in Eq. (3.1.3). A decision d j = ±1 is then registered when y j(Tj) = ±θ j, and if
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4.2. PERFORMANCE FOR CONSTANT DECISION THRESHOLDS

θ j ≤ y j
0, then d j = d j−1 and Tj = 0. In the following we assume that the number

of trials, n, is known to the observer.

4.2 Performance for Constant Decision Thresholds

We first assume that the observer uses a fixed threshold, θ j = θ, across all

trials. With n trials, the RR is the sum of the expected rewards divided by the

total expected time for the sequence of trials. Assuming, as before, that correct

responses yield a unit reward, and incorrect responses yield no reward, and that

the total time is a sum of the decision and delay time, we obtain

RR1:n =
∑

n
j=1 c j

∑
n
j=1 DT j + nTD

. (4.2.1)

The probability of a correct choice, c j = 1/(1 + e−θ/D), is constant across trials,

and determined by the fixed threshold θ. It follows that y2
0 = y3

0 = · · · = yn
0 = y0.

Eq. (4.1.2) then implies that θ > y j
0 for ε > 0 and y j

0 = θ if ε = 0.

As y j
0 is constant on trial 2 and beyond, the analysis of the two-trial case im-

plies that the mean decision time is given by an expression equivalent to Eq. (3.2.6)

for j ≥ 2. Using these expressions for c j and DT j in Eq. (4.2.1), we find

RR1:n(θ;ε) = n
([

1− e−θ/D
]
[nθ− (n− 1)(1− 2ε)y0] + nTD

[
1 + e−θ/D

])−1
.

(4.2.2)

As n is increased, the threshold value, θmax, that maximizes the RR increases
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4.2. PERFORMANCE FOR CONSTANT DECISION THRESHOLDS

across the full range of ε values (Fig. 4.2.1) as trial 1 has less impact on the RR.

Longer decision times on trial 1 impact the RR less, allowing for longer accumu-

lation times (higher thresholds) on later trials. In the limit of an infinite number

of trials (n→ ∞), Eq. (4.2.2) simplifies to

RR∞(θ;ε) =
([

1− e−θ/D
]
[θ− (1− 2ε)y0] + TD

[
1 + e−θ/D

])−1
, (4.2.3)

and we find θmax of RR∞(θ;ε) sets an upper limit on the optimal θ for n < ∞.
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<latexit sha1_base64="eBXM20L+dQlP/yPFJxcMY8drGPo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoAeFghePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxrczv/3EtRGxesRJwv2IDpUIBaNopQd1U+uXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3VKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4Q4a0AQGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/IcY1v</latexit><latexit sha1_base64="eBXM20L+dQlP/yPFJxcMY8drGPo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoAeFghePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxrczv/3EtRGxesRJwv2IDpUIBaNopQd1U+uXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3VKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4Q4a0AQGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/IcY1v</latexit><latexit sha1_base64="eBXM20L+dQlP/yPFJxcMY8drGPo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoAeFghePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxrczv/3EtRGxesRJwv2IDpUIBaNopQd1U+uXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3VKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4Q4a0AQGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/IcY1v</latexit><latexit sha1_base64="eBXM20L+dQlP/yPFJxcMY8drGPo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoAeFghePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpBIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmo4VIo3kSBkncSzWkUSN4Oxrczv/3EtRGxesRJwv2IDpUIBaNopQd1U+uXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3VKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuGVnwmVpMgVWywKU0kwJrO/yUBozlBOLKFMC3srYSOqKUObTsmG4C2/vEpatarnVr37i0r9Oo+jCCdwCufgwSXU4Q4a0AQGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/IcY1v</latexit>

n = 3
<latexit sha1_base64="6r3dCLg4mVD7uxQNI06PFFsaQhg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00oO6Oe+VK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1XPrXr3F5XadR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8AyfWNcA==</latexit><latexit sha1_base64="6r3dCLg4mVD7uxQNI06PFFsaQhg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00oO6Oe+VK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1XPrXr3F5XadR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8AyfWNcA==</latexit><latexit sha1_base64="6r3dCLg4mVD7uxQNI06PFFsaQhg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00oO6Oe+VK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1XPrXr3F5XadR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8AyfWNcA==</latexit><latexit sha1_base64="6r3dCLg4mVD7uxQNI06PFFsaQhg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00oO6Oe+VK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1XPrXr3F5XadR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8AyfWNcA==</latexit>

n = 6
<latexit sha1_base64="JnBwk8g26Cx+LR2TK8q207afCD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00oO6ueiVK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1XPrXr355XadR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8AzoGNcw==</latexit><latexit sha1_base64="JnBwk8g26Cx+LR2TK8q207afCD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00oO6ueiVK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1XPrXr355XadR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8AzoGNcw==</latexit><latexit sha1_base64="JnBwk8g26Cx+LR2TK8q207afCD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00oO6ueiVK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1XPrXr355XadR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8AzoGNcw==</latexit><latexit sha1_base64="JnBwk8g26Cx+LR2TK8q207afCD0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1INCwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00oO6ueiVK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtO/SV9ozlCOLaFMC3srYUOqKUObTsmG4C2+vEyaZ1XPrXr355XadR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8AzoGNcw==</latexit>

n ! 1
<latexit sha1_base64="VCMeFyqm9PbGNAbVyR3TD7HRfyU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHghePFWwtNKFstpt26WYTdidCCP0bXjwo4tU/481/47bNQVsfDDzem2FmXphKYdB1v53K2vrG5lZ1u7azu7d/UD886pok04x3WCIT3Qup4VIo3kGBkvdSzWkcSv4YTm5n/uMT10Yk6gHzlAcxHSkRCUbRSr4iPibEFyrCfFBvuE13DrJKvJI0oER7UP/yhwnLYq6QSWpM33NTDAqqUTDJpzU/MzylbEJHvG+pojE3QTG/eUrOrDIkUaJtKSRz9fdEQWNj8ji0nTHFsVn2ZuJ/Xj/D6DoohEoz5IotFkWZJPbPWQBkKDRnKHNLKNPC3krYmGrK0MZUsyF4yy+vku5F03Ob3v1lo3VTxlGFEziFc/DgClpwB23oAIMUnuEV3pzMeXHenY9Fa8UpZ47hD5zPH5oikV8=</latexit><latexit sha1_base64="VCMeFyqm9PbGNAbVyR3TD7HRfyU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHghePFWwtNKFstpt26WYTdidCCP0bXjwo4tU/481/47bNQVsfDDzem2FmXphKYdB1v53K2vrG5lZ1u7azu7d/UD886pok04x3WCIT3Qup4VIo3kGBkvdSzWkcSv4YTm5n/uMT10Yk6gHzlAcxHSkRCUbRSr4iPibEFyrCfFBvuE13DrJKvJI0oER7UP/yhwnLYq6QSWpM33NTDAqqUTDJpzU/MzylbEJHvG+pojE3QTG/eUrOrDIkUaJtKSRz9fdEQWNj8ji0nTHFsVn2ZuJ/Xj/D6DoohEoz5IotFkWZJPbPWQBkKDRnKHNLKNPC3krYmGrK0MZUsyF4yy+vku5F03Ob3v1lo3VTxlGFEziFc/DgClpwB23oAIMUnuEV3pzMeXHenY9Fa8UpZ47hD5zPH5oikV8=</latexit><latexit sha1_base64="VCMeFyqm9PbGNAbVyR3TD7HRfyU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHghePFWwtNKFstpt26WYTdidCCP0bXjwo4tU/481/47bNQVsfDDzem2FmXphKYdB1v53K2vrG5lZ1u7azu7d/UD886pok04x3WCIT3Qup4VIo3kGBkvdSzWkcSv4YTm5n/uMT10Yk6gHzlAcxHSkRCUbRSr4iPibEFyrCfFBvuE13DrJKvJI0oER7UP/yhwnLYq6QSWpM33NTDAqqUTDJpzU/MzylbEJHvG+pojE3QTG/eUrOrDIkUaJtKSRz9fdEQWNj8ji0nTHFsVn2ZuJ/Xj/D6DoohEoz5IotFkWZJPbPWQBkKDRnKHNLKNPC3krYmGrK0MZUsyF4yy+vku5F03Ob3v1lo3VTxlGFEziFc/DgClpwB23oAIMUnuEV3pzMeXHenY9Fa8UpZ47hD5zPH5oikV8=</latexit><latexit sha1_base64="VCMeFyqm9PbGNAbVyR3TD7HRfyU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHghePFWwtNKFstpt26WYTdidCCP0bXjwo4tU/481/47bNQVsfDDzem2FmXphKYdB1v53K2vrG5lZ1u7azu7d/UD886pok04x3WCIT3Qup4VIo3kGBkvdSzWkcSv4YTm5n/uMT10Yk6gHzlAcxHSkRCUbRSr4iPibEFyrCfFBvuE13DrJKvJI0oER7UP/yhwnLYq6QSWpM33NTDAqqUTDJpzU/MzylbEJHvG+pojE3QTG/eUrOrDIkUaJtKSRz9fdEQWNj8ji0nTHFsVn2ZuJ/Xj/D6DoohEoz5IotFkWZJPbPWQBkKDRnKHNLKNPC3krYmGrK0MZUsyF4yy+vku5F03Ob3v1lo3VTxlGFEziFc/DgClpwB23oAIMUnuEV3pzMeXHenY9Fa8UpZ47hD5zPH5oikV8=</latexit>

Fig. 4.2.1: Reward rate (RR1:n) defined by Eq. (4.2.2) increases with n, and as ε is
decreased, as shown for ε = 0.25 (panel A); ε = 0.1 (panel B); and ε = 0 (panel
C). The optimal decision threshold, θmax, increases with n. The limiting reward
rates RR1:n(θ;ε) → RR∞(θ;ε) as n → ∞ defined by Eq. (4.2.3) are given by the
topmost light curves.

Interestingly, in a static environment (ε→ 0),

lim
ε→0

RR∞(θ;ε) =
1

TD
[
1 + e−θ/D

] ,

so the decision threshold value that maximizes RR diverges, θmax → ∞ (Fig.

4.2.1C). Intuitively, when there are many trials (n� 1), the price of a long wait for

a high accuracy decision on the first trial (c1 ≈ 1 but DT1 � 1 for θ � 1) is offset
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4.3. PERFORMANCE FOR DYNAMIC DECISION THRESHOLDS

by the reward from a large number (n − 1 � 1) of subsequent, instantaneous,

high accuracy decisions (c j ≈ 1 but DT j = 0 for θ � 1 and j > 1).

4.3 Performance for Dynamic Decision Thresholds

In the case of dynamic thresholds, the RR function, Eq. (4.2.1), can be maxi-

mized for an arbitrary number of trials, n. The probability of a correct decision,

c j, is given by the more general, iterative version of Eq. (4.1.1). Therefore, while

analytical results can be obtained for constant thresholds, numerical methods are

needed to find the sequence of optimal dynamic thresholds.

The expression for the mean decision time, DT j, on trial j is determined by

marginalizing over whether or not the initial state y j
0 aligns with the true state H j,

yielding

DT j =





θ j
1− e−θ j/D

1 + e−θ j/D
− (1− 2ε)(2c j−1 − 1)y j

0 : θ j > y j
0,

0 : θ j ≤ y j
0.

Thus, Eq. (4.1.1), the probability of a correct decision on trial j − 1, is needed to

determine the mean decision time, DT j, on trial j. The resulting values for c j and

DT j can be used in Eq. (4.2.1) to determine the RR which achieves a maximum for

some sequence of thresholds, θ1:n := (θ1,θ2, ...,θn).

In Fig. 4.3.1 we show that the sequence of decision thresholds that maximize

RR, θmax
1:n , is decreasing (θmax

1 ≥ θmax
2 ≥ . . . ≥ θmax

n ) across trials, consistent with
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our observation for two trials. Again, the increased accuracy of earlier trials im-

proves accuracy on later trials. Thus, there is a value in gathering more infor-

mation early in the trial sequence, and making fast, but less accurate decisions

later in the sequence. Alternatively, an observer has less to gain from waiting for

more information in a late trial, as the additional evidence can only be used on a

few more trials. For intermediate to large values of ε, the observer uses a near-

constant threshold on the first n− 1 trials, and then a lower threshold on the last

trial. As ε is decreased, the last threshold, θmax
n , collides with the boundary yn

0 , so

the last decision is made instantaneously. The previous thresholds, θmax
n−1 ,θmax

n−2 , . . .

collide with the corresponding boundaries yn−1
0 , yn−2

0 , . . . in reverse order as ε is

decreased further. Thus for lower values of ε, an increasing number of decisions

toward the end of the sequence is made instantaneously. This results in a more

gradual decrease in the thresholds used on each successive trial in the case of slow

environments, with low ε values.
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4.4. PERFORMANCE FOR DYNAMIC DECISION THRESHOLDS USING
EXPECTED NET REWARD
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1<latexit sha1_base64="T4bKfsE+rjkX48us+V9x0RcmvEI=">AAAB+3icbVC7TsNAEFzzDOFlQklzIiBRRTYNlJFoKAMiDykx1vlySU65s627NUpk5VdoKECIlh+h42+4PApIGGml0cyudneiVAqDnvftrK1vbG5tF3aKu3v7B4fuUalhkkwzXmeJTHQrooZLEfM6CpS8lWpOVSR5MxreTP3mE9dGJPEDjlMeKNqPRU8wilYK3VIHBxxp6D/mHa2IoqNJ6Ja9ijcDWSX+gpSr7tl9FQBqofvV6SYsUzxGJqkxbd9LMcipRsEknxQ7meEpZUPa521LY6q4CfLZ7RNybpUu6SXaVoxkpv6eyKkyZqwi26koDsyyNxX/89oZ9q6DXMRphjxm80W9TBJMyDQI0hWaM5RjSyjTwt5K2IBqytDGVbQh+Msvr5LGZcX3Kv6dTcODOQpwAqdwAT5cQRVuoQZ1YDCCZ3iFN2fivDjvzse8dc1ZzBzDHzifP0T1lUg=</latexit><latexit sha1_base64="Cj1QpRS6ZxDkxuW1AMtCqYT8VJY=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiRudGfBjcsq9gFNDZPppB06k4SZG2kJ+RU3LhRx64+4E/wMP8DpY6GtBy4czrmXe+8JEsE1OM6nVVhZXVvfKG6WtrZ3dvfs/XJTx6mirEFjEat2QDQTPGIN4CBYO1GMyECwVjC8mvitB6Y0j6M7GCesK0k/4iGnBIzk22UPBgyI795nnpJYklHu2xWn6kyBl4k7J5WafXx72f/+qvv2h9eLaSpZBFQQrTuuk0A3Iwo4FSwvealmCaFD0mcdQyMime5m09tzfGKUHg5jZSoCPFV/T2REaj2WgemUBAZ60ZuI/3mdFMKLbsajJAUW0dmiMBUYYjwJAve4YhTE2BBCFTe3YjogilAwcZVMCO7iy8ukeVZ1nap7Y9Jw0AxFdIiO0Cly0TmqoWtURw1E0Qg9omf0YuXWk/Vqvc1aC9Z85gD9gfX+AzjPl34=</latexit><latexit sha1_base64="Cj1QpRS6ZxDkxuW1AMtCqYT8VJY=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiRudGfBjcsq9gFNDZPppB06k4SZG2kJ+RU3LhRx64+4E/wMP8DpY6GtBy4czrmXe+8JEsE1OM6nVVhZXVvfKG6WtrZ3dvfs/XJTx6mirEFjEat2QDQTPGIN4CBYO1GMyECwVjC8mvitB6Y0j6M7GCesK0k/4iGnBIzk22UPBgyI795nnpJYklHu2xWn6kyBl4k7J5WafXx72f/+qvv2h9eLaSpZBFQQrTuuk0A3Iwo4FSwvealmCaFD0mcdQyMime5m09tzfGKUHg5jZSoCPFV/T2REaj2WgemUBAZ60ZuI/3mdFMKLbsajJAUW0dmiMBUYYjwJAve4YhTE2BBCFTe3YjogilAwcZVMCO7iy8ukeVZ1nap7Y9Jw0AxFdIiO0Cly0TmqoWtURw1E0Qg9omf0YuXWk/Vqvc1aC9Z85gD9gfX+AzjPl34=</latexit><latexit sha1_base64="ir3TQnmBAQe3DemRs571tiChYxw=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVDZe9Fjw4rGC/YCmhs120y7dTcLuRFpC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXplIYIOTb2djc2t7ZrexV9w8Oj47dk1rHJJlmvM0SmeheSA2XIuZtECB5L9WcqlDybji5nfvdJ66NSOIHmKV8oOgoFpFgFKwUuDUfxhxo4D3mvlZY0WkRuHXSIAvgdeKVpI5KtAL3yx8mLFM8BiapMX2PpDDIqQbBJC+qfmZ4StmEjnjf0pgqbgb54vYCX1hliKNE24oBL9TfEzlVxsxUaDsVhbFZ9ebif14/g+hmkIs4zYDHbLkoyiSGBM+DwEOhOQM5s4QyLeytmI2ppgxsXFUbgrf68jrpXDU80vDuSb1Jyjgq6Aydo0vkoWvURHeohdqIoSl6Rq/ozSmcF+fd+Vi2bjjlzCn6A+fzB+L9lEI=</latexit>

✓max
2<latexit sha1_base64="4rKbX3yJRfpWlZcIiqsFvH9cfp0=">AAAB+3icbVDLTgJBEOzFF+JrxaOXiWjiiexy0SOJF49o5JHASmaHASbM7G5meg1kw6948aAxXv0Rb/6Nw+OgYCWdVKq6090VJlIY9LxvJ7exubW9k98t7O0fHB65x8WGiVPNeJ3FMtatkBouRcTrKFDyVqI5VaHkzXB0M/ObT1wbEUcPOEl4oOggEn3BKFqp6xY7OORIu5XHrKMVUXQ87bolr+zNQdaJvySlqnt+XwWAWtf96vRilioeIZPUmLbvJRhkVKNgkk8LndTwhLIRHfC2pRFV3ATZ/PYpubBKj/RjbStCMld/T2RUGTNRoe1UFIdm1ZuJ/3ntFPvXQSaiJEUescWifioJxmQWBOkJzRnKiSWUaWFvJWxINWVo4yrYEPzVl9dJo1L2vbJ/Z9PwYIE8nMIZXIIPV1CFW6hBHRiM4Rle4c2ZOi/Ou/OxaM05y5kT+APn8wdGg5VJ</latexit><latexit sha1_base64="s4uCoPtrttTugIlaLnXf38pn33A=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBVclaQb3Vlw47KKfUBTw2Q6aYfOJGHmRlpCfsWNC0Xc+iPuBD/DD3D6WGjrgQuHc+7l3nuCRHANjvNprayurW9sFraK2zu7e/v2Qamp41RR1qCxiFU7IJoJHrEGcBCsnShGZCBYKxheTfzWA1Oax9EdjBPWlaQf8ZBTAkby7ZIHAwbEr95nnpJYklHu22Wn4kyBl4k7J+WafXJ72f/+qvv2h9eLaSpZBFQQrTuuk0A3Iwo4FSwveqlmCaFD0mcdQyMime5m09tzfGqUHg5jZSoCPFV/T2REaj2WgemUBAZ60ZuI/3mdFMKLbsajJAUW0dmiMBUYYjwJAve4YhTE2BBCFTe3YjogilAwcRVNCO7iy8ukWa24TsW9MWk4aIYCOkLH6Ay56BzV0DWqowaiaIQe0TN6sXLryXq13matK9Z85hD9gfX+Azpdl38=</latexit><latexit sha1_base64="s4uCoPtrttTugIlaLnXf38pn33A=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBVclaQb3Vlw47KKfUBTw2Q6aYfOJGHmRlpCfsWNC0Xc+iPuBD/DD3D6WGjrgQuHc+7l3nuCRHANjvNprayurW9sFraK2zu7e/v2Qamp41RR1qCxiFU7IJoJHrEGcBCsnShGZCBYKxheTfzWA1Oax9EdjBPWlaQf8ZBTAkby7ZIHAwbEr95nnpJYklHu22Wn4kyBl4k7J+WafXJ72f/+qvv2h9eLaSpZBFQQrTuuk0A3Iwo4FSwveqlmCaFD0mcdQyMime5m09tzfGqUHg5jZSoCPFV/T2REaj2WgemUBAZ60ZuI/3mdFMKLbsajJAUW0dmiMBUYYjwJAve4YhTE2BBCFTe3YjogilAwcRVNCO7iy8ukWa24TsW9MWk4aIYCOkLH6Ay56BzV0DWqowaiaIQe0TN6sXLryXq13matK9Z85hD9gfX+Azpdl38=</latexit><latexit sha1_base64="QTxht56sTuE7TXEBVTcBkjV+tx0=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5L0oseCF48V7Ac0MWy2m3bpbhJ2J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MBVcg+N8W5Wt7Z3dvep+7eDw6PjEPq33dJIpyro0EYkahEQzwWPWBQ6CDVLFiAwF64fT24Xff2JK8yR+gHnKfEnGMY84JWCkwK57MGFAgtZj7imJJZkVgd1wms4SeJO4JWmgEp3A/vJGCc0ki4EKovXQdVLwc6KAU8GKmpdplhI6JWM2NDQmkmk/X95e4EujjHCUKFMx4KX6eyInUuu5DE2nJDDR695C/M8bZhDd+DmP0wxYTFeLokxgSPAiCDziilEQc0MIVdzciumEKELBxFUzIbjrL2+SXqvpOk333mm0nTKOKjpHF+gKuegatdEd6qAuomiGntErerMK68V6tz5WrRWrnDlDf2B9/gDki5RD</latexit>

✓max
3

<latexit sha1_base64="tXAtYm522ZoWb5oVqG6R7qzFndE=">AAAB+3icbVC7TsNAEFyHVwgvE0qaEwGJKrKhgDISDWVA5CElITpfLskpd7Z1t0aJLP8KDQUI0fIjdPwNl0cBCSOtNJrZ1e5OEEth0PO+ndza+sbmVn67sLO7t3/gHhbrJko04zUWyUg3A2q4FCGvoUDJm7HmVAWSN4LRzdRvPHFtRBQ+4CTmHUUHoegLRtFKXbfYxiFH2r18TNtaEUXHWdcteWVvBrJK/AUpVdzT+woAVLvuV7sXsUTxEJmkxrR8L8ZOSjUKJnlWaCeGx5SN6IC3LA2p4qaTzm7PyJlVeqQfaVshkpn6eyKlypiJCmynojg0y95U/M9rJdi/7qQijBPkIZsv6ieSYESmQZCe0JyhnFhCmRb2VsKGVFOGNq6CDcFffnmV1C/Kvlf272waHsyRh2M4gXPw4QoqcAtVqAGDMTzDK7w5mfPivDsf89acs5g5gj9wPn8ASBGVSg==</latexit><latexit sha1_base64="x7L2WXpXVEWa21JRDoYSCEHJwx8=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiS60J0FNy6r2Ac0MUymk3boTBJmbqQl9FfcuFDErT/iTvAz/ACnrQttPXDhcM693HtPmAquwXE+rMLS8srqWnG9tLG5tb1j75abOskUZQ2aiES1Q6KZ4DFrAAfB2qliRIaCtcLB5cRv3TOleRLfwihlviS9mEecEjBSYJc96DMgweld7imJJRmOA7viVJ0p8CJxf0ilZh/eXPS+PuuB/e51E5pJFgMVROuO66Tg50QBp4KNS16mWUrogPRYx9CYSKb9fHr7GB8ZpYujRJmKAU/V3xM5kVqPZGg6JYG+nvcm4n9eJ4Po3M95nGbAYjpbFGUCQ4InQeAuV4yCGBlCqOLmVkz7RBEKJq6SCcGdf3mRNE+qrlN1r00aDpqhiPbRATpGLjpDNXSF6qiBKBqiB/SEnq2x9Wi9WK+z1oL1M7OH/sB6+wY765eA</latexit><latexit sha1_base64="x7L2WXpXVEWa21JRDoYSCEHJwx8=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiS60J0FNy6r2Ac0MUymk3boTBJmbqQl9FfcuFDErT/iTvAz/ACnrQttPXDhcM693HtPmAquwXE+rMLS8srqWnG9tLG5tb1j75abOskUZQ2aiES1Q6KZ4DFrAAfB2qliRIaCtcLB5cRv3TOleRLfwihlviS9mEecEjBSYJc96DMgweld7imJJRmOA7viVJ0p8CJxf0ilZh/eXPS+PuuB/e51E5pJFgMVROuO66Tg50QBp4KNS16mWUrogPRYx9CYSKb9fHr7GB8ZpYujRJmKAU/V3xM5kVqPZGg6JYG+nvcm4n9eJ4Po3M95nGbAYjpbFGUCQ4InQeAuV4yCGBlCqOLmVkz7RBEKJq6SCcGdf3mRNE+qrlN1r00aDpqhiPbRATpGLjpDNXSF6qiBKBqiB/SEnq2x9Wi9WK+z1oL1M7OH/sB6+wY765eA</latexit><latexit sha1_base64="OSvKOM52aaWyCHS+L5CRxOdciHc=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5LoQY8FLx4r2A9oYthsN+3S3STsTqQl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YSq4Bsf5tiobm1vbO9Xd2t7+weGRfVzv6iRTlHVoIhLVD4lmgsesAxwE66eKERkK1gsnt3O/98SU5kn8ALOU+ZKMYh5xSsBIgV33YMyABFePuacklmRaBHbDaToL4HXilqSBSrQD+8sbJjSTLAYqiNYD10nBz4kCTgUral6mWUrohIzYwNCYSKb9fHF7gc+NMsRRokzFgBfq74mcSK1nMjSdksBYr3pz8T9vkEF04+c8TjNgMV0uijKBIcHzIPCQK0ZBzAwhVHFzK6ZjoggFE1fNhOCuvrxOupdN12m6906j5ZRxVNEpOkMXyEXXqIXuUBt1EEVT9Ixe0ZtVWC/Wu/WxbK1Y5cwJ+gPr8wfmGZRE</latexit>

✓max
1<latexit sha1_base64="T4bKfsE+rjkX48us+V9x0RcmvEI=">AAAB+3icbVC7TsNAEFzzDOFlQklzIiBRRTYNlJFoKAMiDykx1vlySU65s627NUpk5VdoKECIlh+h42+4PApIGGml0cyudneiVAqDnvftrK1vbG5tF3aKu3v7B4fuUalhkkwzXmeJTHQrooZLEfM6CpS8lWpOVSR5MxreTP3mE9dGJPEDjlMeKNqPRU8wilYK3VIHBxxp6D/mHa2IoqNJ6Ja9ijcDWSX+gpSr7tl9FQBqofvV6SYsUzxGJqkxbd9LMcipRsEknxQ7meEpZUPa521LY6q4CfLZ7RNybpUu6SXaVoxkpv6eyKkyZqwi26koDsyyNxX/89oZ9q6DXMRphjxm80W9TBJMyDQI0hWaM5RjSyjTwt5K2IBqytDGVbQh+Msvr5LGZcX3Kv6dTcODOQpwAqdwAT5cQRVuoQZ1YDCCZ3iFN2fivDjvzse8dc1ZzBzDHzifP0T1lUg=</latexit><latexit sha1_base64="Cj1QpRS6ZxDkxuW1AMtCqYT8VJY=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiRudGfBjcsq9gFNDZPppB06k4SZG2kJ+RU3LhRx64+4E/wMP8DpY6GtBy4czrmXe+8JEsE1OM6nVVhZXVvfKG6WtrZ3dvfs/XJTx6mirEFjEat2QDQTPGIN4CBYO1GMyECwVjC8mvitB6Y0j6M7GCesK0k/4iGnBIzk22UPBgyI795nnpJYklHu2xWn6kyBl4k7J5WafXx72f/+qvv2h9eLaSpZBFQQrTuuk0A3Iwo4FSwvealmCaFD0mcdQyMime5m09tzfGKUHg5jZSoCPFV/T2REaj2WgemUBAZ60ZuI/3mdFMKLbsajJAUW0dmiMBUYYjwJAve4YhTE2BBCFTe3YjogilAwcZVMCO7iy8ukeVZ1nap7Y9Jw0AxFdIiO0Cly0TmqoWtURw1E0Qg9omf0YuXWk/Vqvc1aC9Z85gD9gfX+AzjPl34=</latexit><latexit sha1_base64="Cj1QpRS6ZxDkxuW1AMtCqYT8VJY=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiRudGfBjcsq9gFNDZPppB06k4SZG2kJ+RU3LhRx64+4E/wMP8DpY6GtBy4czrmXe+8JEsE1OM6nVVhZXVvfKG6WtrZ3dvfs/XJTx6mirEFjEat2QDQTPGIN4CBYO1GMyECwVjC8mvitB6Y0j6M7GCesK0k/4iGnBIzk22UPBgyI795nnpJYklHu2xWn6kyBl4k7J5WafXx72f/+qvv2h9eLaSpZBFQQrTuuk0A3Iwo4FSwvealmCaFD0mcdQyMime5m09tzfGKUHg5jZSoCPFV/T2REaj2WgemUBAZ60ZuI/3mdFMKLbsajJAUW0dmiMBUYYjwJAve4YhTE2BBCFTe3YjogilAwcZVMCO7iy8ukeVZ1nap7Y9Jw0AxFdIiO0Cly0TmqoWtURw1E0Qg9omf0YuXWk/Vqvc1aC9Z85gD9gfX+AzjPl34=</latexit><latexit sha1_base64="ir3TQnmBAQe3DemRs571tiChYxw=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVDZe9Fjw4rGC/YCmhs120y7dTcLuRFpC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXplIYIOTb2djc2t7ZrexV9w8Oj47dk1rHJJlmvM0SmeheSA2XIuZtECB5L9WcqlDybji5nfvdJ66NSOIHmKV8oOgoFpFgFKwUuDUfxhxo4D3mvlZY0WkRuHXSIAvgdeKVpI5KtAL3yx8mLFM8BiapMX2PpDDIqQbBJC+qfmZ4StmEjnjf0pgqbgb54vYCX1hliKNE24oBL9TfEzlVxsxUaDsVhbFZ9ebif14/g+hmkIs4zYDHbLkoyiSGBM+DwEOhOQM5s4QyLeytmI2ppgxsXFUbgrf68jrpXDU80vDuSb1Jyjgq6Aydo0vkoWvURHeohdqIoSl6Rq/ozSmcF+fd+Vi2bjjlzCn6A+fzB+L9lEI=</latexit>

✓max
2<latexit sha1_base64="4rKbX3yJRfpWlZcIiqsFvH9cfp0=">AAAB+3icbVDLTgJBEOzFF+JrxaOXiWjiiexy0SOJF49o5JHASmaHASbM7G5meg1kw6948aAxXv0Rb/6Nw+OgYCWdVKq6090VJlIY9LxvJ7exubW9k98t7O0fHB65x8WGiVPNeJ3FMtatkBouRcTrKFDyVqI5VaHkzXB0M/ObT1wbEUcPOEl4oOggEn3BKFqp6xY7OORIu5XHrKMVUXQ87bolr+zNQdaJvySlqnt+XwWAWtf96vRilioeIZPUmLbvJRhkVKNgkk8LndTwhLIRHfC2pRFV3ATZ/PYpubBKj/RjbStCMld/T2RUGTNRoe1UFIdm1ZuJ/3ntFPvXQSaiJEUescWifioJxmQWBOkJzRnKiSWUaWFvJWxINWVo4yrYEPzVl9dJo1L2vbJ/Z9PwYIE8nMIZXIIPV1CFW6hBHRiM4Rle4c2ZOi/Ou/OxaM05y5kT+APn8wdGg5VJ</latexit><latexit sha1_base64="s4uCoPtrttTugIlaLnXf38pn33A=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBVclaQb3Vlw47KKfUBTw2Q6aYfOJGHmRlpCfsWNC0Xc+iPuBD/DD3D6WGjrgQuHc+7l3nuCRHANjvNprayurW9sFraK2zu7e/v2Qamp41RR1qCxiFU7IJoJHrEGcBCsnShGZCBYKxheTfzWA1Oax9EdjBPWlaQf8ZBTAkby7ZIHAwbEr95nnpJYklHu22Wn4kyBl4k7J+WafXJ72f/+qvv2h9eLaSpZBFQQrTuuk0A3Iwo4FSwveqlmCaFD0mcdQyMime5m09tzfGqUHg5jZSoCPFV/T2REaj2WgemUBAZ60ZuI/3mdFMKLbsajJAUW0dmiMBUYYjwJAve4YhTE2BBCFTe3YjogilAwcRVNCO7iy8ukWa24TsW9MWk4aIYCOkLH6Ay56BzV0DWqowaiaIQe0TN6sXLryXq13matK9Z85hD9gfX+Azpdl38=</latexit><latexit sha1_base64="s4uCoPtrttTugIlaLnXf38pn33A=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBVclaQb3Vlw47KKfUBTw2Q6aYfOJGHmRlpCfsWNC0Xc+iPuBD/DD3D6WGjrgQuHc+7l3nuCRHANjvNprayurW9sFraK2zu7e/v2Qamp41RR1qCxiFU7IJoJHrEGcBCsnShGZCBYKxheTfzWA1Oax9EdjBPWlaQf8ZBTAkby7ZIHAwbEr95nnpJYklHu22Wn4kyBl4k7J+WafXJ72f/+qvv2h9eLaSpZBFQQrTuuk0A3Iwo4FSwveqlmCaFD0mcdQyMime5m09tzfGqUHg5jZSoCPFV/T2REaj2WgemUBAZ60ZuI/3mdFMKLbsajJAUW0dmiMBUYYjwJAve4YhTE2BBCFTe3YjogilAwcRVNCO7iy8ukWa24TsW9MWk4aIYCOkLH6Ay56BzV0DWqowaiaIQe0TN6sXLryXq13matK9Z85hD9gfX+Azpdl38=</latexit><latexit sha1_base64="QTxht56sTuE7TXEBVTcBkjV+tx0=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5L0oseCF48V7Ac0MWy2m3bpbhJ2J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MBVcg+N8W5Wt7Z3dvep+7eDw6PjEPq33dJIpyro0EYkahEQzwWPWBQ6CDVLFiAwF64fT24Xff2JK8yR+gHnKfEnGMY84JWCkwK57MGFAgtZj7imJJZkVgd1wms4SeJO4JWmgEp3A/vJGCc0ki4EKovXQdVLwc6KAU8GKmpdplhI6JWM2NDQmkmk/X95e4EujjHCUKFMx4KX6eyInUuu5DE2nJDDR695C/M8bZhDd+DmP0wxYTFeLokxgSPAiCDziilEQc0MIVdzciumEKELBxFUzIbjrL2+SXqvpOk333mm0nTKOKjpHF+gKuegatdEd6qAuomiGntErerMK68V6tz5WrRWrnDlDf2B9/gDki5RD</latexit>

✓max
3

<latexit sha1_base64="tXAtYm522ZoWb5oVqG6R7qzFndE=">AAAB+3icbVC7TsNAEFyHVwgvE0qaEwGJKrKhgDISDWVA5CElITpfLskpd7Z1t0aJLP8KDQUI0fIjdPwNl0cBCSOtNJrZ1e5OEEth0PO+ndza+sbmVn67sLO7t3/gHhbrJko04zUWyUg3A2q4FCGvoUDJm7HmVAWSN4LRzdRvPHFtRBQ+4CTmHUUHoegLRtFKXbfYxiFH2r18TNtaEUXHWdcteWVvBrJK/AUpVdzT+woAVLvuV7sXsUTxEJmkxrR8L8ZOSjUKJnlWaCeGx5SN6IC3LA2p4qaTzm7PyJlVeqQfaVshkpn6eyKlypiJCmynojg0y95U/M9rJdi/7qQijBPkIZsv6ieSYESmQZCe0JyhnFhCmRb2VsKGVFOGNq6CDcFffnmV1C/Kvlf272waHsyRh2M4gXPw4QoqcAtVqAGDMTzDK7w5mfPivDsf89acs5g5gj9wPn8ASBGVSg==</latexit><latexit sha1_base64="x7L2WXpXVEWa21JRDoYSCEHJwx8=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiS60J0FNy6r2Ac0MUymk3boTBJmbqQl9FfcuFDErT/iTvAz/ACnrQttPXDhcM693HtPmAquwXE+rMLS8srqWnG9tLG5tb1j75abOskUZQ2aiES1Q6KZ4DFrAAfB2qliRIaCtcLB5cRv3TOleRLfwihlviS9mEecEjBSYJc96DMgweld7imJJRmOA7viVJ0p8CJxf0ilZh/eXPS+PuuB/e51E5pJFgMVROuO66Tg50QBp4KNS16mWUrogPRYx9CYSKb9fHr7GB8ZpYujRJmKAU/V3xM5kVqPZGg6JYG+nvcm4n9eJ4Po3M95nGbAYjpbFGUCQ4InQeAuV4yCGBlCqOLmVkz7RBEKJq6SCcGdf3mRNE+qrlN1r00aDpqhiPbRATpGLjpDNXSF6qiBKBqiB/SEnq2x9Wi9WK+z1oL1M7OH/sB6+wY765eA</latexit><latexit sha1_base64="x7L2WXpXVEWa21JRDoYSCEHJwx8=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiS60J0FNy6r2Ac0MUymk3boTBJmbqQl9FfcuFDErT/iTvAz/ACnrQttPXDhcM693HtPmAquwXE+rMLS8srqWnG9tLG5tb1j75abOskUZQ2aiES1Q6KZ4DFrAAfB2qliRIaCtcLB5cRv3TOleRLfwihlviS9mEecEjBSYJc96DMgweld7imJJRmOA7viVJ0p8CJxf0ilZh/eXPS+PuuB/e51E5pJFgMVROuO66Tg50QBp4KNS16mWUrogPRYx9CYSKb9fHr7GB8ZpYujRJmKAU/V3xM5kVqPZGg6JYG+nvcm4n9eJ4Po3M95nGbAYjpbFGUCQ4InQeAuV4yCGBlCqOLmVkz7RBEKJq6SCcGdf3mRNE+qrlN1r00aDpqhiPbRATpGLjpDNXSF6qiBKBqiB/SEnq2x9Wi9WK+z1oL1M7OH/sB6+wY765eA</latexit><latexit sha1_base64="OSvKOM52aaWyCHS+L5CRxOdciHc=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5LoQY8FLx4r2A9oYthsN+3S3STsTqQl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YSq4Bsf5tiobm1vbO9Xd2t7+weGRfVzv6iRTlHVoIhLVD4lmgsesAxwE66eKERkK1gsnt3O/98SU5kn8ALOU+ZKMYh5xSsBIgV33YMyABFePuacklmRaBHbDaToL4HXilqSBSrQD+8sbJjSTLAYqiNYD10nBz4kCTgUral6mWUrohIzYwNCYSKb9fHF7gc+NMsRRokzFgBfq74mcSK1nMjSdksBYr3pz8T9vkEF04+c8TjNgMV0uijKBIcHzIPCQK0ZBzAwhVHFzK6ZjoggFE1fNhOCuvrxOupdN12m6906j5ZRxVNEpOkMXyEXXqIXuUBt1EEVT9Ixe0ZtVWC/Wu/WxbK1Y5cwJ+gPr8wfmGZRE</latexit>

✓max
4<latexit sha1_base64="QP2cI2olNNdWY2g9DcjeW4YupNw=">AAAB+3icbVDLSgNBEOyNrxhfazx6GYyCp7Argh4DXjxGMQ9IYpidTJIhM7vLTK8kLPsrXjwo4tUf8ebfOHkcNLGgoajqprsriKUw6HnfTm5tfWNzK79d2Nnd2z9wD4t1EyWa8RqLZKSbATVcipDXUKDkzVhzqgLJG8HoZuo3nrg2IgofcBLzjqKDUPQFo2ilrlts45Aj7V4+pm2tiKLjrOuWvLI3A1kl/oKUKu7pfQUAql33q92LWKJ4iExSY1q+F2MnpRoFkzwrtBPDY8pGdMBbloZUcdNJZ7dn5MwqPdKPtK0QyUz9PZFSZcxEBbZTURyaZW8q/ue1Euxfd1IRxgnykM0X9RNJMCLTIEhPaM5QTiyhTAt7K2FDqilDG1fBhuAvv7xK6hdl3yv7dzYND+bIwzGcwDn4cAUVuIUq1IDBGJ7hFd6czHlx3p2PeWvOWcwcwR84nz9Jn5VL</latexit><latexit sha1_base64="maR9nmwYDcPwONjfmctycV0Ovlw=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiQi6M6CG5dV7AOaGCbTSTt0JgkzN9IS+ituXCji1h9xJ/gZfoDT1oW2HrhwOOde7r0nTAXX4DgfVmFpeWV1rbhe2tjc2t6xd8tNnWSKsgZNRKLaIdFM8Jg1gINg7VQxIkPBWuHgcuK37pnSPIlvYZQyX5JezCNOCRgpsMse9BmQ4PQu95TEkgzHgV1xqs4UeJG4P6RSsw9vLnpfn/XAfve6Cc0ki4EKonXHdVLwc6KAU8HGJS/TLCV0QHqsY2hMJNN+Pr19jI+M0sVRokzFgKfq74mcSK1HMjSdkkBfz3sT8T+vk0F07uc8TjNgMZ0tijKBIcGTIHCXK0ZBjAwhVHFzK6Z9oggFE1fJhODOv7xImidV16m61yYNB81QRPvoAB0jF52hGrpCddRAFA3RA3pCz9bYerRerNdZa8H6mdlDf2C9fQM9eZeB</latexit><latexit sha1_base64="maR9nmwYDcPwONjfmctycV0Ovlw=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiQi6M6CG5dV7AOaGCbTSTt0JgkzN9IS+ituXCji1h9xJ/gZfoDT1oW2HrhwOOde7r0nTAXX4DgfVmFpeWV1rbhe2tjc2t6xd8tNnWSKsgZNRKLaIdFM8Jg1gINg7VQxIkPBWuHgcuK37pnSPIlvYZQyX5JezCNOCRgpsMse9BmQ4PQu95TEkgzHgV1xqs4UeJG4P6RSsw9vLnpfn/XAfve6Cc0ki4EKonXHdVLwc6KAU8HGJS/TLCV0QHqsY2hMJNN+Pr19jI+M0sVRokzFgKfq74mcSK1HMjSdkkBfz3sT8T+vk0F07uc8TjNgMZ0tijKBIcGTIHCXK0ZBjAwhVHFzK6Z9oggFE1fJhODOv7xImidV16m61yYNB81QRPvoAB0jF52hGrpCddRAFA3RA3pCz9bYerRerNdZa8H6mdlDf2C9fQM9eZeB</latexit><latexit sha1_base64="YsI7Y/5kvpqe6OUKlX7pmzFBkRQ=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoMeCF48V7Ac0MWy2m3bpbhJ2J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MBVcg+N8W5WNza3tnepubW//4PDIPq53dZIpyjo0EYnqh0QzwWPWAQ6C9VPFiAwF64WT27nfe2JK8yR+gFnKfElGMY84JWCkwK57MGZAgqvH3FMSSzItArvhNJ0F8DpxS9JAJdqB/eUNE5pJFgMVROuB66Tg50QBp4IVNS/TLCV0QkZsYGhMJNN+vri9wOdGGeIoUaZiwAv190ROpNYzGZpOSWCsV725+J83yCC68XMepxmwmC4XRZnAkOB5EHjIFaMgZoYQqri5FdMxUYSCiatmQnBXX14n3cum6zTde6fRcso4qugUnaEL5KJr1EJ3qI06iKIpekav6M0qrBfr3fpYtlascuYE/YH1+QPnp5RF</latexit>

✓max
5

<latexit sha1_base64="yv/Ac3qTsC3tIiOwk/H15dSFKLM=">AAAB+3icbVDLSgNBEOyNrxhfazx6GYyCp7AriB4DXjxGMQ9IYpidTJIhM7vLTK8kLPsrXjwo4tUf8ebfOHkcNLGgoajqprsriKUw6HnfTm5tfWNzK79d2Nnd2z9wD4t1EyWa8RqLZKSbATVcipDXUKDkzVhzqgLJG8HoZuo3nrg2IgofcBLzjqKDUPQFo2ilrlts45Aj7V4+pm2tiKLjrOuWvLI3A1kl/oKUKu7pfQUAql33q92LWKJ4iExSY1q+F2MnpRoFkzwrtBPDY8pGdMBbloZUcdNJZ7dn5MwqPdKPtK0QyUz9PZFSZcxEBbZTURyaZW8q/ue1Euxfd1IRxgnykM0X9RNJMCLTIEhPaM5QTiyhTAt7K2FDqilDG1fBhuAvv7xK6hdl3yv7dzYND+bIwzGcwDn4cAUVuIUq1IDBGJ7hFd6czHlx3p2PeWvOWcwcwR84nz9LLZVM</latexit><latexit sha1_base64="rgnfkOUWta5DpgCspyJwinbVzsY=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiSC6M6CG5dV7AOaGCbTSTt0JgkzN9IS+ituXCji1h9xJ/gZfoDT1oW2HrhwOOde7r0nTAXX4DgfVmFpeWV1rbhe2tjc2t6xd8tNnWSKsgZNRKLaIdFM8Jg1gINg7VQxIkPBWuHgcuK37pnSPIlvYZQyX5JezCNOCRgpsMse9BmQ4PQu95TEkgzHgV1xqs4UeJG4P6RSsw9vLnpfn/XAfve6Cc0ki4EKonXHdVLwc6KAU8HGJS/TLCV0QHqsY2hMJNN+Pr19jI+M0sVRokzFgKfq74mcSK1HMjSdkkBfz3sT8T+vk0F07uc8TjNgMZ0tijKBIcGTIHCXK0ZBjAwhVHFzK6Z9oggFE1fJhODOv7xImidV16m61yYNB81QRPvoAB0jF52hGrpCddRAFA3RA3pCz9bYerRerNdZa8H6mdlDf2C9fQM/B5eC</latexit><latexit sha1_base64="rgnfkOUWta5DpgCspyJwinbVzsY=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiSC6M6CG5dV7AOaGCbTSTt0JgkzN9IS+ituXCji1h9xJ/gZfoDT1oW2HrhwOOde7r0nTAXX4DgfVmFpeWV1rbhe2tjc2t6xd8tNnWSKsgZNRKLaIdFM8Jg1gINg7VQxIkPBWuHgcuK37pnSPIlvYZQyX5JezCNOCRgpsMse9BmQ4PQu95TEkgzHgV1xqs4UeJG4P6RSsw9vLnpfn/XAfve6Cc0ki4EKonXHdVLwc6KAU8HGJS/TLCV0QHqsY2hMJNN+Pr19jI+M0sVRokzFgKfq74mcSK1HMjSdkkBfz3sT8T+vk0F07uc8TjNgMZ0tijKBIcGTIHCXK0ZBjAwhVHFzK6Z9oggFE1fJhODOv7xImidV16m61yYNB81QRPvoAB0jF52hGrpCddRAFA3RA3pCz9bYerRerNdZa8H6mdlDf2C9fQM/B5eC</latexit><latexit sha1_base64="8nop0K7pKBN7zYV6a21sxtC5OJI=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5IIoseCF48V7Ac0MWy2m3bpbhJ2J9IS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MBVcg+N8W5WNza3tnepubW//4PDIPq53dZIpyjo0EYnqh0QzwWPWAQ6C9VPFiAwF64WT27nfe2JK8yR+gFnKfElGMY84JWCkwK57MGZAgqvH3FMSSzItArvhNJ0F8DpxS9JAJdqB/eUNE5pJFgMVROuB66Tg50QBp4IVNS/TLCV0QkZsYGhMJNN+vri9wOdGGeIoUaZiwAv190ROpNYzGZpOSWCsV725+J83yCC68XMepxmwmC4XRZnAkOB5EHjIFaMgZoYQqri5FdMxUYSCiatmQnBXX14n3cum6zTde6fRcso4qugUnaEL5KJr1EJ3qI06iKIpekav6M0qrBfr3fpYtlascuYE/YH1+QPpNZRG</latexit>

✓max
10

<latexit sha1_base64="/9DxfXfBsn3taFrzRgIZ64eq6Js=">AAAB/nicbVDLSgNBEOz1GeNrVTx5GYyCp7DrRY8BLx6jmAck6zI7mSRDZnaXmV4xLAF/xYsHRbz6Hd78GyePgyYWNBRV3XR3RakUBj3v21laXlldWy9sFDe3tnd23b39ukkyzXiNJTLRzYgaLkXMayhQ8maqOVWR5I1ocDX2Gw9cG5HEdzhMeaBoLxZdwShaKXQP29jnSMPc90b3eVsroujjKHRLXtmbgCwSf0ZKFffktgIA1dD9ancSlikeI5PUmJbvpRjkVKNgko+K7czwlLIB7fGWpTFV3AT55PwRObVKh3QTbStGMlF/T+RUGTNUke1UFPtm3huL/3mtDLuXQS7iNEMes+mibiYJJmScBekIzRnKoSWUaWFvJaxPNWVoEyvaEPz5lxdJ/bzse2X/xqbhwRQFOIJjOAMfLqAC11CFGjDI4Rle4c15cl6cd+dj2rrkzGYO4A+czx+LLpaO</latexit><latexit sha1_base64="2SNd8l7UAoNJ2LYUiaGMBeUJ/HI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gFVyVxozsLblxWsQ9oaphMJ+3QmSTM3IglBPwVNy4Ucet3uBP8DD/A6WOhrQcuHM65l3vvCRLBNTjOp1VYWFxaXimultbWNza37O2dho5TRVmdxiJWrYBoJnjE6sBBsFaiGJGBYM1gcDHym3dMaR5HNzBMWEeSXsRDTgkYybf3POgzIH7mOvlt5imJJbnPfbvsVJwx8Dxxp6RctQ+vz3vfXzXf/vC6MU0li4AKonXbdRLoZEQBp4LlJS/VLCF0QHqsbWhEJNOdbHx+jo+M0sVhrExFgMfq74mMSK2HMjCdkkBfz3oj8T+vnUJ41sl4lKTAIjpZFKYCQ4xHWeAuV4yCGBpCqOLmVkz7RBEKJrGSCcGdfXmeNE4qrlNxr0waDpqgiPbRATpGLjpFVXSJaqiOKMrQI3pGL9aD9WS9Wm+T1oI1ndlFf2C9/wB/CJjE</latexit><latexit sha1_base64="2SNd8l7UAoNJ2LYUiaGMBeUJ/HI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gFVyVxozsLblxWsQ9oaphMJ+3QmSTM3IglBPwVNy4Ucet3uBP8DD/A6WOhrQcuHM65l3vvCRLBNTjOp1VYWFxaXimultbWNza37O2dho5TRVmdxiJWrYBoJnjE6sBBsFaiGJGBYM1gcDHym3dMaR5HNzBMWEeSXsRDTgkYybf3POgzIH7mOvlt5imJJbnPfbvsVJwx8Dxxp6RctQ+vz3vfXzXf/vC6MU0li4AKonXbdRLoZEQBp4LlJS/VLCF0QHqsbWhEJNOdbHx+jo+M0sVhrExFgMfq74mMSK2HMjCdkkBfz3oj8T+vnUJ41sl4lKTAIjpZFKYCQ4xHWeAuV4yCGBpCqOLmVkz7RBEKJrGSCcGdfXmeNE4qrlNxr0waDpqgiPbRATpGLjpFVXSJaqiOKMrQI3pGL9aD9WS9Wm+T1oI1ndlFf2C9/wB/CJjE</latexit><latexit sha1_base64="K0OmZLUJKG8WDYXLsBjONaENEbk=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp7LxoseCF48V7Ac0MWy2m3bpbhJ2J2IJBf+KFw+KePV3ePPfuG1z0NYHA4/3ZpiZF2VSGCDk21lZXVvf2KxsVbd3dvf23YPDtklzzXiLpTLV3YgaLkXCWyBA8m6mOVWR5J1odD31Ow9cG5EmdzDOeKDoIBGxYBSsFLrHPgw50LDwyOS+8LXCij5OQrdG6mQGvEy8ktRQiWbofvn9lOWKJ8AkNabnkQyCgmoQTPJJ1c8Nzygb0QHvWZpQxU1QzM6f4DOr9HGcalsJ4Jn6e6KgypiximynojA0i95U/M/r5RBfBYVIshx4wuaL4lxiSPE0C9wXmjOQY0so08LeitmQasrAJla1IXiLLy+T9kXdI3XvltQapIyjgk7QKTpHHrpEDXSDmqiFGCrQM3pFb86T8+K8Ox/z1hWnnDlCf+B8/gApRZWI</latexit>

✓max
1<latexit sha1_base64="T4bKfsE+rjkX48us+V9x0RcmvEI=">AAAB+3icbVC7TsNAEFzzDOFlQklzIiBRRTYNlJFoKAMiDykx1vlySU65s627NUpk5VdoKECIlh+h42+4PApIGGml0cyudneiVAqDnvftrK1vbG5tF3aKu3v7B4fuUalhkkwzXmeJTHQrooZLEfM6CpS8lWpOVSR5MxreTP3mE9dGJPEDjlMeKNqPRU8wilYK3VIHBxxp6D/mHa2IoqNJ6Ja9ijcDWSX+gpSr7tl9FQBqofvV6SYsUzxGJqkxbd9LMcipRsEknxQ7meEpZUPa521LY6q4CfLZ7RNybpUu6SXaVoxkpv6eyKkyZqwi26koDsyyNxX/89oZ9q6DXMRphjxm80W9TBJMyDQI0hWaM5RjSyjTwt5K2IBqytDGVbQh+Msvr5LGZcX3Kv6dTcODOQpwAqdwAT5cQRVuoQZ1YDCCZ3iFN2fivDjvzse8dc1ZzBzDHzifP0T1lUg=</latexit><latexit sha1_base64="Cj1QpRS6ZxDkxuW1AMtCqYT8VJY=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiRudGfBjcsq9gFNDZPppB06k4SZG2kJ+RU3LhRx64+4E/wMP8DpY6GtBy4czrmXe+8JEsE1OM6nVVhZXVvfKG6WtrZ3dvfs/XJTx6mirEFjEat2QDQTPGIN4CBYO1GMyECwVjC8mvitB6Y0j6M7GCesK0k/4iGnBIzk22UPBgyI795nnpJYklHu2xWn6kyBl4k7J5WafXx72f/+qvv2h9eLaSpZBFQQrTuuk0A3Iwo4FSwvealmCaFD0mcdQyMime5m09tzfGKUHg5jZSoCPFV/T2REaj2WgemUBAZ60ZuI/3mdFMKLbsajJAUW0dmiMBUYYjwJAve4YhTE2BBCFTe3YjogilAwcZVMCO7iy8ukeVZ1nap7Y9Jw0AxFdIiO0Cly0TmqoWtURw1E0Qg9omf0YuXWk/Vqvc1aC9Z85gD9gfX+AzjPl34=</latexit><latexit sha1_base64="Cj1QpRS6ZxDkxuW1AMtCqYT8VJY=">AAAB+3icbVDLSsNAFJ3UV62vWJduBqvgqiRudGfBjcsq9gFNDZPppB06k4SZG2kJ+RU3LhRx64+4E/wMP8DpY6GtBy4czrmXe+8JEsE1OM6nVVhZXVvfKG6WtrZ3dvfs/XJTx6mirEFjEat2QDQTPGIN4CBYO1GMyECwVjC8mvitB6Y0j6M7GCesK0k/4iGnBIzk22UPBgyI795nnpJYklHu2xWn6kyBl4k7J5WafXx72f/+qvv2h9eLaSpZBFQQrTuuk0A3Iwo4FSwvealmCaFD0mcdQyMime5m09tzfGKUHg5jZSoCPFV/T2REaj2WgemUBAZ60ZuI/3mdFMKLbsajJAUW0dmiMBUYYjwJAve4YhTE2BBCFTe3YjogilAwcZVMCO7iy8ukeVZ1nap7Y9Jw0AxFdIiO0Cly0TmqoWtURw1E0Qg9omf0YuXWk/Vqvc1aC9Z85gD9gfX+AzjPl34=</latexit><latexit sha1_base64="ir3TQnmBAQe3DemRs571tiChYxw=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVDZe9Fjw4rGC/YCmhs120y7dTcLuRFpC/ooXD4p49Y9489+4bXPQ1gcDj/dmmJkXplIYIOTb2djc2t7ZrexV9w8Oj47dk1rHJJlmvM0SmeheSA2XIuZtECB5L9WcqlDybji5nfvdJ66NSOIHmKV8oOgoFpFgFKwUuDUfxhxo4D3mvlZY0WkRuHXSIAvgdeKVpI5KtAL3yx8mLFM8BiapMX2PpDDIqQbBJC+qfmZ4StmEjnjf0pgqbgb54vYCX1hliKNE24oBL9TfEzlVxsxUaDsVhbFZ9ebif14/g+hmkIs4zYDHbLkoyiSGBM+DwEOhOQM5s4QyLeytmI2ppgxsXFUbgrf68jrpXDU80vDuSb1Jyjgq6Aydo0vkoWvURHeohdqIoSl6Rq/ozSmcF+fd+Vi2bjjlzCn6A+fzB+L9lEI=</latexit>

five trialsthree trials ten trials

D E F✏ = 0.01
<latexit sha1_base64="CZQEwcgqL/ZdJ/jZqN2vOx3lmPQ=">AAAB+HicbVBNSwMxEJ2tX7V+tOrRS7AInsquCPYiFLx4rGA/oF1KNp1tQ7PZJckKdekv8eJBEa/+FG/+G9N2D9r6YJjHezNk8oJEcG1c99spbGxube8Ud0t7+weH5crRcVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lEpXksH8w0QT+iI8lDzqix0qBS7mOiuYgluSFuzfUGlaptC5B14uWkCjmag8pXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPF4TNybpUhCWNlSxqyUH9vZDTSehoFdjKiZqxXvbn4n9dLTVj3My6T1KBky4fCVBATk3kKZMgVMiOmllCmuL2VsDFVlBmbVcmG4K1+eZ20L2ueW/Pur6qNeh5HEU7hDC7Ag2towB00oQUMUniGV3hznpwX5935WI4WnHznBP7A+fwBvlCRyQ==</latexit><latexit sha1_base64="CZQEwcgqL/ZdJ/jZqN2vOx3lmPQ=">AAAB+HicbVBNSwMxEJ2tX7V+tOrRS7AInsquCPYiFLx4rGA/oF1KNp1tQ7PZJckKdekv8eJBEa/+FG/+G9N2D9r6YJjHezNk8oJEcG1c99spbGxube8Ud0t7+weH5crRcVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lEpXksH8w0QT+iI8lDzqix0qBS7mOiuYgluSFuzfUGlaptC5B14uWkCjmag8pXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPF4TNybpUhCWNlSxqyUH9vZDTSehoFdjKiZqxXvbn4n9dLTVj3My6T1KBky4fCVBATk3kKZMgVMiOmllCmuL2VsDFVlBmbVcmG4K1+eZ20L2ueW/Pur6qNeh5HEU7hDC7Ag2towB00oQUMUniGV3hznpwX5935WI4WnHznBP7A+fwBvlCRyQ==</latexit><latexit sha1_base64="CZQEwcgqL/ZdJ/jZqN2vOx3lmPQ=">AAAB+HicbVBNSwMxEJ2tX7V+tOrRS7AInsquCPYiFLx4rGA/oF1KNp1tQ7PZJckKdekv8eJBEa/+FG/+G9N2D9r6YJjHezNk8oJEcG1c99spbGxube8Ud0t7+weH5crRcVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lEpXksH8w0QT+iI8lDzqix0qBS7mOiuYgluSFuzfUGlaptC5B14uWkCjmag8pXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPF4TNybpUhCWNlSxqyUH9vZDTSehoFdjKiZqxXvbn4n9dLTVj3My6T1KBky4fCVBATk3kKZMgVMiOmllCmuL2VsDFVlBmbVcmG4K1+eZ20L2ueW/Pur6qNeh5HEU7hDC7Ag2towB00oQUMUniGV3hznpwX5935WI4WnHznBP7A+fwBvlCRyQ==</latexit><latexit sha1_base64="CZQEwcgqL/ZdJ/jZqN2vOx3lmPQ=">AAAB+HicbVBNSwMxEJ2tX7V+tOrRS7AInsquCPYiFLx4rGA/oF1KNp1tQ7PZJckKdekv8eJBEa/+FG/+G9N2D9r6YJjHezNk8oJEcG1c99spbGxube8Ud0t7+weH5crRcVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk9u533lEpXksH8w0QT+iI8lDzqix0qBS7mOiuYgluSFuzfUGlaptC5B14uWkCjmag8pXfxizNEJpmKBa9zw3MX5GleFM4KzUTzUmlE3oCHuWShqh9rPF4TNybpUhCWNlSxqyUH9vZDTSehoFdjKiZqxXvbn4n9dLTVj3My6T1KBky4fCVBATk3kKZMgVMiOmllCmuL2VsDFVlBmbVcmG4K1+eZ20L2ueW/Pur6qNeh5HEU7hDC7Ag2towB00oQUMUniGV3hznpwX5935WI4WnHznBP7A+fwBvlCRyQ==</latexit>

✏ = 0.1
<latexit sha1_base64="l6/wU4bJIz8eMXuv5NtQhwppJ3I=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjBfsBbSyb7aRdutmE3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57UdUmsfy3kwS9CM6lDzkjBorPfQw0VzEklwTt+r1yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5ldPyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzVhzc+4TFKDki0WhakgJiazCMiAK2RGTCyhTHF7K2EjqigzNqiSDcFbfnmVtC6qnk3s7rJSr+VxFOEETuEcPLiCOtxCA5rAQMEzvMKb8+S8OO/Ox6K14OQzx/AHzucP1G2RXg==</latexit><latexit sha1_base64="l6/wU4bJIz8eMXuv5NtQhwppJ3I=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjBfsBbSyb7aRdutmE3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57UdUmsfy3kwS9CM6lDzkjBorPfQw0VzEklwTt+r1yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5ldPyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzVhzc+4TFKDki0WhakgJiazCMiAK2RGTCyhTHF7K2EjqigzNqiSDcFbfnmVtC6qnk3s7rJSr+VxFOEETuEcPLiCOtxCA5rAQMEzvMKb8+S8OO/Ox6K14OQzx/AHzucP1G2RXg==</latexit><latexit sha1_base64="l6/wU4bJIz8eMXuv5NtQhwppJ3I=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjBfsBbSyb7aRdutmE3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57UdUmsfy3kwS9CM6lDzkjBorPfQw0VzEklwTt+r1yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5ldPyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzVhzc+4TFKDki0WhakgJiazCMiAK2RGTCyhTHF7K2EjqigzNqiSDcFbfnmVtC6qnk3s7rJSr+VxFOEETuEcPLiCOtxCA5rAQMEzvMKb8+S8OO/Ox6K14OQzx/AHzucP1G2RXg==</latexit><latexit sha1_base64="l6/wU4bJIz8eMXuv5NtQhwppJ3I=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsBeh4MVjBfsBbSyb7aRdutmE3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57UdUmsfy3kwS9CM6lDzkjBorPfQw0VzEklwTt+r1yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5ldPyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzVhzc+4TFKDki0WhakgJiazCMiAK2RGTCyhTHF7K2EjqigzNqiSDcFbfnmVtC6qnk3s7rJSr+VxFOEETuEcPLiCOtxCA5rAQMEzvMKb8+S8OO/Ox6K14OQzx/AHzucP1G2RXg==</latexit>

✏ = 0.25
<latexit sha1_base64="dTgnbrhbvhUzlBZwh1qETf3s+gc=">AAAB+HicbVBNSwMxEM3Wr1o/WvXoJVgET8tuUexFKHjxWMF+QLuUbDrbhmaTJckKdekv8eJBEa/+FG/+G9N2D9r6YODx3gwz88KEM20879spbGxube8Ud0t7+weH5crRcVvLVFFoUcml6oZEA2cCWoYZDt1EAYlDDp1wcjv3O4+gNJPiwUwTCGIyEixilBgrDSrlPiSacSnwDfbc2tWgUvVcbwG8TvycVFGO5qDy1R9KmsYgDOVE657vJSbIiDKMcpiV+qmGhNAJGUHPUkFi0EG2OHyGz60yxJFUtoTBC/X3REZiradxaDtjYsZ61ZuL/3m91ET1IGMiSQ0IulwUpRwbiecp4CFTQA2fWkKoYvZWTMdEEWpsViUbgr/68jpp11zfc/37y2qjnsdRRKfoDF0gH12jBrpDTdRCFKXoGb2iN+fJeXHenY9la8HJZ07QHzifP8dqkc8=</latexit><latexit sha1_base64="dTgnbrhbvhUzlBZwh1qETf3s+gc=">AAAB+HicbVBNSwMxEM3Wr1o/WvXoJVgET8tuUexFKHjxWMF+QLuUbDrbhmaTJckKdekv8eJBEa/+FG/+G9N2D9r6YODx3gwz88KEM20879spbGxube8Ud0t7+weH5crRcVvLVFFoUcml6oZEA2cCWoYZDt1EAYlDDp1wcjv3O4+gNJPiwUwTCGIyEixilBgrDSrlPiSacSnwDfbc2tWgUvVcbwG8TvycVFGO5qDy1R9KmsYgDOVE657vJSbIiDKMcpiV+qmGhNAJGUHPUkFi0EG2OHyGz60yxJFUtoTBC/X3REZiradxaDtjYsZ61ZuL/3m91ET1IGMiSQ0IulwUpRwbiecp4CFTQA2fWkKoYvZWTMdEEWpsViUbgr/68jpp11zfc/37y2qjnsdRRKfoDF0gH12jBrpDTdRCFKXoGb2iN+fJeXHenY9la8HJZ07QHzifP8dqkc8=</latexit><latexit sha1_base64="dTgnbrhbvhUzlBZwh1qETf3s+gc=">AAAB+HicbVBNSwMxEM3Wr1o/WvXoJVgET8tuUexFKHjxWMF+QLuUbDrbhmaTJckKdekv8eJBEa/+FG/+G9N2D9r6YODx3gwz88KEM20879spbGxube8Ud0t7+weH5crRcVvLVFFoUcml6oZEA2cCWoYZDt1EAYlDDp1wcjv3O4+gNJPiwUwTCGIyEixilBgrDSrlPiSacSnwDfbc2tWgUvVcbwG8TvycVFGO5qDy1R9KmsYgDOVE657vJSbIiDKMcpiV+qmGhNAJGUHPUkFi0EG2OHyGz60yxJFUtoTBC/X3REZiradxaDtjYsZ61ZuL/3m91ET1IGMiSQ0IulwUpRwbiecp4CFTQA2fWkKoYvZWTMdEEWpsViUbgr/68jpp11zfc/37y2qjnsdRRKfoDF0gH12jBrpDTdRCFKXoGb2iN+fJeXHenY9la8HJZ07QHzifP8dqkc8=</latexit><latexit sha1_base64="dTgnbrhbvhUzlBZwh1qETf3s+gc=">AAAB+HicbVBNSwMxEM3Wr1o/WvXoJVgET8tuUexFKHjxWMF+QLuUbDrbhmaTJckKdekv8eJBEa/+FG/+G9N2D9r6YODx3gwz88KEM20879spbGxube8Ud0t7+weH5crRcVvLVFFoUcml6oZEA2cCWoYZDt1EAYlDDp1wcjv3O4+gNJPiwUwTCGIyEixilBgrDSrlPiSacSnwDfbc2tWgUvVcbwG8TvycVFGO5qDy1R9KmsYgDOVE657vJSbIiDKMcpiV+qmGhNAJGUHPUkFi0EG2OHyGz60yxJFUtoTBC/X3REZiradxaDtjYsZ61ZuL/3m91ET1IGMiSQ0IulwUpRwbiecp4CFTQA2fWkKoYvZWTMdEEWpsViUbgr/68jpp11zfc/37y2qjnsdRRKfoDF0gH12jBrpDTdRCFKXoGb2iN+fJeXHenY9la8HJZ07QHzifP8dqkc8=</latexit>

n = 2
<latexit sha1_base64="P6Ezx4DZbOIseUkg7tLDr+TZmjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQS9CwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00oO6qQ3KFbfqLkDWiZeTCuRoDspf/WHM0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bnDojF1YZkjDWthSShfp7IqORMdMosJ0RxbFZ9ebif14vxfDaz4RKUuSKLReFqSQYk/nfZCg0ZyinllCmhb2VsDHVlKFNp2RD8FZfXiftWtVzq959vdKo53EU4QzO4RI8uIIG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+APn8wfGCY1n</latexit><latexit sha1_base64="P6Ezx4DZbOIseUkg7tLDr+TZmjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQS9CwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00oO6qQ3KFbfqLkDWiZeTCuRoDspf/WHM0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bnDojF1YZkjDWthSShfp7IqORMdMosJ0RxbFZ9ebif14vxfDaz4RKUuSKLReFqSQYk/nfZCg0ZyinllCmhb2VsDHVlKFNp2RD8FZfXiftWtVzq959vdKo53EU4QzO4RI8uIIG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+APn8wfGCY1n</latexit><latexit sha1_base64="P6Ezx4DZbOIseUkg7tLDr+TZmjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQS9CwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00oO6qQ3KFbfqLkDWiZeTCuRoDspf/WHM0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bnDojF1YZkjDWthSShfp7IqORMdMosJ0RxbFZ9ebif14vxfDaz4RKUuSKLReFqSQYk/nfZCg0ZyinllCmhb2VsDHVlKFNp2RD8FZfXiftWtVzq959vdKo53EU4QzO4RI8uIIG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+APn8wfGCY1n</latexit><latexit sha1_base64="P6Ezx4DZbOIseUkg7tLDr+TZmjs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQS9CwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00oO6qQ3KFbfqLkDWiZeTCuRoDspf/WHM0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bnDojF1YZkjDWthSShfp7IqORMdMosJ0RxbFZ9ebif14vxfDaz4RKUuSKLReFqSQYk/nfZCg0ZyinllCmhb2VsDHVlKFNp2RD8FZfXiftWtVzq959vdKo53EU4QzO4RI8uIIG3EETWsBgBM/wCm+OdF6cd+dj2Vpw8plT+APn8wfGCY1n</latexit>

3
<latexit sha1_base64="QWVprIU4LlM6rZpjBMb5ZXnfw6c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeW+MqQ==</latexit><latexit sha1_base64="QWVprIU4LlM6rZpjBMb5ZXnfw6c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeW+MqQ==</latexit><latexit sha1_base64="QWVprIU4LlM6rZpjBMb5ZXnfw6c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeW+MqQ==</latexit><latexit sha1_base64="QWVprIU4LlM6rZpjBMb5ZXnfw6c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeW+MqQ==</latexit>

4
<latexit sha1_base64="Njd/kT7xQS9O++cKP0Vuq5UEKQM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzYsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IS3fsZlkhqUbLUoTAUxMVl8TUZcITNiZgllittbCZtQRZmx2ZRsCN76y5ukc1P13KrXqlUatTyOIlzAJVyDB3VowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AevOMqg==</latexit><latexit sha1_base64="0m5GNEV7ufHfdb05p+jNfmONYpQ=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6LHgxWMF0xbaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/OiTHBtPO/bqWxt7+zuVffdg8Oj45Oae9rRaa4YBiwVqepFVKPgEgPDjcBeppAmkcBuNL1b+N1nVJqn8tHMMgwTOpY85owaKz00h7W61/CWIJvEL0kdSrSHta/BKGV5gtIwQbXu+15mwoIqw5nAuTvINWaUTekY+5ZKmqAOi+Whc3JplRGJU2VLGrJUf08UNNF6lkS2M6Fmote9hfif189NfBsWXGa5QclWi+JcEJOSxddkxBUyI2aWUKa4vZWwCVWUGZuNa0Pw11/eJJ3rhu81/HqrWYZRhXO4gCvw4QZacA9tCIABwgu8wbvz5Lw6H6vGilNOnMEfOJ8/ELmLgA==</latexit><latexit sha1_base64="0m5GNEV7ufHfdb05p+jNfmONYpQ=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6LHgxWMF0xbaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/OiTHBtPO/bqWxt7+zuVffdg8Oj45Oae9rRaa4YBiwVqepFVKPgEgPDjcBeppAmkcBuNL1b+N1nVJqn8tHMMgwTOpY85owaKz00h7W61/CWIJvEL0kdSrSHta/BKGV5gtIwQbXu+15mwoIqw5nAuTvINWaUTekY+5ZKmqAOi+Whc3JplRGJU2VLGrJUf08UNNF6lkS2M6Fmote9hfif189NfBsWXGa5QclWi+JcEJOSxddkxBUyI2aWUKa4vZWwCVWUGZuNa0Pw11/eJJ3rhu81/HqrWYZRhXO4gCvw4QZacA9tCIABwgu8wbvz5Lw6H6vGilNOnMEfOJ8/ELmLgA==</latexit><latexit sha1_base64="0m5GNEV7ufHfdb05p+jNfmONYpQ=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6LHgxWMF0xbaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/OiTHBtPO/bqWxt7+zuVffdg8Oj45Oae9rRaa4YBiwVqepFVKPgEgPDjcBeppAmkcBuNL1b+N1nVJqn8tHMMgwTOpY85owaKz00h7W61/CWIJvEL0kdSrSHta/BKGV5gtIwQbXu+15mwoIqw5nAuTvINWaUTekY+5ZKmqAOi+Whc3JplRGJU2VLGrJUf08UNNF6lkS2M6Fmote9hfif189NfBsWXGa5QclWi+JcEJOSxddkxBUyI2aWUKa4vZWwCVWUGZuNa0Pw11/eJJ3rhu81/HqrWYZRhXO4gCvw4QZacA9tCIABwgu8wbvz5Lw6H6vGilNOnMEfOJ8/ELmLgA==</latexit>

5
<latexit sha1_base64="p24LzZYiYnjFvj3mMHYJV/5AWms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfHeMqw==</latexit><latexit sha1_base64="p24LzZYiYnjFvj3mMHYJV/5AWms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfHeMqw==</latexit><latexit sha1_base64="p24LzZYiYnjFvj3mMHYJV/5AWms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfHeMqw==</latexit><latexit sha1_base64="p24LzZYiYnjFvj3mMHYJV/5AWms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfHeMqw==</latexit>

6
<latexit sha1_base64="dTogx0ZNmP7pqAv8PlFz/MIxk/A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AffuMrA==</latexit><latexit sha1_base64="dTogx0ZNmP7pqAv8PlFz/MIxk/A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AffuMrA==</latexit><latexit sha1_base64="dTogx0ZNmP7pqAv8PlFz/MIxk/A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AffuMrA==</latexit><latexit sha1_base64="dTogx0ZNmP7pqAv8PlFz/MIxk/A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeT0oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AffuMrA==</latexit> 7

<latexit sha1_base64="W/8M4UIdhZqyM5wWxUlGRvkC29M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqz4sV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IS3fsZlkhqUbLUoTAUxMVl8TUZcITNiZgllittbCZtQRZmx2ZRsCN76y5ukc1P13KrXqlUatTyOIlzAJVyDB3VowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Af3+MrQ==</latexit><latexit sha1_base64="W/8M4UIdhZqyM5wWxUlGRvkC29M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqz4sV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IS3fsZlkhqUbLUoTAUxMVl8TUZcITNiZgllittbCZtQRZmx2ZRsCN76y5ukc1P13KrXqlUatTyOIlzAJVyDB3VowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Af3+MrQ==</latexit><latexit sha1_base64="W/8M4UIdhZqyM5wWxUlGRvkC29M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqz4sV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IS3fsZlkhqUbLUoTAUxMVl8TUZcITNiZgllittbCZtQRZmx2ZRsCN76y5ukc1P13KrXqlUatTyOIlzAJVyDB3VowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Af3+MrQ==</latexit><latexit sha1_base64="W/8M4UIdhZqyM5wWxUlGRvkC29M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqz4sV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IS3fsZlkhqUbLUoTAUxMVl8TUZcITNiZgllittbCZtQRZmx2ZRsCN76y5ukc1P13KrXqlUatTyOIlzAJVyDB3VowD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8Af3+MrQ==</latexit>

8
<latexit sha1_base64="fNFwl7PNH2nIwnw32GWMO2CRoUw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqz4sV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bg1towD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AgQOMrg==</latexit><latexit sha1_base64="fNFwl7PNH2nIwnw32GWMO2CRoUw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqz4sV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bg1towD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AgQOMrg==</latexit><latexit sha1_base64="fNFwl7PNH2nIwnw32GWMO2CRoUw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqz4sV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bg1towD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AgQOMrg==</latexit><latexit sha1_base64="fNFwl7PNH2nIwnw32GWMO2CRoUw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqz4sV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6btVr1SqNWh5HES7gEq7Bg1towD00oQ0MEJ7hFd6cR+fFeXc+Vq0FJ585hz9wPn8AgQOMrg==</latexit>

9
<latexit sha1_base64="4fQaT7FNRFQ1JsmCvzE3YuimFhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5u2gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6tes1ap1/I4inAG53AJHlxDHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDgoeMrw==</latexit><latexit sha1_base64="4fQaT7FNRFQ1JsmCvzE3YuimFhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5u2gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6tes1ap1/I4inAG53AJHlxDHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDgoeMrw==</latexit><latexit sha1_base64="4fQaT7FNRFQ1JsmCvzE3YuimFhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5u2gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6tes1ap1/I4inAG53AJHlxDHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDgoeMrw==</latexit><latexit sha1_base64="4fQaT7FNRFQ1JsmCvzE3YuimFhI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmd3O/84RK81g+mGmCfkRHkoecUWOl5u2gXHGr7gJknXg5qUCOxqD81R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMXFhlSMJY2ZKGLNTfExmNtJ5Gge2MqBnrVW8u/uf1UhPe+BmXSWpQsuWiMBXExGT+NRlyhcyIqSWUKW5vJWxMFWXGZlOyIXirL6+T9lXVc6tes1ap1/I4inAG53AJHlxDHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDgoeMrw==</latexit>

10
<latexit sha1_base64="pnkmZ7oKdgnp0tELWNmKR7qlthk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF49VTFtoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSg+cOqjW37i5A1olXkBoUaA2qX/1hwrKYK2SSGtPz3BSDnGoUTPJZpZ8ZnlI2oSPes1TRmJsgX1w6IxdWGZIo0bYUkoX6eyKnsTHTOLSdMcWxWfXm4n9eL8PoJsiFSjPkii0XRZkkmJD522QoNGcop5ZQpoW9lbAx1ZShDadiQ/BWX14n7au659a9+0at2SjiKMMZnMMleHANTbiDFvjAIIJneIU3Z+K8OO/Ox7K15BQzp/AHzucP5DyM4Q==</latexit><latexit sha1_base64="pnkmZ7oKdgnp0tELWNmKR7qlthk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF49VTFtoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSg+cOqjW37i5A1olXkBoUaA2qX/1hwrKYK2SSGtPz3BSDnGoUTPJZpZ8ZnlI2oSPes1TRmJsgX1w6IxdWGZIo0bYUkoX6eyKnsTHTOLSdMcWxWfXm4n9eL8PoJsiFSjPkii0XRZkkmJD522QoNGcop5ZQpoW9lbAx1ZShDadiQ/BWX14n7au659a9+0at2SjiKMMZnMMleHANTbiDFvjAIIJneIU3Z+K8OO/Ox7K15BQzp/AHzucP5DyM4Q==</latexit><latexit sha1_base64="pnkmZ7oKdgnp0tELWNmKR7qlthk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF49VTFtoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSg+cOqjW37i5A1olXkBoUaA2qX/1hwrKYK2SSGtPz3BSDnGoUTPJZpZ8ZnlI2oSPes1TRmJsgX1w6IxdWGZIo0bYUkoX6eyKnsTHTOLSdMcWxWfXm4n9eL8PoJsiFSjPkii0XRZkkmJD522QoNGcop5ZQpoW9lbAx1ZShDadiQ/BWX14n7au659a9+0at2SjiKMMZnMMleHANTbiDFvjAIIJneIU3Z+K8OO/Ox7K15BQzp/AHzucP5DyM4Q==</latexit><latexit sha1_base64="pnkmZ7oKdgnp0tELWNmKR7qlthk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF49VTFtoQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSg+cOqjW37i5A1olXkBoUaA2qX/1hwrKYK2SSGtPz3BSDnGoUTPJZpZ8ZnlI2oSPes1TRmJsgX1w6IxdWGZIo0bYUkoX6eyKnsTHTOLSdMcWxWfXm4n9eL8PoJsiFSjPkii0XRZkkmJD522QoNGcop5ZQpoW9lbAx1ZShDadiQ/BWX14n7au659a9+0at2SjiKMMZnMMleHANTbiDFvjAIIJneIU3Z+K8OO/Ox7K15BQzp/AHzucP5DyM4Q==</latexit>

Fig. 4.3.1: Optimal sets of thresholds, θmax
1:n , for n trials with correlated states. Top

row: A. For n = 3, the set of optimal thresholds θmax
1:3 obeys the ordering θmax

1 ≥
θmax

2 ≥ θmax
3 for all values of ε, converging as ε → 0.5− and as ε → 0+. Vertical

lines denote points below which θmax
j = y j

0 successively for j = 3, 2, 1. B, C.
Ordering of optimal thresholds is consistent in the case of n = 5 (panel B) and n =
10 trials (panel C). Thin curves in each plot show the optimal choice of constant
threshold θ. Bottom row: Fixing D. ε = 0.01, E. ε = 0.1, and F. ε = 0.25, the
optimal threshold vectors θmax

1:n are displayed as a function of trial number. The
stereotyped decrease in θmax

j is preserved as a function of j across different total
trial numbers n. The decrease is more gradual for small ε, whereas for larger ε,
thresholds are constant until the last trial θmax

n .

4.4 Performance for Dynamic Decision Thresholds Us-

ing Expected Net Reward

We now identify optimal evidence accumulation strategies across trials when

taking the expected net reward (ENR) as the value function, which for n trials is
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4.4. PERFORMANCE FOR DYNAMIC DECISION THRESHOLDS USING
EXPECTED NET REWARD

defined as

ENR1:n =
n

∑
j=1

γ j−1 [c j − cost · (DT j + TD)
]

(4.4.1)

where c j and DT j are defined in Eq. (4.1.1) and (4.4.1). We assume the number of

trials is finite, n < ∞, and the thresholds can vary across trials.
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five trials

Fig. 4.4.1: Optimal sets of thresholds computed from ENR, θmax
1:n , for n trials with

correlated states. Here, D = 1, cost = TD = 0.5 and γ = 0.7. A. For n = 3, the
set of optimal thresholds θmax

1:3 still obeys the ordering θmax
1 ≥ θmax

2 ≥ θmax
3 for all

values of ε, converging as ε → 0.5− and as ε → 0+. Vertical lines denote points
below which θmax

j = y j
0 successively for j = 3, 2, 1. B. For n = 5, the ordering

of optimal thresholds is consistent, i.e., higher thresholds on earlier trials. Thin
curves in each plot show the optimal choice of constant threshold θ.

When the observer optimizes ENR over multiple trials, we obtain the same re-

sult as when the observer optimizes RR (compare Fig. 4.3.1 A and B to Fig. 4.4.1

A and B, respectively): While the exact values of the thresholds are not the same

in both cases, the thresholds decrease in the order from earlier trials to later trials,

θmax
1 ≥ θmax

2 ≥ · · · ≥ θmax
n . This shows that the general optimal strategy is the
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4.5. SUMMARY

qualitatively regardless of whether the observer optimizes ENR or RR. As such,

we conclude that both value functions quantify performance in such multi-trial

tasks similarly enough that we need only focus on one henceforth. In the sub-

sequent chapter, we will primarily focus on optimal strategy calculations using

ENR as it is more tractable to analyze for some problems, due to the time penalty

arising linearly, as opposed to nonlinearly in the RR.

4.5 Summary

In this chapter, we derive general equations for the probability of a correct

response and the mean decision time for any number of trials. When the ideal

observer changes their threshold between trials, their initial beliefs for a trial can

be above thresholds, resulting in an immediate decision. We analyzed the no-

feedback case in multiple trials by optimizing reward rate (RR) and expected net

reward (ENR) functions. Even though both functions do not produce the exact

same set of optimal thresholds, the trends in strategy are similar. The optimal ob-

server prioritizes accuracy on earlier trials and speed on later trials. In the next

chapter, we introduce probabilistic feedback and identify how conflict arises be-

tween external feedback and internal belief and how this shapes decision strate-

gies.
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Chapter 5
Effects of Probabilistic Feedback

Across Correlated Trials

Having studied the normative model of sequential decision-making without

feedback, we next consider how the observer integrates external feedback with

their internal belief to make optimal decisions in a changing environment. To

model this situation we assume the following: the ideal observer integrates evi-

dence about the true state, Hn, and makes a decision about whether Hn = H+ or

H−. Feedback is then given in two possible ways. Probabilistic signaling denotes

given feedback after the response as a light signal: green light implying the re-

sponse was more likely correct; red light implying the response was more likely

incorrect. As in the previous chapter, we assume that the reward is provided at

the end of the trial sequence as it would provide an unambiguous signal that the

response was correct. Alternatively, the reward itself may be provided at the end

of each trial, but with some probability of being received when the observer is
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wrong, or not received when the observer is right. We call this the case of proba-

bilistic reward (See Fig. 5.0.1 for more details).

H+ H+ H+ H+

H� H� H� H�

trial 1 trial 2 trial 3 trial 4
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+✓2
<latexit sha1_base64="CTOC4x0LAtbkHy9nvBL7DY4fTJc=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEpSCnosePFYwX5IG8pmO2mX7iZhdyKU0F/hxYMiXv053vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzaHFYxnrbsAMSBFBCwVK6CYamAokdILJ7dzvPIE2Io4ecJqAr9goEqHgDK30eNXHMSAb1Ablilt1F6DrxMtJheRoDspf/WHMUwURcsmM6Xlugn7GNAouYVbqpwYSxidsBD1LI6bA+Nni4Bm9sMqQhrG2FSFdqL8nMqaMmarAdiqGY7PqzcX/vF6K4Y2fiShJESK+XBSmkmJM59/TodDAUU4tYVwLeyvlY6YZR5tRyYbgrb68Ttq1qudWvft6pVHP4yiSM3JOLolHrkmD3JEmaRFOFHkmr+TN0c6L8+58LFsLTj5zSv7A+fwBMjqP9A==</latexit><latexit sha1_base64="CTOC4x0LAtbkHy9nvBL7DY4fTJc=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEpSCnosePFYwX5IG8pmO2mX7iZhdyKU0F/hxYMiXv053vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzaHFYxnrbsAMSBFBCwVK6CYamAokdILJ7dzvPIE2Io4ecJqAr9goEqHgDK30eNXHMSAb1Ablilt1F6DrxMtJheRoDspf/WHMUwURcsmM6Xlugn7GNAouYVbqpwYSxidsBD1LI6bA+Nni4Bm9sMqQhrG2FSFdqL8nMqaMmarAdiqGY7PqzcX/vF6K4Y2fiShJESK+XBSmkmJM59/TodDAUU4tYVwLeyvlY6YZR5tRyYbgrb68Ttq1qudWvft6pVHP4yiSM3JOLolHrkmD3JEmaRFOFHkmr+TN0c6L8+58LFsLTj5zSv7A+fwBMjqP9A==</latexit><latexit sha1_base64="CTOC4x0LAtbkHy9nvBL7DY4fTJc=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEpSCnosePFYwX5IG8pmO2mX7iZhdyKU0F/hxYMiXv053vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzaHFYxnrbsAMSBFBCwVK6CYamAokdILJ7dzvPIE2Io4ecJqAr9goEqHgDK30eNXHMSAb1Ablilt1F6DrxMtJheRoDspf/WHMUwURcsmM6Xlugn7GNAouYVbqpwYSxidsBD1LI6bA+Nni4Bm9sMqQhrG2FSFdqL8nMqaMmarAdiqGY7PqzcX/vF6K4Y2fiShJESK+XBSmkmJM59/TodDAUU4tYVwLeyvlY6YZR5tRyYbgrb68Ttq1qudWvft6pVHP4yiSM3JOLolHrkmD3JEmaRFOFHkmr+TN0c6L8+58LFsLTj5zSv7A+fwBMjqP9A==</latexit><latexit sha1_base64="CTOC4x0LAtbkHy9nvBL7DY4fTJc=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEpSCnosePFYwX5IG8pmO2mX7iZhdyKU0F/hxYMiXv053vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzaHFYxnrbsAMSBFBCwVK6CYamAokdILJ7dzvPIE2Io4ecJqAr9goEqHgDK30eNXHMSAb1Ablilt1F6DrxMtJheRoDspf/WHMUwURcsmM6Xlugn7GNAouYVbqpwYSxidsBD1LI6bA+Nni4Bm9sMqQhrG2FSFdqL8nMqaMmarAdiqGY7PqzcX/vF6K4Y2fiShJESK+XBSmkmJM59/TodDAUU4tYVwLeyvlY6YZR5tRyYbgrb68Ttq1qudWvft6pVHP4yiSM3JOLolHrkmD3JEmaRFOFHkmr+TN0c6L8+58LFsLTj5zSv7A+fwBMjqP9A==</latexit>

time

y
1
(t

)

+✓1
<latexit sha1_base64="0m3UOkdUCNI5ekCJ2zFuzSGYqnw=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBAEIexKQI8BLx4jmIckS5iddJIhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXlEhh0fe/vbX1jc2t7cJOcXdv/+CwdHTctHFqODR4LGPTjpgFKTQ0UKCEdmKAqUhCKxrfzvzWExgrYv2AkwRCxYZaDARn6KTHyy6OAFkv6JXKfsWfg66SICdlkqPeK311+zFPFWjkklnbCfwEw4wZFFzCtNhNLSSMj9kQOo5qpsCG2fzgKT13Sp8OYuNKI52rvycypqydqMh1KoYju+zNxP+8ToqDmzATOkkRNF8sGqSSYkxn39O+MMBRThxh3Ah3K+UjZhhHl1HRhRAsv7xKmleVwK8E99VyrZrHUSCn5IxckIBckxq5I3XSIJwo8kxeyZtnvBfv3ftYtK55+cwJ+QPv8wcwto/z</latexit><latexit sha1_base64="0m3UOkdUCNI5ekCJ2zFuzSGYqnw=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBAEIexKQI8BLx4jmIckS5iddJIhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXlEhh0fe/vbX1jc2t7cJOcXdv/+CwdHTctHFqODR4LGPTjpgFKTQ0UKCEdmKAqUhCKxrfzvzWExgrYv2AkwRCxYZaDARn6KTHyy6OAFkv6JXKfsWfg66SICdlkqPeK311+zFPFWjkklnbCfwEw4wZFFzCtNhNLSSMj9kQOo5qpsCG2fzgKT13Sp8OYuNKI52rvycypqydqMh1KoYju+zNxP+8ToqDmzATOkkRNF8sGqSSYkxn39O+MMBRThxh3Ah3K+UjZhhHl1HRhRAsv7xKmleVwK8E99VyrZrHUSCn5IxckIBckxq5I3XSIJwo8kxeyZtnvBfv3ftYtK55+cwJ+QPv8wcwto/z</latexit><latexit sha1_base64="0m3UOkdUCNI5ekCJ2zFuzSGYqnw=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBAEIexKQI8BLx4jmIckS5iddJIhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXlEhh0fe/vbX1jc2t7cJOcXdv/+CwdHTctHFqODR4LGPTjpgFKTQ0UKCEdmKAqUhCKxrfzvzWExgrYv2AkwRCxYZaDARn6KTHyy6OAFkv6JXKfsWfg66SICdlkqPeK311+zFPFWjkklnbCfwEw4wZFFzCtNhNLSSMj9kQOo5qpsCG2fzgKT13Sp8OYuNKI52rvycypqydqMh1KoYju+zNxP+8ToqDmzATOkkRNF8sGqSSYkxn39O+MMBRThxh3Ah3K+UjZhhHl1HRhRAsv7xKmleVwK8E99VyrZrHUSCn5IxckIBckxq5I3XSIJwo8kxeyZtnvBfv3ftYtK55+cwJ+QPv8wcwto/z</latexit><latexit sha1_base64="0m3UOkdUCNI5ekCJ2zFuzSGYqnw=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBAEIexKQI8BLx4jmIckS5iddJIhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXlEhh0fe/vbX1jc2t7cJOcXdv/+CwdHTctHFqODR4LGPTjpgFKTQ0UKCEdmKAqUhCKxrfzvzWExgrYv2AkwRCxYZaDARn6KTHyy6OAFkv6JXKfsWfg66SICdlkqPeK311+zFPFWjkklnbCfwEw4wZFFzCtNhNLSSMj9kQOo5qpsCG2fzgKT13Sp8OYuNKI52rvycypqydqMh1KoYju+zNxP+8ToqDmzATOkkRNF8sGqSSYkxn39O+MMBRThxh3Ah3K+UjZhhHl1HRhRAsv7xKmleVwK8E99VyrZrHUSCn5IxckIBckxq5I3XSIJwo8kxeyZtnvBfv3ftYtK55+cwJ+QPv8wcwto/z</latexit>

�✓1
<latexit sha1_base64="nPb53euWWxcyma/8vNy0byCs65k=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBC8GHYloMeAF48RzEOSJcxOOsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2jg1HBo8lrFpR8yCFBoaKFBCOzHAVCShFY1vZ37rCYwVsX7ASQKhYkMtBoIzdNLjZRdHgKwX9Eplv+LPQVdJkJMyyVHvlb66/ZinCjRyyaztBH6CYcYMCi5hWuymFhLGx2wIHUc1U2DDbH7wlJ47pU8HsXGlkc7V3xMZU9ZOVOQ6FcORXfZm4n9eJ8XBTZgJnaQImi8WDVJJMaaz72lfGOAoJ44wboS7lfIRM4yjy6joQgiWX14lzatK4FeC+2q5Vs3jKJBTckYuSECuSY3ckTppEE4UeSav5M0z3ov37n0sWte8fOaE/IH3+QMzzo/1</latexit><latexit sha1_base64="nPb53euWWxcyma/8vNy0byCs65k=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBC8GHYloMeAF48RzEOSJcxOOsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2jg1HBo8lrFpR8yCFBoaKFBCOzHAVCShFY1vZ37rCYwVsX7ASQKhYkMtBoIzdNLjZRdHgKwX9Eplv+LPQVdJkJMyyVHvlb66/ZinCjRyyaztBH6CYcYMCi5hWuymFhLGx2wIHUc1U2DDbH7wlJ47pU8HsXGlkc7V3xMZU9ZOVOQ6FcORXfZm4n9eJ8XBTZgJnaQImi8WDVJJMaaz72lfGOAoJ44wboS7lfIRM4yjy6joQgiWX14lzatK4FeC+2q5Vs3jKJBTckYuSECuSY3ckTppEE4UeSav5M0z3ov37n0sWte8fOaE/IH3+QMzzo/1</latexit><latexit sha1_base64="nPb53euWWxcyma/8vNy0byCs65k=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBC8GHYloMeAF48RzEOSJcxOOsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2jg1HBo8lrFpR8yCFBoaKFBCOzHAVCShFY1vZ37rCYwVsX7ASQKhYkMtBoIzdNLjZRdHgKwX9Eplv+LPQVdJkJMyyVHvlb66/ZinCjRyyaztBH6CYcYMCi5hWuymFhLGx2wIHUc1U2DDbH7wlJ47pU8HsXGlkc7V3xMZU9ZOVOQ6FcORXfZm4n9eJ8XBTZgJnaQImi8WDVJJMaaz72lfGOAoJ44wboS7lfIRM4yjy6joQgiWX14lzatK4FeC+2q5Vs3jKJBTckYuSECuSY3ckTppEE4UeSav5M0z3ov37n0sWte8fOaE/IH3+QMzzo/1</latexit><latexit sha1_base64="nPb53euWWxcyma/8vNy0byCs65k=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBC8GHYloMeAF48RzEOSJcxOOsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSqSw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2jg1HBo8lrFpR8yCFBoaKFBCOzHAVCShFY1vZ37rCYwVsX7ASQKhYkMtBoIzdNLjZRdHgKwX9Eplv+LPQVdJkJMyyVHvlb66/ZinCjRyyaztBH6CYcYMCi5hWuymFhLGx2wIHUc1U2DDbH7wlJ47pU8HsXGlkc7V3xMZU9ZOVOQ6FcORXfZm4n9eJ8XBTZgJnaQImi8WDVJJMaaz72lfGOAoJ44wboS7lfIRM4yjy6joQgiWX14lzatK4FeC+2q5Vs3jKJBTckYuSECuSY3ckTppEE4UeSav5M0z3ov37n0sWte8fOaE/IH3+QMzzo/1</latexit>

time
�✓4

<latexit sha1_base64="H7McLCq1eWMfGdVtPFSyz5ICheQ=">AAAB8XicbVBNS8NAEN34WetX1aOXxSJ4sSRa0GPRi8cK9gPbUDbbSbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTv3WE2gjYvWA4wT8iA2UCAVnaKXHc9rFISDrVXulsltxZ6DLxMtJmeSo90pf3X7M0wgUcsmM6Xhugn7GNAouYVLspgYSxkdsAB1LFYvA+Nns4gk9tUqfhrG2pZDO1N8TGYuMGUeB7YwYDs2iNxX/8zophtd+JlSSIig+XxSmkmJMp+/TvtDAUY4tYVwLeyvlQ6YZRxtS0YbgLb68TJoXFe+y4t5Xy7WbPI4COSYn5Ix45IrUyB2pkwbhRJFn8kreHOO8OO/Ox7x1xclnjsgfOJ8/k9uQMg==</latexit>

y
4
(t

)

+✓4
<latexit sha1_base64="Lyj5DdH1kvo9vPZtCb7tNjtDrZo=">AAAB8XicbVBNS8NAEN34WetX1aOXxSIIQkm0oMeiF48V7Ae2oWy2k3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nfqtJ9BGxOoBxwn4ERsoEQrO0EqP57SLQ0DWq/ZKZbfizkCXiZeTMslR75W+uv2YpxEo5JIZ0/HcBP2MaRRcwqTYTQ0kjI/YADqWKhaB8bPZxRN6apU+DWNtSyGdqb8nMhYZM44C2xkxHJpFbyr+53VSDK/9TKgkRVB8vihMJcWYTt+nfaGBoxxbwrgW9lbKh0wzjjakog3BW3x5mTQvKt5lxb2vlms3eRwFckxOyBnxyBWpkTtSJw3CiSLP5JW8OcZ5cd6dj3nripPPHJE/cD5/AJDBkDA=</latexit>

time

y
3
(t

)
+✓3

<latexit sha1_base64="8x/oj4ujzDr+s2EMPaut9I94hoM=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiBT0WvHisYD+kDWWznbRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpIigiQIldBINTAUS2sH4dua3n0AbEUcPOEnAV2wYiVBwhlZ6vOjhCJD1r/rlilt156CrxMtJheRo9MtfvUHMUwURcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LI6bA+Nn84Ck9s8qAhrG2FSGdq78nMqaMmajAdiqGI7PszcT/vG6K4Y2fiShJESK+WBSmkmJMZ9/TgdDAUU4sYVwLeyvlI6YZR5tRyYbgLb+8SlqXVc+teve1Sr2Wx1EkJ+SUnBOPXJM6uSMN0iScKPJMXsmbo50X5935WLQWnHzmmPyB8/kDM76P9Q==</latexit><latexit sha1_base64="8x/oj4ujzDr+s2EMPaut9I94hoM=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiBT0WvHisYD+kDWWznbRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpIigiQIldBINTAUS2sH4dua3n0AbEUcPOEnAV2wYiVBwhlZ6vOjhCJD1r/rlilt156CrxMtJheRo9MtfvUHMUwURcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LI6bA+Nn84Ck9s8qAhrG2FSGdq78nMqaMmajAdiqGI7PszcT/vG6K4Y2fiShJESK+WBSmkmJMZ9/TgdDAUU4sYVwLeyvlI6YZR5tRyYbgLb+8SlqXVc+teve1Sr2Wx1EkJ+SUnBOPXJM6uSMN0iScKPJMXsmbo50X5935WLQWnHzmmPyB8/kDM76P9Q==</latexit><latexit sha1_base64="8x/oj4ujzDr+s2EMPaut9I94hoM=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiBT0WvHisYD+kDWWznbRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpIigiQIldBINTAUS2sH4dua3n0AbEUcPOEnAV2wYiVBwhlZ6vOjhCJD1r/rlilt156CrxMtJheRo9MtfvUHMUwURcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LI6bA+Nn84Ck9s8qAhrG2FSGdq78nMqaMmajAdiqGI7PszcT/vG6K4Y2fiShJESK+WBSmkmJMZ9/TgdDAUU4sYVwLeyvlI6YZR5tRyYbgLb+8SlqXVc+teve1Sr2Wx1EkJ+SUnBOPXJM6uSMN0iScKPJMXsmbo50X5935WLQWnHzmmPyB8/kDM76P9Q==</latexit><latexit sha1_base64="8x/oj4ujzDr+s2EMPaut9I94hoM=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBZBEEqiBT0WvHisYD+kDWWznbRLd5OwOxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpIigiQIldBINTAUS2sH4dua3n0AbEUcPOEnAV2wYiVBwhlZ6vOjhCJD1r/rlilt156CrxMtJheRo9MtfvUHMUwURcsmM6Xpugn7GNAouYVrqpQYSxsdsCF1LI6bA+Nn84Ck9s8qAhrG2FSGdq78nMqaMmajAdiqGI7PszcT/vG6K4Y2fiShJESK+WBSmkmJMZ9/TgdDAUU4sYVwLeyvlI6YZR5tRyYbgLb+8SlqXVc+teve1Sr2Wx1EkJ+SUnBOPXJM6uSMN0iScKPJMXsmbo50X5935WLQWnHzmmPyB8/kDM76P9Q==</latexit>

�✓3
<latexit sha1_base64="QHfLmiyJbdDUUYiR5waBCTZr7SE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBiyXRgh4LXjxWsB/ShrLZTtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8O/PbT6CNiKMHnCTgKzaMRCg4Qys9XvRwBMj6V/1yxa26c9BV4uWkQnI0+uWv3iDmqYIIuWTGdD03QT9jGgWXMC31UgMJ42M2hK6lEVNg/Gx+8JSeWWVAw1jbipDO1d8TGVPGTFRgOxXDkVn2ZuJ/XjfF8MbPRJSkCBFfLApTSTGms+/pQGjgKCeWMK6FvZXyEdOMo82oZEPwll9eJa3LqudWvftapV7L4yiSE3JKzolHrkmd3JEGaRJOFHkmr+TN0c6L8+58LFoLTj5zTP7A+fwBNtaP9w==</latexit><latexit sha1_base64="QHfLmiyJbdDUUYiR5waBCTZr7SE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBiyXRgh4LXjxWsB/ShrLZTtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8O/PbT6CNiKMHnCTgKzaMRCg4Qys9XvRwBMj6V/1yxa26c9BV4uWkQnI0+uWv3iDmqYIIuWTGdD03QT9jGgWXMC31UgMJ42M2hK6lEVNg/Gx+8JSeWWVAw1jbipDO1d8TGVPGTFRgOxXDkVn2ZuJ/XjfF8MbPRJSkCBFfLApTSTGms+/pQGjgKCeWMK6FvZXyEdOMo82oZEPwll9eJa3LqudWvftapV7L4yiSE3JKzolHrkmd3JEGaRJOFHkmr+TN0c6L8+58LFoLTj5zTP7A+fwBNtaP9w==</latexit><latexit sha1_base64="QHfLmiyJbdDUUYiR5waBCTZr7SE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBiyXRgh4LXjxWsB/ShrLZTtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8O/PbT6CNiKMHnCTgKzaMRCg4Qys9XvRwBMj6V/1yxa26c9BV4uWkQnI0+uWv3iDmqYIIuWTGdD03QT9jGgWXMC31UgMJ42M2hK6lEVNg/Gx+8JSeWWVAw1jbipDO1d8TGVPGTFRgOxXDkVn2ZuJ/XjfF8MbPRJSkCBFfLApTSTGms+/pQGjgKCeWMK6FvZXyEdOMo82oZEPwll9eJa3LqudWvftapV7L4yiSE3JKzolHrkmd3JEGaRJOFHkmr+TN0c6L8+58LFoLTj5zTP7A+fwBNtaP9w==</latexit><latexit sha1_base64="QHfLmiyJbdDUUYiR5waBCTZr7SE=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBiyXRgh4LXjxWsB/ShrLZTtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUc2jyWMa6EzADUkTQRIESOokGpgIJ7WB8O/PbT6CNiKMHnCTgKzaMRCg4Qys9XvRwBMj6V/1yxa26c9BV4uWkQnI0+uWv3iDmqYIIuWTGdD03QT9jGgWXMC31UgMJ42M2hK6lEVNg/Gx+8JSeWWVAw1jbipDO1d8TGVPGTFRgOxXDkVn2ZuJ/XjfF8MbPRJSkCBFfLApTSTGms+/pQGjgKCeWMK6FvZXyEdOMo82oZEPwll9eJa3LqudWvftapV7L4yiSE3JKzolHrkmd3JEGaRJOFHkmr+TN0c6L8+58LFoLTj5zTP7A+fwBNtaP9w==</latexit>

A

B

Fig. 5.0.1: True environmental state Hn ∈ H± switches stochastically between
trials with probability ε. An observer sequentially accumulates noisy evidence
within a trial and biases their initial belief based on the past choice and feedback.
When the green light (or reward) appears at the end of trial 1, the initial belief
on trial 2 may end up above the decision boundary due to the additional positive
information. Thus, the observer may use feedback at the end of trial 1 to make
an immediate decision on trial 2. A. Given probabilistic signal as feedback, de-
spite the erroneous red (negative) signal at the end of trial 2, the observer will
still receive a reward for trial at the end of the trial sequence, since they were
correct. B. In the case of probabilistic reward, the observer is sometimes not re-
warded/rewarded even though they are correct/incorrect. In this example, there
is no reward on trial 2 even though the observer is correct.

Besides the change probability ε, we assume that the observer also knows the
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probability of correct feedback, i.e., p := P(positive feedback|correct choice) and

q := P(negative feedback| incorrect choice), i.e.,

P(s j = +1|H j = H±, d j = ±1) = p,

P(s j = −1|H j = H±, d j = ∓1) = q,

where s j = +1 (s j = −1) indicates positive feedback (negative feedback) on j-th

trial.

Rewards are distributed differently depending on the type of feedback. If the

feedback is a probabilistic signal, a cumulative reward is distributed at the end

of the sequence of trials. On the other hand, if the feedback is a reward, then

reward is distributed probabilistically and does not perfectly correspond to the

correctness or incorrectness of the observer’s choices. For example, in the case

of probabilistic signaling feedback, despite the red signal, a reward will still be

given for the response on trial 2 at the end of all trials if the observer is correct

(See Fig. 5.0.1 A). However, in the case of probabilistic reward, there may be no

reward given at times even though an observer is correct on a trial (See Fig. 5.0.1

B). When p = q = 0.5, probabilistic signals are uninformative, but the observer

can still be rewarded on more than half the trials on average by accumulating

information, as described in chapters 3 and 4. On the other hand, for p = q = 0.5,

probabilistic rewards are awarded independently of the responses. Observers are

therefore rewarded only on half the trials on average, regardless of their strategy.
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5.1. FEEDBACK ENHANCES THE OBSERVER’S INITIAL BELIEF

5.1 Feedback Enhances the Observer’s Initial Belief

We start off by considering the first two trials of a sequence to get a sense of

how information is passed from one trial to the next and how this impacts decision

strategies. The observer combines their internal belief and external feedback on

trial 1 to bias their belief on trial 2. We assume that the probabilities of correct

feedback are the same for both positive and negative feedback, i.e., p = q, and

decision thresholds are fixed across trials, θ1 = θ2 = θ. We only consider the case

where 0.5 ≤ p ≤ 1. If 0 ≤ p < 0.5, the roles of positive feedback and negative

feedback interchange, i.e., the red light (green light) indicates correct (incorrect)

choice while the observer receives rewards for being incorrect more often. The

analysis is similar, so we do not discuss this case separately.

Moreover, we have ε = P(H2 = H∓|H1 = H±) = P(H1 = H±|H2 = H∓) and

1−ε = P(H2 = H±|H1 = H±), then

P(s1 = +1, d1 = ±1|H2 = H±)

=P(s1 = +1|d1 = ±1, H1 = H±)P(d1 = ±1|H1 = H±)(1−ε)

+P(s1 = +1|d1 = ±1, H1 = H∓)P(d1 = ±1|H1 = H∓)ε

=p(1−ε)c1 + (1− p)ε(1− c1). (5.1.1)
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5.1. FEEDBACK ENHANCES THE OBSERVER’S INITIAL BELIEF

Similarly, we have

P(s1 = +1, d1 = ±1|H2 = H∓) = pεc1 + (1− p)(1−ε)(1− c1), (5.1.2)

P(s1 = −1, d1 = ±1|H2 = H±) = (1− p)(1−ε)c1 + pε(1− c1), (5.1.3)

P(s1 = −1, d1 = ±1|H2 = H∓) = (1− p)εc1 + p(1−ε)(1− c1). (5.1.4)

The probability ratio is:

R2
m2

=
P(H2 = H+|ξ2

1:m2
, d1, s1)

P(H2 = H−|ξ2
1:m2

, d1, s1)

=
P(ξ2

1:m2
|H2 = H+)P(s1, d1|H2 = H+)

P(ξ2
1:m2
|H2 = H−)P(s1, d1|H2 = H−)

,

and thus, the LLR is computed as

L2
m2

= ln R2
m2

=
m2

∑
j=1

ln
f+(ξ2

j )

f−(ξ2
j )

+ ln
P(s1, d1|H2 = H+)

P(s1, d1|H2 = H−)
,

indicating that L2
0 = ln[P(s1, d1|H2 = H+)/P(s1, d1|H2 = H−)]. Taking the con-

tinuum limit, we also find

dy2 = g2dt +
√

2DdW. (5.1.5)

When feedback is present, the initial belief is typically biased, but the direction

of the bias depends on the strength of feedback p and discounting based on the
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5.1. FEEDBACK ENHANCES THE OBSERVER’S INITIAL BELIEF

correct choice change probability ε. The initial condition for Eq. (5.1.5) is

y2(0; d1 = ±1, s1 = +1) = D ln
P(s1 = +1, d1 = ±1|H2 = H+)

P(s1 = +1, d1 = ±1|H2 = H−)

= ±D ln
(p−ε)c1 + (1− p)ε

(p +ε− 1)c1 + (1− p)(1−ε)
= ±y2

0+,

(5.1.6)

y2(0; d1 = ±1, s1 = −1) = D ln
P(s1 = −1, d1 = ±1|H2 = H+)

P(s1 = −1, d1 = ±1|H2 = H−)

= ±D ln
(1− p−ε)c1 + pε
(ε− p)c1 + p(1−ε)

= ±y2
0−. (5.1.7)

When p = q = 0.5, the initial belief is

y2(0; d1 = ±1, s1 = +1) = y2(0; d1 = ±1, s1 = −1) = ±D ln
(1−ε)c1 +ε(1− c1)

εc1 + (1−ε)(1− c1)
,

which is the initial condition in the case of no feedback in Eq (4.1.2).

The observer enhances their initial belief when given probabilistic intertrial

feedback. Reliable positive feedback, either probabilistic signaling or probabilis-

tic reward, strengthens the observer’s bias toward the same decision in a slow-

changing environment, i.e., y2
0+ increases toward +θ as (ε, p) → (0, 1) (see Fig.

5.1.1 A and C). In contrast, reliable negative feedback strengthens the belief in op-

posite decision when the environmental state is likely to repeat, as y2
0− decreases

toward −θ as (ε, p) → (0, 1) (see Fig. 5.1.1 B and D). Interestingly, there is an in-

crease in initial belief given by the red light when (ε, p) → (0, 0.5) (bright yellow

region in Fig. 5.1.1 B). This is the region where the observer makes an instanta-

neous decision after receiving a green light. The green light impacts the expected
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5.1. FEEDBACK ENHANCES THE OBSERVER’S INITIAL BELIEF

net reward more, thus the optimal thresholds increase. On average signaling leads

to optimal strategies with increased accuracy, whereas probabilistic reward leads

to optimal strategies with decreased accuracy.

The increase in initial beliefs leads to more frequent immediate decisions. The

ideal observer commits an immediate decision when the initial belief is above

threshold, i.e., θ ≤
∣∣y2

0±
∣∣. We denote the optimal thresholds for probabilistic sig-

naling and probabilistic reward by θmax
s and θmax

r , respectively. Thus, the solid

(dashed) curve in Fig. 5.1.1 indicates
∣∣y2

0±
∣∣ = θmax

s (
∣∣y2

0±
∣∣ = θmax

r ). In Fig. 5.1.1,

the immediate decision occurs for parameter values in the region above the curve

for the probabilistic signaling (solid) and on the left region for the probabilistic

reward (dashed). In the probabilistic reward case, the observer always makes an

immediate decision at p = 0.5 because the optimal threshold θmax
r (ε, 0.5) = 0 for

any 0 ≤ ε ≤ 0.5. When the reward is given for correct choice with probability

p = 0.5, the probability of correct response does not contribute to ENR, so setting

threshold to be 0 improves the decision time and ENR overall.
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5.1. FEEDBACK ENHANCES THE OBSERVER’S INITIAL BELIEF
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Fig. 5.1.1: Color plots of initial belief on trial 2, y2
0±, given by light signals: A. green

light, B. red light; and by reward feedback: C. reward, D. no reward. The optimal
policy is for constant thresholds across trials. The curves indicate the parameter
values (ε, p) at whichθmax

s =
∣∣y2

0±
∣∣, orθmax

r =
∣∣y2

0±
∣∣, i.e., decisions occur immedi-

ately. The solid (dashed) curve corresponds to the case of probabilistic signaling
(probabilistic reward) while the green (blue) color indicates positive (negative)
feedback.

Positive feedback yields a larger region of immediate decisions because the

observer’s belief and the feedback agree. When feedback is unreliable, p → 0.5,

the observer can still react instantly when the environment is likely to stay con-

stant, ε → 0. Negative feedback does not agree with the internal belief, so the

initial bias on the next trial is pushed toward the opposite threshold. Unless the

probability of correct feedback is high, the information from negative feedback is

not sufficient to lead to an immediate decision on trial 2.
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5.2. PROBABILISTIC FEEDBACK REDUCES MEAN DECISION TIME AND
INCREASES PROBABILITY OF CORRECT RESPONSES ON TRIAL 2

The immediate-decision regions are smaller in the case of probabilistic signal-

ing. This is because there is more incentive to ensure a correct response in the case

of probabilistic signaling as opposed to probabilistic reward. In the case of prob-

abilistic signaling, the observer can still be rewarded after they receive negative

feedback. If the feedback is not reliable, the observer will need to accumulate in-

formation to increase their accuracy. In contrast, when the probability of receiving

a reward for being correct is low, the observer will react faster since a correct re-

sponse does not ensure a reward. In this case, there is more to be gained by simply

reducing the time to a decision to increase overall performance on the task.

5.2 Probabilistic Feedback Reduces Mean Decision Time

and Increases Probability of Correct Responses on

Trial 2

Because the observer knows the probability of receiving correct feedback, they

can estimate the probability of receiving positive (s1 = +1) or negative (s1 = −1)

feedback on each trial by conditioning on both outcomes of the same trial

P(s1 = +1) = P(s1 = +1|H1 = H±, d1 = ±1)P(d1 = ±1|H1 = H±)

+ P(s1 = +1|H1 = H∓, d1 = ±1)P(d1 = ±1|H1 = H∓)

= (2p− 1)c1 + (1− p). (5.2.1)

60



5.2. PROBABILISTIC FEEDBACK REDUCES MEAN DECISION TIME AND
INCREASES PROBABILITY OF CORRECT RESPONSES ON TRIAL 2

Similarly,

P(s1 = −1) = (1− 2p)c1 + p. (5.2.2)

Note in the limit p → 0.5, P(s1 = ±1) → 0.5, so the signals are decoupled from

the probability of a correct response. On the other hand, as p → 1, the feedback

perfectly corresponds to whether the observer was right or wrong, i.e., P(s1 =

+1) = c1 and P(s1 = −1) = 1− c1.

5.2.1 Probability of Being Correct Depends on Reliability of Feed-

back

Feedback is received only after a decision is made. We assume that both op-

tions are equally likely at the beginning of trial 1, so the observer has neither bias

nor information about the correct choice, and trial 1 is equivalent to the case of no

feedback. Therefore,

c1 =
1

1 + e−θ/D
.

Assuming the feedback is positive s1 = +1 and the observer makes decision
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5.2. PROBABILISTIC FEEDBACK REDUCES MEAN DECISION TIME AND
INCREASES PROBABILITY OF CORRECT RESPONSES ON TRIAL 2

d1 = +1, LLR on trial 2 if the initial belief is below threshold is

P(H2 = H+|d2 = +1, s1 = +1)
P(H2 = H−|d2 = +1, s1 = +1)

= eθ/D

c2|(s1 = +1)
1− c2|(s1 = +1)

= eθ/D

c2|(s1 = +1) =
1

1 + e−θ/D
. (5.2.3)

If the initial belief is above threshold, i.e., y2
0+ > 0, then the observer makes deci-

sion d2 = +1 and

P(H2 = H+|d2 = +1, s1 = +1)
P(H2 = H−|d2 = +1, s1 = +1)

= ey2
0,+/D

c2|(s1 = +1)
1− c2|(s1 = +1)

= ey2
0,+/D

c2|(s1 = +1) =
1

1 + e−y2
0,+/D

. (5.2.4)

Otherwise, when y2
0+ < 0, then the decision is d2 = −1 and

P(H2 = H+|d2 = −1, s1 = +1)
P(H2 = H−|d2 = −1, s1 = +1)

= ey2
0,+/D

1− c2|(s1 = +1)
c2|(s1 = +1)

= ey2
0,+/D

c2|(s1 = +1) =
1

1 + ey2
0,+/D

. (5.2.5)

In general, the correct probability given the previous signal is:

c2|(s1 = ±1) =
1

1 + e−max(θ,|y2
0±|)/D

. (5.2.6)
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5.2. PROBABILISTIC FEEDBACK REDUCES MEAN DECISION TIME AND
INCREASES PROBABILITY OF CORRECT RESPONSES ON TRIAL 2

Another way to write Eq. (5.2.6) is

c2|(s1 = +1) =





1
1+e−θ/D : θ >

∣∣y2
0+

∣∣ ,

c1(p−ε)+(1−p)ε
c1(2p−1)+(1−p) : θ ≤

∣∣y2
0+

∣∣ ,
(5.2.7)

and

c2|(s1 = −1) =





1
1+e−θ/D : θ >

∣∣y2
0−
∣∣ ,

c1(ε−p)+p(1−ε)
c1(1−2p)+p : θ ≤

∣∣y2
0−
∣∣ .

(5.2.8)

The probability of correct response on trial 2 is marginalized on both positive

and negative signals

c2 =





c1 : θ >
∣∣y2

0+

∣∣ >
∣∣y2

0−
∣∣ ,

(1− 2p)c2
1 + (2p−ε)c1 + (1− p)ε :

∣∣y2
0+

∣∣ ≥ θ >
∣∣y2

0−
∣∣ ,

p(1− 2ε) +ε :
∣∣y2

0+

∣∣ ≥
∣∣y2

0−
∣∣ ≥ θ,

(5.2.9)

where 0.5 ≤ p−ε ≤ p(1− 2ε) +ε ≤ p ≤ 1.
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Fig. 5.2.1: Here, the probability of environmental change isε = 0.25 and probabil-
ity of correct feedback is p = 0.7. The stochastic simulations (dots) are compared
to theoretical predictions (solid lines). Feedback improves the probability of be-
ing correct in the case of quicker decisions. Positive feedback (green curves) leads
to both more accurate and speedier decisions as compared to decisions following
negative feedback (red curves). This is because most positive feedback follows a
correct decision. A. Probability of correct responses. B. Mean decision time on
trial 2.

When both initial beliefs for positive and negative feedback are below thresh-

old, i.e., θ >
∣∣y2

0+

∣∣ >
∣∣y2

0−
∣∣, feedback does not enhance the correct probability as

c2 = c2|(s1 = ±1) = 1/(1 + e−θ/D). (the region on the right of
∣∣y2

0−
∣∣ = θ in Fig.

5.2.1 A ). As threshold decreases, the probability being correct c2 only depends

on change rate ε and probability of correct feedback p, as initial beliefs for both

types of feedback are above threshold. For instance, if the environment does not

change, ε = 0, and the feedback is perfect, p = 1, then the observer is always

correct on trial 2 with probability c2 = 1. On the other hand, if the feedback is

perfect, p = 1 and there is no correlation, ε = 0.5, then the accuracy is c2 = 0.5,

which is as good as guessing. For high thresholds, feedback does not improve

accuracy (region on the right of
∣∣y2

0+

∣∣ = θ in Fig 5.2.1 A). Because the observer has
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more time to accumulate information, they rely more on their internal belief. As

thresholds decrease, the positive feedback has a greater impact on accuracy, and

thus it improves the total probability of being correct. Interestingly, correct prob-

ability given by negative feedback decreases as thresholds increase for
∣∣y2

0−
∣∣ ≥ θ

(see Fig. 5.2.1 A). Recall that the negative feedback pushes the initial belief to the

opposite threshold. Since the environment is not static and the feedback is not

perfect, the initial belief is more likely to exit the wrong decision boundary. With-

out any subsequent evidence accumulation, the accuracy will decrease. Therefore,

setting higher thresholds does not improve accuracy.

5.2.2 Feedback Decreases Mean Decision Time in an Optimal Ob-

server

Now we can compute the average time until a decision on trial 2, assuming the

environment on trial 2 is H2 = H+ and feedback on trial 1 is positive, s1 = +1:

DT2|(H2 = H+, s1 = +1) = ∑
k=±1

T(k · y2
0+;θ). (5.2.10)

Thus, the mean decision time on trial 2 given by positive/negative feedback is

DT2|(H2 = H+, s1 = +1) =
1

P(s1 = +1)

[
T(y2

0+;θ2)[p(1−ε)c1 + (1− q)ε(1− c1)]

+ T(−y2
0+;θ2)[(1− q)(1−ε)(1− c1) + pεc1]

]
,

(5.2.11)
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and

DT2|(H2 = H+, s1 = −1) =
1

P(s1 = −1)

[
T(y2

0−;θ2)[(1− p)(1−ε)c1 + qε(1− c1)]

+ T(−y2
0−;θ2)[q(1−ε)(1− c1) + (1− p)εc1]

]
.

(5.2.12)

Substituting the mean first passage time from Eq. (2.2.3) into the unconditional

mean decision time equations, we obtain

DT2|(s1 = +1) =





θ · 1−e−θ/D

1+e−θ/D − y2
0+(1− 2ε) c1−(1−p)

(2p−1)c1+(1−p) : θ >
∣∣y2

0+

∣∣ ,

0 : θ ≤
∣∣y2

0+

∣∣ ,

(5.2.13)

and

DT2|(s1 = −1) =





θ · 1−e−θ/D

1+e−θ/D − y2
0−(1− 2ε) c1−p

(1−2p)c1+p : θ2 >
∣∣y2

0−
∣∣ ,

0 : θ2 ≤
∣∣y2

0−
∣∣ .

(5.2.14)

Concerning the response times on trial 2, there are 3 possibilities: (1) both ini-

tial beliefs are below threshold and the observer takes a nonzero time to deliberate

in either case, (2) the initial belief for positive feedback is above threshold and the

observer responds immediately while initial belief for negative feedback is below

threshold and leads to further evidence accumulation, and (3) both initial beliefs

are above thresholds (look at three regions separated by dashed lines in Fig. 5.2.1).
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The unconditional mean decision time is therefore a piecewise function

DT2|(H2 = H+) = ∑
k=±1

DT2|(H2 = H+, s1 = k)P(s1 = k)

=





DT1 − (1− 2ε)[y2
0+(p− 1 + c1) + y2

0−(c1 − p)] : θ >
∣∣y2

0+

∣∣ >
∣∣y2

0−
∣∣ ,

((1− 2p)c1 + p)DT1 − y2
0−(1− 2ε)(c1 − p) :

∣∣y2
0+

∣∣ ≥ θ >
∣∣y2

0−
∣∣ ,

0 :
∣∣y2

0+

∣∣ ≥
∣∣y2

0−
∣∣ ≥ θ.

(5.2.15)

For high thresholds, there is an increase in mean decision time given by neg-

ative feedback. Negative feedback propels the observer’s belief away from the

previously crossed threshold, so unless it pushes it very close to the other thresh-

old it will take longer for LLR to reach the decision boundary than in the positive

feedback case. The mean decision time in the region on the left of
∣∣y2

0−
∣∣ is 0, mean-

ing that the negative feedback is informative enough to trigger a decision without

accumulating evidence (see Fig. 5.2.1). In summary, both positive feedback and

negative feedback help improve accuracy and lead to faster decisions. This result

is consistent with the trends in Fig. 1.2.1. A more interesting question is how the

optimal observer changes their strategy for different types of probabilistic feed-

back. We address this question next by computing reward functions.
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5.3 Optimizing Expected Net Reward for Probabilis-

tic Signaling and Probabilistic Reward

A major difference between the contexts of probabilistic signaling and proba-

bilistic reward is the reward schedule. In the first case, a cumulative reward for

each correct choice is given at the end of the trial sequence while in the second

case, a reward is given probabilistically at the end of each trial. This difference

affects the computation of expected reward, primarily because correct choices are

not all rewarded and incorrect choices are sometimes rewarded in the case of prob-

abilistic reward. In this section, we identify how these differences shape the strat-

egy and response features using the ENR function as our performance measure.

5.3.1 Probabilistic Signaling

In this case, reward is deterministic, so we define ENR as follows:

ENR1:2 = c1 +γc2 − cost · [DT1 + TD +γ(DT2 + TD)], (5.3.1)

where c1, c2, DT1, and DT2 are defined from the last sections, and γ is discount

rate.

In the color plot of optimal thresholds for different values of ε and p, there

are 3 regions (see Fig. 5.3.1). In the region below the green curve, both initial

beliefs are below thresholds. Recall that feedback does not matter in this region

as the ideal observer relies more on their internal belief. The optimal thresholds
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increase as the change probability ε gets closer to 0. This result is consistent with

the results in chapter 4 (see Fig. 4.2.1 A-C). In the region above the blue curve,

both initial beliefs are above thresholds. In this region, the ideal observer relies

solely on feedback. This is also an immediate-decision region because there is no

need to accumulate information on trial 2. The optimal thresholds are the lowest

at point (ε, p) = (0, 1) because the feedback is perfect and is perfectly transferred

forwards to trial 2. In contrast to the region below the green curve, as ε increases,

the optimal thresholds increase as well.

The region between the blue and green curves is our interest as the observer

makes an immediate decision on trial 2 after a green signal but must accumulate

evidence after a red signal. We call such region the “conflict” region as this shows

the conflicting evidence accumulation strategies provoked by receiving positive

versus negative feedback and is reminiscent of results from prior experimental

work [92].
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Fig. 5.3.1: In the case of probabilistic signaling, color plots of A. Optimal threshold
θ and B. the maximum ENR. The green (blue) curve denotes where

∣∣y2
0+

∣∣ = θmax
s

(
∣∣y2

0−
∣∣ = θmax

s ), so in the region (ε, p) to the left of these curves, responses are
immediate on trial 2.
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Positive feedback always leads to a stronger subsequent initial bias than in the

case of negative feedback. As such decision times on trial 2 are always longer

(or equal) following a red signal than following a green signal, and the region

of immediate decisions is larger in the case of the green signal (Fig. 5.3.2). In

the immediate-decision region, the conditional mean decision time is 0, and the

conditional correct probability given by green signal increases as probability of

correct signal p increases. However, in the evidence accumulation region, there is

a small area where the decision time on trial 2 following a red signal varies non-

monotonically with the feedback parameter p. This is due to the fact that a weak

signal will tend to drive the initial belief on trial 2 away from the closest threshold

(when ε is small), but as p is increased further, the red signal drives the initial

belief on trial 2 closer to the opposite threshold, triggering quicker decisions for

the opposite choice from before. Increasing p and decreasing ε increases the total

correct probability and decreases the mean decision time on trial 2 as expected.
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Fig. 5.3.2: Color plots of probability of correct response and mean decision time
on trial 2 in the context of probabilistic signaling with parameter p. The green
(blue) solid curve indicates where |y2

0+| = θmax
s (|y2

0−| = θmax
s ). Optimal decision

thresholds θmax
s are found by optimizing Eq. (5.3.1). The regions above the curves

are “immediate-decision” regions. Correct probability on trial 2 conditioned on
A. green light, c2|(s1 = +1), B. red light, c2|(s1 = −1), and C. probability being
correct c2. D. Decision time on trial 2 conditioned on D. green light, DT2|(s1 =
+1); E. conditioned on red light, DT2|(s1 = −1), and F. mean decision time on
trial 2, DT2.
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5.3.2 Probabilistic Reward

When rewards are given probabilistically, the observer receives rewards for

correct choices with probability p and rewards for incorrect choices with proba-

bility 1− p. Therefore, the ENR is defined as

ENR1:2 = pc1 + (1− p)(1− c1) + γ[pc2 + (1− p)(1− c2)]

− cost · [DT1 + TD +γ(DT2 + TD)]

= (2p− 1)(c1 +γc2) + (1− p)(1 +γ)− cost · [DT1 + TD +γ(DT2 + TD)].

(5.3.2)

where c1 and DT1 are defined in Eq. (2.3.5) and (2.2.4), c2 and DT2 are defined in

Eq. (5.2.9) and (5.2.15).

In Fig. 5.3.3 A, the probabilistic reward yields different optimal thresholds

comparing to the probabilistic signaling. The regions on the left of the green

(blue) dashed curves are immediate-decision regions, where feedback plays an

important role in decision-making. In contrast to probabilistic signaling case, the

negative feedback matters more as the immediate-decision region for negative

feedback is larger. For small values of p, the probability of receiving a reward for

correct choice is low, so the observer prioritizes speed over accuracy since their

probability of being correct matter little to their ENR, so they set a low thresholds

to make quicker decisions. For instance, when p = 0.5, the observer only receives

rewards half of the time they are correct and half the time when they are incor-

rect. As such, it is best to guess immediately, so the optimal threshold is set to be

0, regardless of the value of ε. As p increases, correct choices are more valuable,
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encouraging the observer to spend more time accumulating evidence.
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Fig. 5.3.3: In the case of probabilistic reward, color plots of A. optimal threshold
θmax

r and B. maximum ENRmax
1:2 . The green (blue) dashed curve is

∣∣y2
0+

∣∣ = θmax
r

(
∣∣y2

0−
∣∣ = θmax

r ). Note that the regions in which an instantaneous decision in trig-
gered on trial 2 (left of curves) is larger than in the case of probabilistic signaling.

Similar to the signal-based feedback, the accuracy increases when the feed-

back is more reliable (p → 1) (see Fig. 5.3.4 A, B, and C) because strong and

reliable feedback enhances the observer’s bias and leads to improvement in accu-

racy. When the environment is less correlated (ε → 0.5), the observer does not

have a strong bias at the beginning of trial 2, so they need to spend time to accu-

mulate evidence. This shows in Fig. 5.3.4 D, E, and F, where the mean decision

time increases as ε→ 0.5.

For any pairs of (ε, p) on the immediate-decision region, from Eq. (5.2.9),

the probability of correct response on trial 2 depends on ε and p, particularly,

c2 = p(1 − 2ε) + ε. When p → 1, i.e., perfect feedback, and ε → 0, the correct

probability c2 → 1, which is the highest accuracy the observer can attain. Thus,

the observer can react immediately while their accuracy increases when the feed-

back is reliable and the environment is likely to stay constant, i.e., (ε, p)→ (0, 1).
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Reducing the reliability of feedback reduces the accuracy.
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Fig. 5.3.4: A, B, C. Color plots of probability of correct response and D, E, F. mean
decision time on trial 2 following a probabilistic reward on trial 1. The green (blue)
curve indicates the collision between initial belief for positive (negative) feedback
and threshold y2

0+ = θmax
r (y2

0− = θmax
r ). The positive (negative) feedback is

defined as the observer receive reward (no reward). Optimal thresholds θmax
r are

found from optimizing Eq. (5.3.2). A, D. The conditional correct probability and
decision time given by positive feedback. B, E. The conditional correct probability
and decision time given by negative feedback. C, F. Total correct response and
mean decision time.

Reward-based feedback yields larger immediate-decision regions (regions on

the left of the curves) compared to signal-based feedback. The negative feedback

shares a large immediate-decision region with positive feedback for probabilistic

reward. There is not much conflict between positive reward-based feedback and

negative reward-based feedback. For small values of p, the probability of receiv-

ing reward (no reward) for correct choice (incorrect choice) is low, so regardless of
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types of feedback, the observer will react quickly. An observer receiving reward-

based feedback focuses on obtaining a higher expected reward by making quicker

decisions, whereas observers receiving signal-based feedback can focus more on

being correct since rewards are always given for correct choices. Overall, signal-

based feedback yields higher expected net reward.

Remark: In the results displayed for our ENR maximization analysis (Fig.

5.3.1, 5.3.2, 5.3.3 and 5.3.4), we have fixed γ = 0.8, cost = TD = 0.5, and D = 1.

5.4 Summary

In this chapter, we introduce probabilistic signaling and probabilistic reward

as feedback. Optimal observers receiving probabilistic signaling opt for higher

decision thresholds than those receiving probabilistic reward. If probability of re-

ceiving reward for correct decisions is low, there is no need to keep past informa-

tion as improving accuracy only modestly increases the expected net reward over-

all. We find that reward-based feedback yields a larger immediate-decision region

and a smaller region of conflict between positive and negative feedback. For a low

probability of correct signal-based feedback, the observer is certain that they re-

ceive reward for correct choice, so evidence-accumulation process is needed. On

the other hand, for a low probability of correct reward-based feedback, the ob-

server does not need to waste time accumulating evidence as the probability of

receiving reward for being correct is low. This explains why the conflict region

is larger in the case of signal-based feedback. We are also interested in how well

the predictions of our model match human subject reaction times and accuracy in
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2AFC correlated tasks. In the next chapter, we compare our no-feedback model to

experimental data trends.
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Chapter 6
Discussion

6.1 The Optimal Observer Assumes Incorrect Change

Probability

Our modeling work demonstrates that there can be a tension between the in-

formation provided from evidence collected on a previous trial and feedback in

2AFC tasks with correlated trials. Correlations in the environment make it ideal

to value evidence received in earlier trials more than in later trials, and thus de-

liberations should be longer in the first few trials. When considering the effects

of feedback, we find that the evidence discounting effects of environmental state

changes can be counteracted by feedback received at the ends of trials. As such,

the evidence that an agent has in favor of an option at the beginning of a trial can

be more than they had at the end of the last trial prior to feedback. We also show

here that the typical idiosyncratic repetition biases commonly observed in human
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<latexit sha1_base64="qtLen0jLb2pLebw7ANH3atEF6CQ=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIimA3QsGNywr2Ak0ok+lJO3QyCTMToYTixldx40IRtz6FO9/GaZuFtv4w8PGfczhz/jDlTGnX/bZKa+sbm1vl7crO7t7+gX141FZJJim0aMIT2Q2JAs4EtDTTHLqpBBKHHDrh+GZW7zyAVCwR93qSQhCToWARo0Qbq2+f+JAqxg3mvoyxlhlM8TV2nVrfrrqOOxdeBa+AKirU7Ntf/iChWQxCU06U6nluqoOcSM0oh2nFzxSkhI7JEHoGBYlBBfn8hCk+N84AR4k0T2g8d39P5CRWahKHpjMmeqSWazPzv1ov01E9yJlIMw2CLhZFGcc6wbM88IBJoJpPDBAqmfkrpiMiCdUmtYoJwVs+eRXaNcdzHe/ustqoF3GU0Sk6QxfIQ1eogW5RE7UQRY/oGb2iN+vJerHerY9Fa8kqZo7RH1mfP/iLlnA=</latexit><latexit sha1_base64="qtLen0jLb2pLebw7ANH3atEF6CQ=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIimA3QsGNywr2Ak0ok+lJO3QyCTMToYTixldx40IRtz6FO9/GaZuFtv4w8PGfczhz/jDlTGnX/bZKa+sbm1vl7crO7t7+gX141FZJJim0aMIT2Q2JAs4EtDTTHLqpBBKHHDrh+GZW7zyAVCwR93qSQhCToWARo0Qbq2+f+JAqxg3mvoyxlhlM8TV2nVrfrrqOOxdeBa+AKirU7Ntf/iChWQxCU06U6nluqoOcSM0oh2nFzxSkhI7JEHoGBYlBBfn8hCk+N84AR4k0T2g8d39P5CRWahKHpjMmeqSWazPzv1ov01E9yJlIMw2CLhZFGcc6wbM88IBJoJpPDBAqmfkrpiMiCdUmtYoJwVs+eRXaNcdzHe/ustqoF3GU0Sk6QxfIQ1eogW5RE7UQRY/oGb2iN+vJerHerY9Fa8kqZo7RH1mfP/iLlnA=</latexit><latexit sha1_base64="qtLen0jLb2pLebw7ANH3atEF6CQ=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIimA3QsGNywr2Ak0ok+lJO3QyCTMToYTixldx40IRtz6FO9/GaZuFtv4w8PGfczhz/jDlTGnX/bZKa+sbm1vl7crO7t7+gX141FZJJim0aMIT2Q2JAs4EtDTTHLqpBBKHHDrh+GZW7zyAVCwR93qSQhCToWARo0Qbq2+f+JAqxg3mvoyxlhlM8TV2nVrfrrqOOxdeBa+AKirU7Ntf/iChWQxCU06U6nluqoOcSM0oh2nFzxSkhI7JEHoGBYlBBfn8hCk+N84AR4k0T2g8d39P5CRWahKHpjMmeqSWazPzv1ov01E9yJlIMw2CLhZFGcc6wbM88IBJoJpPDBAqmfkrpiMiCdUmtYoJwVs+eRXaNcdzHe/ustqoF3GU0Sk6QxfIQ1eogW5RE7UQRY/oGb2iN+vJerHerY9Fa8kqZo7RH1mfP/iLlnA=</latexit><latexit sha1_base64="qtLen0jLb2pLebw7ANH3atEF6CQ=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIimA3QsGNywr2Ak0ok+lJO3QyCTMToYTixldx40IRtz6FO9/GaZuFtv4w8PGfczhz/jDlTGnX/bZKa+sbm1vl7crO7t7+gX141FZJJim0aMIT2Q2JAs4EtDTTHLqpBBKHHDrh+GZW7zyAVCwR93qSQhCToWARo0Qbq2+f+JAqxg3mvoyxlhlM8TV2nVrfrrqOOxdeBa+AKirU7Ntf/iChWQxCU06U6nluqoOcSM0oh2nFzxSkhI7JEHoGBYlBBfn8hCk+N84AR4k0T2g8d39P5CRWahKHpjMmeqSWazPzv1ov01E9yJlIMw2CLhZFGcc6wbM88IBJoJpPDBAqmfkrpiMiCdUmtYoJwVs+eRXaNcdzHe/ustqoF3GU0Sk6QxfIQ1eogW5RE7UQRY/oGb2iN+vJerHerY9Fa8kqZo7RH1mfP/iLlnA=</latexit>

✏true = 0.3
<latexit sha1_base64="58SNdo5fPMwPwb2Lajp8Ua6/m/k=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIVLAboeDGZQV7gSaUyfSkHTqThJmJUEJx46u4caGIW5/CnW/jtM1CW38Y+PjPOZw5f5hyprTrflulldW19Y3yZmVre2d3z94/aKkkkxSaNOGJ7IREAWcxNDXTHDqpBCJCDu1wdDOttx9AKpbE93qcQiDIIGYRo0Qbq2cf+ZAqxg3mvhRYywwm+Bq7zkXPrrqOOxNeBq+AKirU6Nlffj+hmYBYU06U6npuqoOcSM0oh0nFzxSkhI7IALoGYyJABfnshAk+NU4fR4k0L9Z45v6eyIlQaixC0ymIHqrF2tT8r9bNdFQLchanmYaYzhdFGcc6wdM8cJ9JoJqPDRAqmfkrpkMiCdUmtYoJwVs8eRla547nOt7dZbVeK+Ioo2N0gs6Qh65QHd2iBmoiih7RM3pFb9aT9WK9Wx/z1pJVzByiP7I+fwD6D5Zx</latexit><latexit sha1_base64="58SNdo5fPMwPwb2Lajp8Ua6/m/k=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIVLAboeDGZQV7gSaUyfSkHTqThJmJUEJx46u4caGIW5/CnW/jtM1CW38Y+PjPOZw5f5hyprTrflulldW19Y3yZmVre2d3z94/aKkkkxSaNOGJ7IREAWcxNDXTHDqpBCJCDu1wdDOttx9AKpbE93qcQiDIIGYRo0Qbq2cf+ZAqxg3mvhRYywwm+Bq7zkXPrrqOOxNeBq+AKirU6Nlffj+hmYBYU06U6npuqoOcSM0oh0nFzxSkhI7IALoGYyJABfnshAk+NU4fR4k0L9Z45v6eyIlQaixC0ymIHqrF2tT8r9bNdFQLchanmYaYzhdFGcc6wdM8cJ9JoJqPDRAqmfkrpkMiCdUmtYoJwVs8eRla547nOt7dZbVeK+Ioo2N0gs6Qh65QHd2iBmoiih7RM3pFb9aT9WK9Wx/z1pJVzByiP7I+fwD6D5Zx</latexit><latexit sha1_base64="58SNdo5fPMwPwb2Lajp8Ua6/m/k=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIVLAboeDGZQV7gSaUyfSkHTqThJmJUEJx46u4caGIW5/CnW/jtM1CW38Y+PjPOZw5f5hyprTrflulldW19Y3yZmVre2d3z94/aKkkkxSaNOGJ7IREAWcxNDXTHDqpBCJCDu1wdDOttx9AKpbE93qcQiDIIGYRo0Qbq2cf+ZAqxg3mvhRYywwm+Bq7zkXPrrqOOxNeBq+AKirU6Nlffj+hmYBYU06U6npuqoOcSM0oh0nFzxSkhI7IALoGYyJABfnshAk+NU4fR4k0L9Z45v6eyIlQaixC0ymIHqrF2tT8r9bNdFQLchanmYaYzhdFGcc6wdM8cJ9JoJqPDRAqmfkrpkMiCdUmtYoJwVs8eRla547nOt7dZbVeK+Ioo2N0gs6Qh65QHd2iBmoiih7RM3pFb9aT9WK9Wx/z1pJVzByiP7I+fwD6D5Zx</latexit><latexit sha1_base64="58SNdo5fPMwPwb2Lajp8Ua6/m/k=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIVLAboeDGZQV7gSaUyfSkHTqThJmJUEJx46u4caGIW5/CnW/jtM1CW38Y+PjPOZw5f5hyprTrflulldW19Y3yZmVre2d3z94/aKkkkxSaNOGJ7IREAWcxNDXTHDqpBCJCDu1wdDOttx9AKpbE93qcQiDIIGYRo0Qbq2cf+ZAqxg3mvhRYywwm+Bq7zkXPrrqOOxNeBq+AKirU6Nlffj+hmYBYU06U6npuqoOcSM0oh0nFzxSkhI7IALoGYyJABfnshAk+NU4fR4k0L9Z45v6eyIlQaixC0ymIHqrF2tT8r9bNdFQLchanmYaYzhdFGcc6wdM8cJ9JoJqPDRAqmfkrpkMiCdUmtYoJwVs8eRla547nOt7dZbVeK+Ioo2N0gs6Qh65QHd2iBmoiih7RM3pFb9aT9WK9Wx/z1pJVzByiP7I+fwD6D5Zx</latexit>

✏true = 0.4
<latexit sha1_base64="UFkjM3JBgu9ncJRU1Ltv7PoBu6M=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIpGA3QsGNywr2Ak0ok+lJO3QyCTMToYTixldx40IRtz6FO9/GaZuFtv4w8PGfczhz/jDlTGnX/bZKa+sbm1vl7crO7t7+gX141FZJJim0aMIT2Q2JAs4EtDTTHLqpBBKHHDrh+GZW7zyAVCwR93qSQhCToWARo0Qbq2+f+JAqxg3mvoyxlhlM8TV2nVrfrrqOOxdeBa+AKirU7Ntf/iChWQxCU06U6nluqoOcSM0oh2nFzxSkhI7JEHoGBYlBBfn8hCk+N84AR4k0T2g8d39P5CRWahKHpjMmeqSWazPzv1ov01E9yJlIMw2CLhZFGcc6wbM88IBJoJpPDBAqmfkrpiMiCdUmtYoJwVs+eRXal47nOt5drdqoF3GU0Sk6QxfIQ1eogW5RE7UQRY/oGb2iN+vJerHerY9Fa8kqZo7RH1mfP/uTlnI=</latexit><latexit sha1_base64="UFkjM3JBgu9ncJRU1Ltv7PoBu6M=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIpGA3QsGNywr2Ak0ok+lJO3QyCTMToYTixldx40IRtz6FO9/GaZuFtv4w8PGfczhz/jDlTGnX/bZKa+sbm1vl7crO7t7+gX141FZJJim0aMIT2Q2JAs4EtDTTHLqpBBKHHDrh+GZW7zyAVCwR93qSQhCToWARo0Qbq2+f+JAqxg3mvoyxlhlM8TV2nVrfrrqOOxdeBa+AKirU7Ntf/iChWQxCU06U6nluqoOcSM0oh2nFzxSkhI7JEHoGBYlBBfn8hCk+N84AR4k0T2g8d39P5CRWahKHpjMmeqSWazPzv1ov01E9yJlIMw2CLhZFGcc6wbM88IBJoJpPDBAqmfkrpiMiCdUmtYoJwVs+eRXal47nOt5drdqoF3GU0Sk6QxfIQ1eogW5RE7UQRY/oGb2iN+vJerHerY9Fa8kqZo7RH1mfP/uTlnI=</latexit><latexit sha1_base64="UFkjM3JBgu9ncJRU1Ltv7PoBu6M=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIpGA3QsGNywr2Ak0ok+lJO3QyCTMToYTixldx40IRtz6FO9/GaZuFtv4w8PGfczhz/jDlTGnX/bZKa+sbm1vl7crO7t7+gX141FZJJim0aMIT2Q2JAs4EtDTTHLqpBBKHHDrh+GZW7zyAVCwR93qSQhCToWARo0Qbq2+f+JAqxg3mvoyxlhlM8TV2nVrfrrqOOxdeBa+AKirU7Ntf/iChWQxCU06U6nluqoOcSM0oh2nFzxSkhI7JEHoGBYlBBfn8hCk+N84AR4k0T2g8d39P5CRWahKHpjMmeqSWazPzv1ov01E9yJlIMw2CLhZFGcc6wbM88IBJoJpPDBAqmfkrpiMiCdUmtYoJwVs+eRXal47nOt5drdqoF3GU0Sk6QxfIQ1eogW5RE7UQRY/oGb2iN+vJerHerY9Fa8kqZo7RH1mfP/uTlnI=</latexit><latexit sha1_base64="UFkjM3JBgu9ncJRU1Ltv7PoBu6M=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIpGA3QsGNywr2Ak0ok+lJO3QyCTMToYTixldx40IRtz6FO9/GaZuFtv4w8PGfczhz/jDlTGnX/bZKa+sbm1vl7crO7t7+gX141FZJJim0aMIT2Q2JAs4EtDTTHLqpBBKHHDrh+GZW7zyAVCwR93qSQhCToWARo0Qbq2+f+JAqxg3mvoyxlhlM8TV2nVrfrrqOOxdeBa+AKirU7Ntf/iChWQxCU06U6nluqoOcSM0oh2nFzxSkhI7JEHoGBYlBBfn8hCk+N84AR4k0T2g8d39P5CRWahKHpjMmeqSWazPzv1ov01E9yJlIMw2CLhZFGcc6wbM88IBJoJpPDBAqmfkrpiMiCdUmtYoJwVs+eRXal47nOt5drdqoF3GU0Sk6QxfIQ1eogW5RE7UQRY/oGb2iN+vJerHerY9Fa8kqZo7RH1mfP/uTlnI=</latexit>

✏true = 0.5
<latexit sha1_base64="LBjBf+elGyKJk9Gv30Pxf7MTw/0=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIRLEboeDGZQV7gSaUyfSkHTqThJmJUEJx46u4caGIW5/CnW/jtM1CW38Y+PjPOZw5f5hyprTrflulldW19Y3yZmVre2d3z94/aKkkkxSaNOGJ7IREAWcxNDXTHDqpBCJCDu1wdDOttx9AKpbE93qcQiDIIGYRo0Qbq2cf+ZAqxg3mvhRYywwm+Bq7zmXPrrqOOxNeBq+AKirU6Nlffj+hmYBYU06U6npuqoOcSM0oh0nFzxSkhI7IALoGYyJABfnshAk+NU4fR4k0L9Z45v6eyIlQaixC0ymIHqrF2tT8r9bNdFQLchanmYaYzhdFGcc6wdM8cJ9JoJqPDRAqmfkrpkMiCdUmtYoJwVs8eRla547nOt7dRbVeK+Ioo2N0gs6Qh65QHd2iBmoiih7RM3pFb9aT9WK9Wx/z1pJVzByiP7I+fwD9F5Zz</latexit><latexit sha1_base64="LBjBf+elGyKJk9Gv30Pxf7MTw/0=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIRLEboeDGZQV7gSaUyfSkHTqThJmJUEJx46u4caGIW5/CnW/jtM1CW38Y+PjPOZw5f5hyprTrflulldW19Y3yZmVre2d3z94/aKkkkxSaNOGJ7IREAWcxNDXTHDqpBCJCDu1wdDOttx9AKpbE93qcQiDIIGYRo0Qbq2cf+ZAqxg3mvhRYywwm+Bq7zmXPrrqOOxNeBq+AKirU6Nlffj+hmYBYU06U6npuqoOcSM0oh0nFzxSkhI7IALoGYyJABfnshAk+NU4fR4k0L9Z45v6eyIlQaixC0ymIHqrF2tT8r9bNdFQLchanmYaYzhdFGcc6wdM8cJ9JoJqPDRAqmfkrpkMiCdUmtYoJwVs8eRla547nOt7dRbVeK+Ioo2N0gs6Qh65QHd2iBmoiih7RM3pFb9aT9WK9Wx/z1pJVzByiP7I+fwD9F5Zz</latexit><latexit sha1_base64="LBjBf+elGyKJk9Gv30Pxf7MTw/0=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIRLEboeDGZQV7gSaUyfSkHTqThJmJUEJx46u4caGIW5/CnW/jtM1CW38Y+PjPOZw5f5hyprTrflulldW19Y3yZmVre2d3z94/aKkkkxSaNOGJ7IREAWcxNDXTHDqpBCJCDu1wdDOttx9AKpbE93qcQiDIIGYRo0Qbq2cf+ZAqxg3mvhRYywwm+Bq7zmXPrrqOOxNeBq+AKirU6Nlffj+hmYBYU06U6npuqoOcSM0oh0nFzxSkhI7IALoGYyJABfnshAk+NU4fR4k0L9Z45v6eyIlQaixC0ymIHqrF2tT8r9bNdFQLchanmYaYzhdFGcc6wdM8cJ9JoJqPDRAqmfkrpkMiCdUmtYoJwVs8eRla547nOt7dRbVeK+Ioo2N0gs6Qh65QHd2iBmoiih7RM3pFb9aT9WK9Wx/z1pJVzByiP7I+fwD9F5Zz</latexit><latexit sha1_base64="LBjBf+elGyKJk9Gv30Pxf7MTw/0=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVIRLEboeDGZQV7gSaUyfSkHTqThJmJUEJx46u4caGIW5/CnW/jtM1CW38Y+PjPOZw5f5hyprTrflulldW19Y3yZmVre2d3z94/aKkkkxSaNOGJ7IREAWcxNDXTHDqpBCJCDu1wdDOttx9AKpbE93qcQiDIIGYRo0Qbq2cf+ZAqxg3mvhRYywwm+Bq7zmXPrrqOOxNeBq+AKirU6Nlffj+hmYBYU06U6npuqoOcSM0oh0nFzxSkhI7IALoGYyJABfnshAk+NU4fR4k0L9Z45v6eyIlQaixC0ymIHqrF2tT8r9bNdFQLchanmYaYzhdFGcc6wdM8cJ9JoJqPDRAqmfkrpkMiCdUmtYoJwVs8eRla547nOt7dRbVeK+Ioo2N0gs6Qh65QHd2iBmoiih7RM3pFb9aT9WK9Wx/z1pJVzByiP7I+fwD9F5Zz</latexit>
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<latexit sha1_base64="LUP+k3zAM/iioxDuS/pwGUzzjjw=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhKEBANDJRbGUtGH1ESV4zqtVceJ7BtEFPUDWPgVFgYQYuUD2Pgb3DQDtBzJ0tE559rXx48F12Db31ZpZXVtfaO8Wdna3tndq+4fdHSUKMraNBKR6vlEM8ElawMHwXqxYiT0Bev6k+uZ371nSvNI3kEaMy8kI8kDTgkYaVCtucAeIL8noymR08xVIaaR1EAkYBe3WlOTsut2DrxMnILUUIHmoPrlDiOahEwCFUTrvmPH4GVEAaeCTStuollM6ISMWN9QSUKmvSxfYopPjDLEQaTMMRvk6u+JjIRap6FvkiGBsV70ZuJ/Xj+B4NLLuIwTYJLOHwoSgSHCs2bwkCtGQaSGEKq42RXTMVGEgumvYkpwFr+8TDpndceuO7fntcZVUUcZHaFjdIocdIEa6AY1URtR9Iie0St6s56sF+vd+phHS1Yxc4j+wPr8AZPZm+M=</latexit><latexit sha1_base64="LUP+k3zAM/iioxDuS/pwGUzzjjw=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhKEBANDJRbGUtGH1ESV4zqtVceJ7BtEFPUDWPgVFgYQYuUD2Pgb3DQDtBzJ0tE559rXx48F12Db31ZpZXVtfaO8Wdna3tndq+4fdHSUKMraNBKR6vlEM8ElawMHwXqxYiT0Bev6k+uZ371nSvNI3kEaMy8kI8kDTgkYaVCtucAeIL8noymR08xVIaaR1EAkYBe3WlOTsut2DrxMnILUUIHmoPrlDiOahEwCFUTrvmPH4GVEAaeCTStuollM6ISMWN9QSUKmvSxfYopPjDLEQaTMMRvk6u+JjIRap6FvkiGBsV70ZuJ/Xj+B4NLLuIwTYJLOHwoSgSHCs2bwkCtGQaSGEKq42RXTMVGEgumvYkpwFr+8TDpndceuO7fntcZVUUcZHaFjdIocdIEa6AY1URtR9Iie0St6s56sF+vd+phHS1Yxc4j+wPr8AZPZm+M=</latexit><latexit sha1_base64="LUP+k3zAM/iioxDuS/pwGUzzjjw=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhKEBANDJRbGUtGH1ESV4zqtVceJ7BtEFPUDWPgVFgYQYuUD2Pgb3DQDtBzJ0tE559rXx48F12Db31ZpZXVtfaO8Wdna3tndq+4fdHSUKMraNBKR6vlEM8ElawMHwXqxYiT0Bev6k+uZ371nSvNI3kEaMy8kI8kDTgkYaVCtucAeIL8noymR08xVIaaR1EAkYBe3WlOTsut2DrxMnILUUIHmoPrlDiOahEwCFUTrvmPH4GVEAaeCTStuollM6ISMWN9QSUKmvSxfYopPjDLEQaTMMRvk6u+JjIRap6FvkiGBsV70ZuJ/Xj+B4NLLuIwTYJLOHwoSgSHCs2bwkCtGQaSGEKq42RXTMVGEgumvYkpwFr+8TDpndceuO7fntcZVUUcZHaFjdIocdIEa6AY1URtR9Iie0St6s56sF+vd+phHS1Yxc4j+wPr8AZPZm+M=</latexit><latexit sha1_base64="LUP+k3zAM/iioxDuS/pwGUzzjjw=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhKEBANDJRbGUtGH1ESV4zqtVceJ7BtEFPUDWPgVFgYQYuUD2Pgb3DQDtBzJ0tE559rXx48F12Db31ZpZXVtfaO8Wdna3tndq+4fdHSUKMraNBKR6vlEM8ElawMHwXqxYiT0Bev6k+uZ371nSvNI3kEaMy8kI8kDTgkYaVCtucAeIL8noymR08xVIaaR1EAkYBe3WlOTsut2DrxMnILUUIHmoPrlDiOahEwCFUTrvmPH4GVEAaeCTStuollM6ISMWN9QSUKmvSxfYopPjDLEQaTMMRvk6u+JjIRap6FvkiGBsV70ZuJ/Xj+B4NLLuIwTYJLOHwoSgSHCs2bwkCtGQaSGEKq42RXTMVGEgumvYkpwFr+8TDpndceuO7fntcZVUUcZHaFjdIocdIEa6AY1URtR9Iie0St6s56sF+vd+phHS1Yxc4j+wPr8AZPZm+M=</latexit>

✏max
assumed
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Fig. 6.1.1: The optimal RR for a two trial task as a function of the true εtrue and
the assumed εassumed switching rates. Eq. (3.2.1) is maximized by tuning (θ1,θ2)
while fixing (εtrue,εassumed). A. For slow environments (small εtrue), the RR ob-
tains the same maximum regardless of the choice of εassumed < 0.5, while for
larger εtrue the optimal choice εmax

assumed = εtrue. B. The RR varies weakly with
εassume about the maximum RR (dots) for each εtrue.

subjects emerge naturally in a normative model that assumes environmental cor-

relations.

We now discuss the experimental predictions of our model, motivated by pre-

vious observations of repetition bias. It has been long known that trends appear

in the response sequences of subjects in a series of 2AFC trials [32], even when the

trials are uncorrelated [17, 35]. For instance, when the state is the same on two ad-

jacent trials, the probability of a correct response on the second trial increases [34],

and the response time decreases [45].

In our model, if the assumed change rate of the environment does not match

the true change rate, εassumed 6= εtrue, performance can decrease, compared to

εassumed = εtrue. However, this decrease is not particularly severe. We studied

the maximal RR from Eq. (3.2.1) for each (εtrue,εassumed) while tuning (θ1,θ2)

(Fig. 6.1.1). For εtrue small, the RR is constant across all εassumed because deciding
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PROBABILITY

immediately in trial 2 is always optimal in this case (Fig. 6.1.1A). For larger εtrue,

takingεassumed = εtrue is optimal as expected, but the RR depends only weakly on

εassumed (Fig. 6.1.1B). This suggests that subjects pay little penalty for implement-

ing a model with a mistuned εassumed. Thus experimentally observed response

trends may arise partly due to misestimation of the transition rate εtrue and the

assumption that trials are dependent, even if they are not [17, 97].

Motivated by our findings on RRmax
1:n in the previous sections, we focus on the

model of an observer who fixes their decision threshold across all trials,θ j = θ, for

all j. Since allowing for dynamic thresholds does not impact RRmax
1:n considerably,

we think the qualitative trends we observe here should generalize.

To provide a normative explanation of repetition bias, we compute the de-

gree to which the optimal observer’s choice on trial j − 1 biases their choice on

trial j. For comparison with experimental work, we present the probability that

d j = +1, conditioned both on the choice on the previous trial, and on coher-

ence* (See Fig. 6.3.1A) . In this case, P(d j = +1|g j/D, d j−1 = ±1) = πθ(±y j
0),

where the exit probability πθ(·) is defined by Eq. (2.3.4), and the initial decision

variable, y j
0, is given by Eq. (3.1.4) using the threshold θ and the assumed tran-

sition rate, εassumed. The unconditioned psychometric function is obtained by

marginalizing over the true environmental change rate, εtrue, P(d j = +1|g j/D) =

(1 − εtrue)P(d j = +1|g j/D, d j−1 = +1) + εtrueP(d j = +1|g j/D, d j−1 = −1),

which equals πθ(0) if εassumed = εtrue.

*We define coherence as the drift, g j ∈ ±1, in trial j divided by the noise diffusion coefficient
D [8, 38].
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DECISION TIMES

Fig. 6.3.1A shows that the probability of decision d j = +1 is increased (de-

creased) if the same (opposite) decision was made on the previous trial. When

εassumed 6= εtrue, the psychometric function is shallower and overall performance

worsens (inset), although only slightly. Note that we have set θ = θmax∞ , so the

decision threshold maximizes RR∞ in Eq. (4.2.3). The increased probability of a

repetition arises from the fact that the initial condition y j(0) is biased in the direc-

tion of the previous decision.

6.2 Repetition-Dependence of Correct Probabilities and

Decision Times

We derive formulas for correct probabilities c j and average decision times DT j

in trial j, conditioned on whether the current trial is a repetition (R: H j = H j−1)

or alternation (A: H j 6= H j−1) compared with the previous trial. To begin, we first

determine the correct probability, conditioned on repetitions (R), c j|R := c j|(H j =

H j−1 = H±)

c j|R = ∑
s=±1

π±θ(±s · y j
0) · P(d j−1 = ±s|H j = H j−1 = H±)

=
1− e−θ/De−y j

0/D

1− e−2θ/D
· 1

1 + e−θ/D
+

1− e−θ/De+y j
0/D

1− e−2θ/D
· e−θ/D

1 + e−θ/D

=
(1−ε)eθ/D

[
1 + e−θ/D

] [
(1−ε)eθ/D +ε

] + ε[
1 + e−θ/D

] [
εeθ/D + (1−ε)

]

=
(1−ε)εe2θ/D + (1−ε)eθ/D +ε2

[
1 + e−θ/D

] [
(1−ε)eθ/D +ε

] [
εeθ/D + (1−ε)

] .
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6.2. REPETITION-DEPENDENCE OF CORRECT PROBABILITIES AND
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In the case of alternations, c j|A := c j|(H j 6= H j−1) = c j|(H j 6= H j−1 = H±):

c j|A = ∑
s=±1

π∓θ(∓s · y j
0) · P(d j−1 = ∓s|H j 6= H j−1 = H±)

=
1− e−θ/De−y j

0/D

1− e−2θ/D
· e−θ/D

1 + e−θ/D
+

1− e−θ/De+y j
0/D

1− e−2θ/D
· 1

1 + e−θ/D

=
(1−ε)[

1 + e−θ/D
] [

(1−ε)eθ/D +ε
] + εeθ/D

[
1 + e−θ/D

] [
εeθ/D + (1−ε)

]

=
(1−ε)εe2θ/D +εeθ/D + (1−ε)2

[
1 + e−θ/D

] [
(1−ε)eθ/D +ε

] [
εeθ/D + (1−ε)

] .

Thus, we can show that the correct probability in the case of repetitions is higher

than that for alternations, c j|R > c j|A for any θ > 0 and ε ∈ [0, 0.5), since

c j|R− c j|A =
(1− 2ε)

[
eθ/D − 1

]

[
1 + e−θ/D

] [
(1−ε)eθ/D +ε

] [
εeθ/D + (1−ε)

] > 0.

Now, we also demonstrate that decision times are shorter for repetitions than

for alternations. First, note that when the current trial is a repetition, we can again

marginalize to compute DT j|R := DT j|(H j = H j−1 = H±)

DT j|R = T(+y j
0;θ)

1
1 + e−θ/D

+ T(−y j
0;θ)

e−θ/D

1 + e−θ/D
,

whereas in the case of alternations

DT j|A = T(+y j
0;θ)

e−θ/D

1 + e−θ/D
+ T(−y j

0;θ)
1

1 + e−θ/D
.

By subtracting DT j|A from DT j|R, we can show that DT j|R < DT j|A for all θ > 0
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and ε ∈ [0, 0.5). To begin, note that

DT j|R−DT j|A =
1− e−θ/D

1 + e−θ/D

[
T(+y j

0;θ)− T(−y j
0;θ)

]
.

Since it is clear the first term in the product above is positive for θ, D > 0, we can

show DT j|R − DT j|A < 0 and thus DT j|R < DT j|A if T(+y j
0;θ) < T(−y j

0;θ).

We verify this is so by first noting the function F(y) = (ey/D − e−y/D)/y is al-

ways nondecreasing since F′(y) =
[ y

D cosh y
D − sinh y

D
]
/y2 ≥ 0 since y/D ≥

tanh y/D. In fact F(y) is strictly increasing everywhere but when y = 0. This

means that as long as y0 < θ, F(y0) < F(θ), which implies

T(+y j
0;θ)− T(−y j

0;θ) = 2θ
ey0/D − e−y0/D

eθ/D − e−θ/D
− 2y0 < 0,

so T(+y j
0;θ) < T(−y j

0;θ) as we wished to show, so DT j|R < DT j|A.

Moving to three-state sequences, we note that we can use our formulas for c j|R

and c j|A as well as πθ(y) described by Eq. (2.3.4) to compute

cRR := c j|RR = π±θ(±y j
0) · c j|R + π±θ(∓y j

0) · (1− c j)|R,

cRA := c j|RA = π±θ(∓y j
0) · c j|R + π±θ(±y j

0) · (1− c j)|R,

cAR := c j|AR = π±θ(±y j
0) · c j|A + π±θ(∓y j

0) · (1− c j)|A,

cAA := c j|AA = π±θ(∓y j
0) · c j|A + π±θ(±y j

0) · (1− c j)|A.

Applying similar logic to the calculation of the decision times as they depend on
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the three-state sequences, we find that

DTRR := DT j|RR = T(+y j
0;θ) · c j|R + T(−y j

0;θ) · (1− c j)|R,

DTRA := DT j|RA = T(−y j
0;θ) · c j|R + T(+y j

0;θ) · (1− c j)|R,

DTAR := DT j|AR = T(+y j
0;θ) · c j|A + T(−y j

0;θ) · (1− c j)|A,

DTAA := DT j|AA = T(−y j
0;θ) · c j|A + T(+y j

0;θ) · (1− c j)|A.

6.3 Our Model Is Consistent With Experimental Trend

The adaptive DDM also exhibits repetition bias in decision times [40]. If the

state at the current trial is the same as that on the previous trial (repetition) the

decision time is shorter than average, while the decision time is increased if the

state is different (alternation, see section 6.2). This occurs for optimal (εassumed =

εtrue) and suboptimal (εassumed 6= εtrue) models as long as εassumed ∈ [0, 0.5).

Furthermore, the rate of correct responses increases for repetitions and decreases

for alternations (see section 6.2). However, the impact of the state on two or more

previous trials on the choice in the present trial becomes more complicated. As

in previous studies [17, 40, 45], we propose that such repetition biases in the case

of uncorrelated trials could be the result of the subject assuming εassumed 6= 0.5,

even when εtrue = 0.5.

Following [40], we denote that three adjacent trial states are composed of rep-

etitions (R), and alternations (A) [17, 40]. Repetition-repetition (RR)† corresponds

†Note that RR here refers to repetition-repetition, as opposed to earlier when we used RR in
Roman font to denote reward rate.
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to the three identical states in a sequence, H j = H j−1 = H j−2; RA corresponds to

H j 6= H j−1 = H j−2; AR to H j = H j−1 6= H j−2; and AA to H j 6= H j−1 6= H j−2.

The correct probabilities cXY associated with all four of these cases can be com-

puted explicitly, as shown in section 6.2. Here we assume that εassumed = εtrue for

simplicity, although it is likely that subjects often use εassumed 6= εtrue as shown in

[17, 40].
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AA<latexit sha1_base64="Da377sUp1NwiuCqt7N8SIhUvrEc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMcWLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpodEYlCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1v SkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfq3V9X6rU8jiKcwTlcggc3UIc7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AReTjQY=</latexit><latexit sha1_base64="Da377sUp1NwiuCqt7N8SIhUvrEc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMcWLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpodEYlCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1v SkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfq3V9X6rU8jiKcwTlcggc3UIc7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AReTjQY=</latexit><latexit sha1_base64="Da377sUp1NwiuCqt7N8SIhUvrEc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMcWLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpodEYlCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1v SkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfq3V9X6rU8jiKcwTlcggc3UIc7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AReTjQY=</latexit><latexit sha1_base64="Da377sUp1NwiuCqt7N8SIhUvrEc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMcWLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpodEYlCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1v SkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfq3V9X6rU8jiKcwTlcggc3UIc7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AReTjQY=</latexit>

AA<latexit sha1_base64="Da377sUp1NwiuCqt7N8SIhUvrEc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMcWLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpodEYlCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfq3V9X6rU8jiKcwTlcggc3UIc7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AReTjQY=</latexit><latexit sha1_base64="Da377sUp1NwiuCqt7N8SIhUvrEc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMcWLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpodEYlCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfq3V9X6rU8jiKcwTlcggc3UIc7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AReTjQY=</latexit><latexit sha1_base64="Da377sUp1NwiuCqt7N8SIhUvrEc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMcWLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpodEYlCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfq3V9X6rU8jiKcwTlcggc3UIc7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AReTjQY=</latexit><latexit sha1_base64="Da377sUp1NwiuCqt7N8SIhUvrEc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMcWLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpodEYlCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfq3V9X6rU8jiKcwTlcggc3UIc7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AReTjQY=</latexit>

RA
<latexit sha1_base64="3VNvUhxrgRGRBs4MLGwbDbxB/HQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2bwdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFojRc=</latexit><latexit sha1_base64="3VNvUhxrgRGRBs4MLGwbDbxB/HQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2bwdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFojRc=</latexit><latexit sha1_base64="3VNvUhxrgRGRBs4MLGwbDbxB/HQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2bwdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFojRc=</latexit><latexit sha1_base64="3VNvUhxrgRGRBs4MLGwbDbxB/HQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2bwdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFojRc=</latexit>

RA
<latexit sha1_base64="3VNvUhxrgRGRBs4MLGwbDbxB/HQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2bwdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1v SkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFojRc=</latexit><latexit sha1_base64="3VNvUhxrgRGRBs4MLGwbDbxB/HQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2bwdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1v SkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFojRc=</latexit><latexit sha1_base64="3VNvUhxrgRGRBs4MLGwbDbxB/HQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2bwdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1v SkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFojRc=</latexit><latexit sha1_base64="3VNvUhxrgRGRBs4MLGwbDbxB/HQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip2bwdlCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1v SkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFojRc=</latexit>

AR
<latexit sha1_base64="ayOZ4P8xlRj7jJmBP3hMp46XVUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FipedsclCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1v SkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFXjRc=</latexit><latexit sha1_base64="ayOZ4P8xlRj7jJmBP3hMp46XVUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FipedsclCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1v SkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFXjRc=</latexit><latexit sha1_base64="ayOZ4P8xlRj7jJmBP3hMp46XVUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FipedsclCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1v SkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFXjRc=</latexit><latexit sha1_base64="ayOZ4P8xlRj7jJmBP3hMp46XVUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FipedsclCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1v SkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFXjRc=</latexit>

AR
<latexit sha1_base64="ayOZ4P8xlRj7jJmBP3hMp46XVUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FipedsclCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFXjRc=</latexit><latexit sha1_base64="ayOZ4P8xlRj7jJmBP3hMp46XVUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FipedsclCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFXjRc=</latexit><latexit sha1_base64="ayOZ4P8xlRj7jJmBP3hMp46XVUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FipedsclCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFXjRc=</latexit><latexit sha1_base64="ayOZ4P8xlRj7jJmBP3hMp46XVUc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF4+12A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FipedsclCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCmp9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6aV9VPbfqPVxX6rU8jiKcwTlcggc3UId7aEALGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATFXjRc=</latexit>

T
X

Y
<latexit sha1_base64="SUl2dfi2Xj0omz07/J7s7CLo2Ck=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEYIS9JljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpmTDThIaCjyULGYEWye1Gv2s8zDtlyt+1Z8DrZIgJxXIUe+Xv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV1UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcmEHiEZ3iFN095L96797FoLXj5zDH8gff5A4Dzjw4=</latexit><latexit sha1_base64="SUl2dfi2Xj0omz07/J7s7CLo2Ck=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEYIS9JljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpmTDThIaCjyULGYEWye1Gv2s8zDtlyt+1Z8DrZIgJxXIUe+Xv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV1UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcmEHiEZ3iFN095L96797FoLXj5zDH8gff5A4Dzjw4=</latexit><latexit sha1_base64="SUl2dfi2Xj0omz07/J7s7CLo2Ck=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEYIS9JljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpmTDThIaCjyULGYEWye1Gv2s8zDtlyt+1Z8DrZIgJxXIUe+Xv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV1UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcmEHiEZ3iFN095L96797FoLXj5zDH8gff5A4Dzjw4=</latexit><latexit sha1_base64="SUl2dfi2Xj0omz07/J7s7CLo2Ck=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePEYIS9JljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpmTDThIaCjyULGYEWye1Gv2s8zDtlyt+1Z8DrZIgJxXIUe+Xv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqaV1UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcmEHiEZ3iFN095L96797FoLXj5zDH8gff5A4Dzjw4=</latexit>

c X
Y

<latexit sha1_base64="Z97W6XD5Ua51P6a00kOZCOLHaY8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CQBLx4jmIckS5idTJIxszPLTK8QlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEhh0fe/vZXVtfWNzcJWcXtnd2+/dHDYsDo1jNeZltq0Imq5FIrXUaDkrcRwGkeSN6PRzdRvPnFjhVb3OE54GNOBEn3BKDqpwbpZ62HSLZX9ij8DWSZBTsqQo9YtfXV6mqUxV8gktbYd+AmGGTUomOSTYie1PKFsRAe87aiiMbdhNrt2Qk6d0iN9bVwpJDP190RGY2vHceQ6Y4pDu+hNxf+8dor9qzATKkmRKzZf1E8lQU2mr5OeMJyhHDtCmRHuVsKG1FCGLqCiCyFYfHmZNM4rgV8J7i7K1es8jgIcwwmcQQCXUIVbqEEdGDzCM7zCm6e9F+/d+5i3rnj5zBH8gff5A5f6jx0=</latexit><latexit sha1_base64="Z97W6XD5Ua51P6a00kOZCOLHaY8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CQBLx4jmIckS5idTJIxszPLTK8QlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEhh0fe/vZXVtfWNzcJWcXtnd2+/dHDYsDo1jNeZltq0Imq5FIrXUaDkrcRwGkeSN6PRzdRvPnFjhVb3OE54GNOBEn3BKDqpwbpZ62HSLZX9ij8DWSZBTsqQo9YtfXV6mqUxV8gktbYd+AmGGTUomOSTYie1PKFsRAe87aiiMbdhNrt2Qk6d0iN9bVwpJDP190RGY2vHceQ6Y4pDu+hNxf+8dor9qzATKkmRKzZf1E8lQU2mr5OeMJyhHDtCmRHuVsKG1FCGLqCiCyFYfHmZNM4rgV8J7i7K1es8jgIcwwmcQQCXUIVbqEEdGDzCM7zCm6e9F+/d+5i3rnj5zBH8gff5A5f6jx0=</latexit><latexit sha1_base64="Z97W6XD5Ua51P6a00kOZCOLHaY8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CQBLx4jmIckS5idTJIxszPLTK8QlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEhh0fe/vZXVtfWNzcJWcXtnd2+/dHDYsDo1jNeZltq0Imq5FIrXUaDkrcRwGkeSN6PRzdRvPnFjhVb3OE54GNOBEn3BKDqpwbpZ62HSLZX9ij8DWSZBTsqQo9YtfXV6mqUxV8gktbYd+AmGGTUomOSTYie1PKFsRAe87aiiMbdhNrt2Qk6d0iN9bVwpJDP190RGY2vHceQ6Y4pDu+hNxf+8dor9qzATKkmRKzZf1E8lQU2mr5OeMJyhHDtCmRHuVsKG1FCGLqCiCyFYfHmZNM4rgV8J7i7K1es8jgIcwwmcQQCXUIVbqEEdGDzCM7zCm6e9F+/d+5i3rnj5zBH8gff5A5f6jx0=</latexit><latexit sha1_base64="Z97W6XD5Ua51P6a00kOZCOLHaY8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CQBLx4jmIckS5idTJIxszPLTK8QlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEhh0fe/vZXVtfWNzcJWcXtnd2+/dHDYsDo1jNeZltq0Imq5FIrXUaDkrcRwGkeSN6PRzdRvPnFjhVb3OE54GNOBEn3BKDqpwbpZ62HSLZX9ij8DWSZBTsqQo9YtfXV6mqUxV8gktbYd+AmGGTUomOSTYie1PKFsRAe87aiiMbdhNrt2Qk6d0iN9bVwpJDP190RGY2vHceQ6Y4pDu+hNxf+8dor9qzATKkmRKzZf1E8lQU2mr5OeMJyhHDtCmRHuVsKG1FCGLqCiCyFYfHmZNM4rgV8J7i7K1es8jgIcwwmcQQCXUIVbqEEdGDzCM7zCm6e9F+/d+5i3rnj5zBH8gff5A5f6jx0=</latexit>
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dj�1 = +1
<latexit sha1_base64="LxTYGN6kTPLfYvPyYaDJ+P4Rau8=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRZBEMtGBHsRCl48VrAf2C4lm822sdnskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeX4iuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUvHqaKsSWMRq45PNBNcsqbhRrBOohiJfMHa/uhm6refmNI8lvdmnDAvIgPJQ06JsdJD0M8ez/Hk+gz3yxW36s6AlgnOSQVyNPrlr14Q0zRi0lBBtO5iNzFeRpThVLBJqZdqlhA6IgPWtVSSiGkvm108QSdWCVAYK1vSoJn6eyIjkdbjyLedETFDvehNxf+8bmrCmpdxmaSGSTpfFKYCmRhN30cBV4waMbaEUMXtrYgOiSLU2JBKNgS8+PIyaV1UsVvFd5eVei2PowhHcAyngOEK6nALDWgCBQnP8ApvjnZenHfnY95acPKZQ/gD5/MHQIOP8A==</latexit><latexit sha1_base64="LxTYGN6kTPLfYvPyYaDJ+P4Rau8=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRZBEMtGBHsRCl48VrAf2C4lm822sdnskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeX4iuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUvHqaKsSWMRq45PNBNcsqbhRrBOohiJfMHa/uhm6refmNI8lvdmnDAvIgPJQ06JsdJD0M8ez/Hk+gz3yxW36s6AlgnOSQVyNPrlr14Q0zRi0lBBtO5iNzFeRpThVLBJqZdqlhA6IgPWtVSSiGkvm108QSdWCVAYK1vSoJn6eyIjkdbjyLedETFDvehNxf+8bmrCmpdxmaSGSTpfFKYCmRhN30cBV4waMbaEUMXtrYgOiSLU2JBKNgS8+PIyaV1UsVvFd5eVei2PowhHcAyngOEK6nALDWgCBQnP8ApvjnZenHfnY95acPKZQ/gD5/MHQIOP8A==</latexit><latexit sha1_base64="LxTYGN6kTPLfYvPyYaDJ+P4Rau8=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRZBEMtGBHsRCl48VrAf2C4lm822sdnskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeX4iuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUvHqaKsSWMRq45PNBNcsqbhRrBOohiJfMHa/uhm6refmNI8lvdmnDAvIgPJQ06JsdJD0M8ez/Hk+gz3yxW36s6AlgnOSQVyNPrlr14Q0zRi0lBBtO5iNzFeRpThVLBJqZdqlhA6IgPWtVSSiGkvm108QSdWCVAYK1vSoJn6eyIjkdbjyLedETFDvehNxf+8bmrCmpdxmaSGSTpfFKYCmRhN30cBV4waMbaEUMXtrYgOiSLU2JBKNgS8+PIyaV1UsVvFd5eVei2PowhHcAyngOEK6nALDWgCBQnP8ApvjnZenHfnY95acPKZQ/gD5/MHQIOP8A==</latexit><latexit sha1_base64="LxTYGN6kTPLfYvPyYaDJ+P4Rau8=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRZBEMtGBHsRCl48VrAf2C4lm822sdnskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeX4iuDau++0UVlbX1jeKm6Wt7Z3dvfL+QUvHqaKsSWMRq45PNBNcsqbhRrBOohiJfMHa/uhm6refmNI8lvdmnDAvIgPJQ06JsdJD0M8ez/Hk+gz3yxW36s6AlgnOSQVyNPrlr14Q0zRi0lBBtO5iNzFeRpThVLBJqZdqlhA6IgPWtVSSiGkvm108QSdWCVAYK1vSoJn6eyIjkdbjyLedETFDvehNxf+8bmrCmpdxmaSGSTpfFKYCmRhN30cBV4waMbaEUMXtrYgOiSLU2JBKNgS8+PIyaV1UsVvFd5eVei2PowhHcAyngOEK6nALDWgCBQnP8ApvjnZenHfnY95acPKZQ/gD5/MHQIOP8A==</latexit>

dj�1 = �1
<latexit sha1_base64="j0uR4dzHoCKOYB2i+qFuw8jGXz8=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBS8tGBHsRCl48VrAf2C4lm822sdnskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeX4iuDau++0U1tY3NreK26Wd3b39g/LhUVvHqaKsRWMRq65PNBNcspbhRrBuohiJfME6/vhm5neemNI8lvdmkjAvIkPJQ06JsdJDMMgeq3h6XcWDcsWtuXOgVYJzUoEczUH5qx/ENI2YNFQQrXvYTYyXEWU4FWxa6qeaJYSOyZD1LJUkYtrL5hdP0ZlVAhTGypY0aK7+nshIpPUk8m1nRMxIL3sz8T+vl5qw7mVcJqlhki4WhalAJkaz91HAFaNGTCwhVHF7K6Ijogg1NqSSDQEvv7xK2hc17Nbw3WWlUc/jKMIJnMI5YLiCBtxCE1pAQcIzvMKbo50X5935WLQWnHzmGP7A+fwBQ42P8g==</latexit><latexit sha1_base64="j0uR4dzHoCKOYB2i+qFuw8jGXz8=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBS8tGBHsRCl48VrAf2C4lm822sdnskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeX4iuDau++0U1tY3NreK26Wd3b39g/LhUVvHqaKsRWMRq65PNBNcspbhRrBuohiJfME6/vhm5neemNI8lvdmkjAvIkPJQ06JsdJDMMgeq3h6XcWDcsWtuXOgVYJzUoEczUH5qx/ENI2YNFQQrXvYTYyXEWU4FWxa6qeaJYSOyZD1LJUkYtrL5hdP0ZlVAhTGypY0aK7+nshIpPUk8m1nRMxIL3sz8T+vl5qw7mVcJqlhki4WhalAJkaz91HAFaNGTCwhVHF7K6Ijogg1NqSSDQEvv7xK2hc17Nbw3WWlUc/jKMIJnMI5YLiCBtxCE1pAQcIzvMKbo50X5935WLQWnHzmGP7A+fwBQ42P8g==</latexit><latexit sha1_base64="j0uR4dzHoCKOYB2i+qFuw8jGXz8=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBS8tGBHsRCl48VrAf2C4lm822sdnskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeX4iuDau++0U1tY3NreK26Wd3b39g/LhUVvHqaKsRWMRq65PNBNcspbhRrBuohiJfME6/vhm5neemNI8lvdmkjAvIkPJQ06JsdJDMMgeq3h6XcWDcsWtuXOgVYJzUoEczUH5qx/ENI2YNFQQrXvYTYyXEWU4FWxa6qeaJYSOyZD1LJUkYtrL5hdP0ZlVAhTGypY0aK7+nshIpPUk8m1nRMxIL3sz8T+vl5qw7mVcJqlhki4WhalAJkaz91HAFaNGTCwhVHF7K6Ijogg1NqSSDQEvv7xK2hc17Nbw3WWlUc/jKMIJnMI5YLiCBtxCE1pAQcIzvMKbo50X5935WLQWnHzmGP7A+fwBQ42P8g==</latexit><latexit sha1_base64="j0uR4dzHoCKOYB2i+qFuw8jGXz8=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBS8tGBHsRCl48VrAf2C4lm822sdnskmSFsvRfePGgiFf/jTf/jWm7B219MPB4b4aZeX4iuDau++0U1tY3NreK26Wd3b39g/LhUVvHqaKsRWMRq65PNBNcspbhRrBuohiJfME6/vhm5neemNI8lvdmkjAvIkPJQ06JsdJDMMgeq3h6XcWDcsWtuXOgVYJzUoEczUH5qx/ENI2YNFQQrXvYTYyXEWU4FWxa6qeaJYSOyZD1LJUkYtrL5hdP0ZlVAhTGypY0aK7+nshIpPUk8m1nRMxIL3sz8T+vl5qw7mVcJqlhki4WhalAJkaz91HAFaNGTCwhVHF7K6Ijogg1NqSSDQEvv7xK2hc17Nbw3WWlUc/jKMIJnMI5YLiCBtxCE1pAQcIzvMKbo50X5935WLQWnHzmGP7A+fwBQ42P8g==</latexit>

uncond.
<latexit sha1_base64="xWoPOz/xliWl2ZRrKxd8xEwggAo=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0hEsMeCF48V7Ae0sWw2m3bpZjfsTtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8MBXcgOd9O6W19Y3NrfJ2ZWd3b/+genjUNirTlLWoEkp3Q2KY4JK1gINg3VQzkoSCdcLx9czvPDBtuJJ3MElZkJCh5DGnBKx03wf2BHkmqZKROx1Ua57rzYFXiV+QGirQHFS/+pGiWcIkUEGM6fleCkFONHAq2LTSzwxLCR2TIetZKknCTJDPr57iM6tEOFbalgQ8V39P5CQxZpKEtjMhMDLL3kz8z+tlENeDnMs0AybpYlGcCQwKzyLAEdeMgphYQqjm9lZMR0QTCjaoig3BX355lbQvXN9z/dvLWqNexFFGJ+gUnSMfXaEGukFN1EIUafSMXtGb8+i8OO/Ox6K15BQzx+gPnM8fASWSyg==</latexit><latexit sha1_base64="xWoPOz/xliWl2ZRrKxd8xEwggAo=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0hEsMeCF48V7Ae0sWw2m3bpZjfsTtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8MBXcgOd9O6W19Y3NrfJ2ZWd3b/+genjUNirTlLWoEkp3Q2KY4JK1gINg3VQzkoSCdcLx9czvPDBtuJJ3MElZkJCh5DGnBKx03wf2BHkmqZKROx1Ua57rzYFXiV+QGirQHFS/+pGiWcIkUEGM6fleCkFONHAq2LTSzwxLCR2TIetZKknCTJDPr57iM6tEOFbalgQ8V39P5CQxZpKEtjMhMDLL3kz8z+tlENeDnMs0AybpYlGcCQwKzyLAEdeMgphYQqjm9lZMR0QTCjaoig3BX355lbQvXN9z/dvLWqNexFFGJ+gUnSMfXaEGukFN1EIUafSMXtGb8+i8OO/Ox6K15BQzx+gPnM8fASWSyg==</latexit><latexit sha1_base64="xWoPOz/xliWl2ZRrKxd8xEwggAo=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0hEsMeCF48V7Ae0sWw2m3bpZjfsTtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8MBXcgOd9O6W19Y3NrfJ2ZWd3b/+genjUNirTlLWoEkp3Q2KY4JK1gINg3VQzkoSCdcLx9czvPDBtuJJ3MElZkJCh5DGnBKx03wf2BHkmqZKROx1Ua57rzYFXiV+QGirQHFS/+pGiWcIkUEGM6fleCkFONHAq2LTSzwxLCR2TIetZKknCTJDPr57iM6tEOFbalgQ8V39P5CQxZpKEtjMhMDLL3kz8z+tlENeDnMs0AybpYlGcCQwKzyLAEdeMgphYQqjm9lZMR0QTCjaoig3BX355lbQvXN9z/dvLWqNexFFGJ+gUnSMfXaEGukFN1EIUafSMXtGb8+i8OO/Ox6K15BQzx+gPnM8fASWSyg==</latexit><latexit sha1_base64="xWoPOz/xliWl2ZRrKxd8xEwggAo=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0hEsMeCF48V7Ae0sWw2m3bpZjfsTtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8MBXcgOd9O6W19Y3NrfJ2ZWd3b/+genjUNirTlLWoEkp3Q2KY4JK1gINg3VQzkoSCdcLx9czvPDBtuJJ3MElZkJCh5DGnBKx03wf2BHkmqZKROx1Ua57rzYFXiV+QGirQHFS/+pGiWcIkUEGM6fleCkFONHAq2LTSzwxLCR2TIetZKknCTJDPr57iM6tEOFbalgQ8V39P5CQxZpKEtjMhMDLL3kz8z+tlENeDnMs0AybpYlGcCQwKzyLAEdeMgphYQqjm9lZMR0QTCjaoig3BX355lbQvXN9z/dvLWqNexFFGJ+gUnSMfXaEGukFN1EIUafSMXtGb8+i8OO/Ox6K15BQzx+gPnM8fASWSyg==</latexit>

✏assumed
<latexit sha1_base64="+1xKMQhGTf0/ychQtcm91krLY+s=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZEXThouDGZQX7gM5QMpnbNjTJDElGKGMX/oobF4q49Tfc+Tem7Sy09UDgcM49yc2JUs608bxvp7Syura+Ud6sbG3v7O65+wctnWSKQpMmPFGdiGjgTELTMMOhkyogIuLQjkY3U7/9AEqzRN6bcQqhIAPJ+owSY6WeexRAqhm3NA+UwETrTEA86blVr+bNgJeJX5AqKtDouV9BnFCblYZye0vX91IT5kQZRjlMKkGmISV0RAbQtVQ SATrMZ/tP8KlVYtxPlD3S4Jn6O5ETofVYRHZSEDPUi95U/M/rZqZ/FeZMppkBSecP9TOOTYKnZeCYKaCGjy0hVDG7K6ZDogg1trKKLcFf/PIyaZ3XfK/m311U69dFHWV0jE7QGfLRJaqjW9RATUTRI3pGr+jNeXJenHfnYz5acorMIfoD5/MHqSGWew==</latexit><latexit sha1_base64="+1xKMQhGTf0/ychQtcm91krLY+s=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZEXThouDGZQX7gM5QMpnbNjTJDElGKGMX/oobF4q49Tfc+Tem7Sy09UDgcM49yc2JUs608bxvp7Syura+Ud6sbG3v7O65+wctnWSKQpMmPFGdiGjgTELTMMOhkyogIuLQjkY3U7/9AEqzRN6bcQqhIAPJ+owSY6WeexRAqhm3NA+UwETrTEA86blVr+bNgJeJX5AqKtDouV9BnFCblYZye0vX91IT5kQZRjlMKkGmISV0RAbQtVQ SATrMZ/tP8KlVYtxPlD3S4Jn6O5ETofVYRHZSEDPUi95U/M/rZqZ/FeZMppkBSecP9TOOTYKnZeCYKaCGjy0hVDG7K6ZDogg1trKKLcFf/PIyaZ3XfK/m311U69dFHWV0jE7QGfLRJaqjW9RATUTRI3pGr+jNeXJenHfnYz5acorMIfoD5/MHqSGWew==</latexit><latexit sha1_base64="+1xKMQhGTf0/ychQtcm91krLY+s=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZEXThouDGZQX7gM5QMpnbNjTJDElGKGMX/oobF4q49Tfc+Tem7Sy09UDgcM49yc2JUs608bxvp7Syura+Ud6sbG3v7O65+wctnWSKQpMmPFGdiGjgTELTMMOhkyogIuLQjkY3U7/9AEqzRN6bcQqhIAPJ+owSY6WeexRAqhm3NA+UwETrTEA86blVr+bNgJeJX5AqKtDouV9BnFCblYZye0vX91IT5kQZRjlMKkGmISV0RAbQtVQ SATrMZ/tP8KlVYtxPlD3S4Jn6O5ETofVYRHZSEDPUi95U/M/rZqZ/FeZMppkBSecP9TOOTYKnZeCYKaCGjy0hVDG7K6ZDogg1trKKLcFf/PIyaZ3XfK/m311U69dFHWV0jE7QGfLRJaqjW9RATUTRI3pGr+jNeXJenHfnYz5acorMIfoD5/MHqSGWew==</latexit><latexit sha1_base64="+1xKMQhGTf0/ychQtcm91krLY+s=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZEXThouDGZQX7gM5QMpnbNjTJDElGKGMX/oobF4q49Tfc+Tem7Sy09UDgcM49yc2JUs608bxvp7Syura+Ud6sbG3v7O65+wctnWSKQpMmPFGdiGjgTELTMMOhkyogIuLQjkY3U7/9AEqzRN6bcQqhIAPJ+owSY6WeexRAqhm3NA+UwETrTEA86blVr+bNgJeJX5AqKtDouV9BnFCblYZye0vX91IT5kQZRjlMKkGmISV0RAbQtVQ SATrMZ/tP8KlVYtxPlD3S4Jn6O5ETofVYRHZSEDPUi95U/M/rZqZ/FeZMppkBSecP9TOOTYKnZeCYKaCGjy0hVDG7K6ZDogg1trKKLcFf/PIyaZ3XfK/m311U69dFHWV0jE7QGfLRJaqjW9RATUTRI3pGr+jNeXJenHfnYz5acorMIfoD5/MHqSGWew==</latexit>

✏assumed
<latexit sha1_base64="+1xKMQhGTf0/ychQtcm91krLY+s=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZEXThouDGZQX7gM5QMpnbNjTJDElGKGMX/oobF4q49Tfc+Tem7Sy09UDgcM49yc2JUs608bxvp7Syura+Ud6sbG3v7O65+wctnWSKQpMmPFGdiGjgTELTMMOhkyogIuLQjkY3U7/9AEqzRN6bcQqhIAPJ+owSY6WeexRAqhm3NA+UwETrTEA86blVr+bNgJeJX5AqKtDouV9BnFCblYZye0vX91IT5kQZRjlMKkGmISV0RAbQtVQSATrMZ/tP8KlVYtxPlD3S4Jn6O5ETofVYRHZSEDPUi95U/M/rZqZ/FeZMppkBSecP9TOOTYKnZeCYKaCGjy0hVDG7K6ZDogg1trKKLcFf/PIyaZ3XfK/m311U69dFHWV0jE7QGfLRJaqjW9RATUTRI3pGr+jNeXJenHfnYz5acorMIfoD5/MHqSGWew==</latexit><latexit sha1_base64="+1xKMQhGTf0/ychQtcm91krLY+s=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZEXThouDGZQX7gM5QMpnbNjTJDElGKGMX/oobF4q49Tfc+Tem7Sy09UDgcM49yc2JUs608bxvp7Syura+Ud6sbG3v7O65+wctnWSKQpMmPFGdiGjgTELTMMOhkyogIuLQjkY3U7/9AEqzRN6bcQqhIAPJ+owSY6WeexRAqhm3NA+UwETrTEA86blVr+bNgJeJX5AqKtDouV9BnFCblYZye0vX91IT5kQZRjlMKkGmISV0RAbQtVQSATrMZ/tP8KlVYtxPlD3S4Jn6O5ETofVYRHZSEDPUi95U/M/rZqZ/FeZMppkBSecP9TOOTYKnZeCYKaCGjy0hVDG7K6ZDogg1trKKLcFf/PIyaZ3XfK/m311U69dFHWV0jE7QGfLRJaqjW9RATUTRI3pGr+jNeXJenHfnYz5acorMIfoD5/MHqSGWew==</latexit><latexit sha1_base64="+1xKMQhGTf0/ychQtcm91krLY+s=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZEXThouDGZQX7gM5QMpnbNjTJDElGKGMX/oobF4q49Tfc+Tem7Sy09UDgcM49yc2JUs608bxvp7Syura+Ud6sbG3v7O65+wctnWSKQpMmPFGdiGjgTELTMMOhkyogIuLQjkY3U7/9AEqzRN6bcQqhIAPJ+owSY6WeexRAqhm3NA+UwETrTEA86blVr+bNgJeJX5AqKtDouV9BnFCblYZye0vX91IT5kQZRjlMKkGmISV0RAbQtVQSATrMZ/tP8KlVYtxPlD3S4Jn6O5ETofVYRHZSEDPUi95U/M/rZqZ/FeZMppkBSecP9TOOTYKnZeCYKaCGjy0hVDG7K6ZDogg1trKKLcFf/PIyaZ3XfK/m311U69dFHWV0jE7QGfLRJaqjW9RATUTRI3pGr+jNeXJenHfnYz5acorMIfoD5/MHqSGWew==</latexit><latexit sha1_base64="+1xKMQhGTf0/ychQtcm91krLY+s=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZEXThouDGZQX7gM5QMpnbNjTJDElGKGMX/oobF4q49Tfc+Tem7Sy09UDgcM49yc2JUs608bxvp7Syura+Ud6sbG3v7O65+wctnWSKQpMmPFGdiGjgTELTMMOhkyogIuLQjkY3U7/9AEqzRN6bcQqhIAPJ+owSY6WeexRAqhm3NA+UwETrTEA86blVr+bNgJeJX5AqKtDouV9BnFCblYZye0vX91IT5kQZRjlMKkGmISV0RAbQtVQSATrMZ/tP8KlVYtxPlD3S4Jn6O5ETofVYRHZSEDPUi95U/M/rZqZ/FeZMppkBSecP9TOOTYKnZeCYKaCGjy0hVDG7K6ZDogg1trKKLcFf/PIyaZ3XfK/m311U69dFHWV0jE7QGfLRJaqjW9RATUTRI3pGr+jNeXJenHfnYz5acorMIfoD5/MHqSGWew==</latexit>

✏assu
med

= 0.1

<latexit sha1_base64="beq3JlRwlpbW5oooZ8OwOx+cJis=">AAACA3icbVDNSgMxGPy2/tX6t+pNL8EieCq7IuhBoeDFYwVbC92lZLNpG5pklyQrlKXgxVfx4kERr76EN9/GtN2Dtg4EhplvknwTpZxp43nfTmlpeWV1rbxe2djc2t5xd/daOskUoU2S8ES1I6wpZ5I2DTOctlNFsYg4vY+G1xP//oEqzRJ5Z0YpDQXuS9ZjBBsrdd2DgKaacUvzQAmEtc4EjcdXXs3vulWv5k2BFolfkCoUaHTdryBOiM1LQ7i9qeN7qQlzrAwjnI4rQaZpiskQ92nHUokF1WE+3WGMjq0So16i7JEGTdXfiRwLrUcispMCm4Ge9ybif14nM72LMGcyzQyVZPZQL+PIJGhSCIqZosTwkSWYKGb/isgAK0yMra1iS/DnV14krdOabxu7PavWL4s6ynAIR3ACPpxDHW6gAU0g8AjP8ApvzpPz4rw7H7PRklNk9uEPnM8fmFyXbw==</latexit><latexit sha1_base64="beq3JlRwlpbW5oooZ8OwOx+cJis=">AAACA3icbVDNSgMxGPy2/tX6t+pNL8EieCq7IuhBoeDFYwVbC92lZLNpG5pklyQrlKXgxVfx4kERr76EN9/GtN2Dtg4EhplvknwTpZxp43nfTmlpeWV1rbxe2djc2t5xd/daOskUoU2S8ES1I6wpZ5I2DTOctlNFsYg4vY+G1xP//oEqzRJ5Z0YpDQXuS9ZjBBsrdd2DgKaacUvzQAmEtc4EjcdXXs3vulWv5k2BFolfkCoUaHTdryBOiM1LQ7i9qeN7qQlzrAwjnI4rQaZpiskQ92nHUokF1WE+3WGMjq0So16i7JEGTdXfiRwLrUcispMCm4Ge9ybif14nM72LMGcyzQyVZPZQL+PIJGhSCIqZosTwkSWYKGb/isgAK0yMra1iS/DnV14krdOabxu7PavWL4s6ynAIR3ACPpxDHW6gAU0g8AjP8ApvzpPz4rw7H7PRklNk9uEPnM8fmFyXbw==</latexit><latexit sha1_base64="beq3JlRwlpbW5oooZ8OwOx+cJis=">AAACA3icbVDNSgMxGPy2/tX6t+pNL8EieCq7IuhBoeDFYwVbC92lZLNpG5pklyQrlKXgxVfx4kERr76EN9/GtN2Dtg4EhplvknwTpZxp43nfTmlpeWV1rbxe2djc2t5xd/daOskUoU2S8ES1I6wpZ5I2DTOctlNFsYg4vY+G1xP//oEqzRJ5Z0YpDQXuS9ZjBBsrdd2DgKaacUvzQAmEtc4EjcdXXs3vulWv5k2BFolfkCoUaHTdryBOiM1LQ7i9qeN7qQlzrAwjnI4rQaZpiskQ92nHUokF1WE+3WGMjq0So16i7JEGTdXfiRwLrUcispMCm4Ge9ybif14nM72LMGcyzQyVZPZQL+PIJGhSCIqZosTwkSWYKGb/isgAK0yMra1iS/DnV14krdOabxu7PavWL4s6ynAIR3ACPpxDHW6gAU0g8AjP8ApvzpPz4rw7H7PRklNk9uEPnM8fmFyXbw==</latexit><latexit sha1_base64="beq3JlRwlpbW5oooZ8OwOx+cJis=">AAACA3icbVDNSgMxGPy2/tX6t+pNL8EieCq7IuhBoeDFYwVbC92lZLNpG5pklyQrlKXgxVfx4kERr76EN9/GtN2Dtg4EhplvknwTpZxp43nfTmlpeWV1rbxe2djc2t5xd/daOskUoU2S8ES1I6wpZ5I2DTOctlNFsYg4vY+G1xP//oEqzRJ5Z0YpDQXuS9ZjBBsrdd2DgKaacUvzQAmEtc4EjcdXXs3vulWv5k2BFolfkCoUaHTdryBOiM1LQ7i9qeN7qQlzrAwjnI4rQaZpiskQ92nHUokF1WE+3WGMjq0So16i7JEGTdXfiRwLrUcispMCm4Ge9ybif14nM72LMGcyzQyVZPZQL+PIJGhSCIqZosTwkSWYKGb/isgAK0yMra1iS/DnV14krdOabxu7PavWL4s6ynAIR3ACPpxDHW6gAU0g8AjP8ApvzpPz4rw7H7PRklNk9uEPnM8fmFyXbw==</latexit>

✏assumed = 0.25
<latexit sha1_base64="lkbR56Y4voOmKyJx+oGHLOQF5uc=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4CklRdKFQcOOygn1AE8pkMm2HziRhZiKU0IUbf8WNC0Xc+hHu/BunbRbaemDgcM59zD1hypnSrvttrayurW9slrbK2zu7e/v2wWFLJZkktEkSnshOiBXlLKZNzTSnnVRSLEJO2+HoZuq3H6hULInv9TilgcCDmPUZwdpIPbvi01QxbmjuS4GwUpmg0eTadWrnPbvqOu4MaJl4BalCgUbP/vKjhJgBsSbcjOp6bqqDHEvNCKeTsp8pmmIywgPaNTTGgqognx0xQSdGiVA/kebFGs3U3x05FkqNRWgqBdZDtehNxf+8bqb7l0HO4jTTNCbzRf2MI52gaSIoYpISzceGYCKZ+SsiQywx0Sa3sgnBWzx5mbRqjuc63t1ZtX5VxFGCChzDKXhwAXW4hQY0gcAjPMMrvFlP1ov1bn3MS1esoucI/sD6/AEZP5ev</latexit><latexit sha1_base64="lkbR56Y4voOmKyJx+oGHLOQF5uc=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4CklRdKFQcOOygn1AE8pkMm2HziRhZiKU0IUbf8WNC0Xc+hHu/BunbRbaemDgcM59zD1hypnSrvttrayurW9slrbK2zu7e/v2wWFLJZkktEkSnshOiBXlLKZNzTSnnVRSLEJO2+HoZuq3H6hULInv9TilgcCDmPUZwdpIPbvi01QxbmjuS4GwUpmg0eTadWrnPbvqOu4MaJl4BalCgUbP/vKjhJgBsSbcjOp6bqqDHEvNCKeTsp8pmmIywgPaNTTGgqognx0xQSdGiVA/kebFGs3U3x05FkqNRWgqBdZDtehNxf+8bqb7l0HO4jTTNCbzRf2MI52gaSIoYpISzceGYCKZ+SsiQywx0Sa3sgnBWzx5mbRqjuc63t1ZtX5VxFGCChzDKXhwAXW4hQY0gcAjPMMrvFlP1ov1bn3MS1esoucI/sD6/AEZP5ev</latexit><latexit sha1_base64="lkbR56Y4voOmKyJx+oGHLOQF5uc=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4CklRdKFQcOOygn1AE8pkMm2HziRhZiKU0IUbf8WNC0Xc+hHu/BunbRbaemDgcM59zD1hypnSrvttrayurW9slrbK2zu7e/v2wWFLJZkktEkSnshOiBXlLKZNzTSnnVRSLEJO2+HoZuq3H6hULInv9TilgcCDmPUZwdpIPbvi01QxbmjuS4GwUpmg0eTadWrnPbvqOu4MaJl4BalCgUbP/vKjhJgBsSbcjOp6bqqDHEvNCKeTsp8pmmIywgPaNTTGgqognx0xQSdGiVA/kebFGs3U3x05FkqNRWgqBdZDtehNxf+8bqb7l0HO4jTTNCbzRf2MI52gaSIoYpISzceGYCKZ+SsiQywx0Sa3sgnBWzx5mbRqjuc63t1ZtX5VxFGCChzDKXhwAXW4hQY0gcAjPMMrvFlP1ov1bn3MS1esoucI/sD6/AEZP5ev</latexit><latexit sha1_base64="lkbR56Y4voOmKyJx+oGHLOQF5uc=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4CklRdKFQcOOygn1AE8pkMm2HziRhZiKU0IUbf8WNC0Xc+hHu/BunbRbaemDgcM59zD1hypnSrvttrayurW9slrbK2zu7e/v2wWFLJZkktEkSnshOiBXlLKZNzTSnnVRSLEJO2+HoZuq3H6hULInv9TilgcCDmPUZwdpIPbvi01QxbmjuS4GwUpmg0eTadWrnPbvqOu4MaJl4BalCgUbP/vKjhJgBsSbcjOp6bqqDHEvNCKeTsp8pmmIywgPaNTTGgqognx0xQSdGiVA/kebFGs3U3x05FkqNRWgqBdZDtehNxf+8bqb7l0HO4jTTNCbzRf2MI52gaSIoYpISzceGYCKZ+SsiQywx0Sa3sgnBWzx5mbRqjuc63t1ZtX5VxFGCChzDKXhwAXW4hQY0gcAjPMMrvFlP1ov1bn3MS1esoucI/sD6/AEZP5ev</latexit>

✏assumed = 0.4
<latexit sha1_base64="lSXFzukJRivT3ONlItUs6Lh9uiQ=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZmRgi4UCm5cVrAP6Awlk7nThiYzQ5IRylBw46+4caGIW3/CnX9j2s5CWw8EDufck+SeIOVMacf5tkorq2vrG+XNytb2zu6evX/QVkkmKbRowhPZDYgCzmJoaaY5dFMJRAQcOsHoZup3HkAqlsT3epyCL8ggZhGjRBupbx95kCrGDc09KTBRKhMQTq6dWr1vV52aMwNeJm5BqqhAs29/eWFCTT7WlJubeq6Taj8nUjPKYVLxMgUpoSM ygJ6hMRGg/Hy2wwSfGiXEUSLNiTWeqb8TORFKjUVgJgXRQ7XoTcX/vF6mo0s/Z3GaaYjp/KEo41gneFoIDpkEqvnYEEIlM3/FdEgkodrUVjEluIsrL5P2ec11au5dvdq4Kuooo2N0gs6Qiy5QA92iJmohih7RM3pFb9aT9WK9Wx/z0ZJVZA7RH1ifP5zol3I=</latexit><latexit sha1_base64="lSXFzukJRivT3ONlItUs6Lh9uiQ=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZmRgi4UCm5cVrAP6Awlk7nThiYzQ5IRylBw46+4caGIW3/CnX9j2s5CWw8EDufck+SeIOVMacf5tkorq2vrG+XNytb2zu6evX/QVkkmKbRowhPZDYgCzmJoaaY5dFMJRAQcOsHoZup3HkAqlsT3epyCL8ggZhGjRBupbx95kCrGDc09KTBRKhMQTq6dWr1vV52aMwNeJm5BqqhAs29/eWFCTT7WlJubeq6Taj8nUjPKYVLxMgUpoSM ygJ6hMRGg/Hy2wwSfGiXEUSLNiTWeqb8TORFKjUVgJgXRQ7XoTcX/vF6mo0s/Z3GaaYjp/KEo41gneFoIDpkEqvnYEEIlM3/FdEgkodrUVjEluIsrL5P2ec11au5dvdq4Kuooo2N0gs6Qiy5QA92iJmohih7RM3pFb9aT9WK9Wx/z0ZJVZA7RH1ifP5zol3I=</latexit><latexit sha1_base64="lSXFzukJRivT3ONlItUs6Lh9uiQ=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZmRgi4UCm5cVrAP6Awlk7nThiYzQ5IRylBw46+4caGIW3/CnX9j2s5CWw8EDufck+SeIOVMacf5tkorq2vrG+XNytb2zu6evX/QVkkmKbRowhPZDYgCzmJoaaY5dFMJRAQcOsHoZup3HkAqlsT3epyCL8ggZhGjRBupbx95kCrGDc09KTBRKhMQTq6dWr1vV52aMwNeJm5BqqhAs29/eWFCTT7WlJubeq6Taj8nUjPKYVLxMgUpoSM ygJ6hMRGg/Hy2wwSfGiXEUSLNiTWeqb8TORFKjUVgJgXRQ7XoTcX/vF6mo0s/Z3GaaYjp/KEo41gneFoIDpkEqvnYEEIlM3/FdEgkodrUVjEluIsrL5P2ec11au5dvdq4Kuooo2N0gs6Qiy5QA92iJmohih7RM3pFb9aT9WK9Wx/z0ZJVZA7RH1ifP5zol3I=</latexit><latexit sha1_base64="lSXFzukJRivT3ONlItUs6Lh9uiQ=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZmRgi4UCm5cVrAP6Awlk7nThiYzQ5IRylBw46+4caGIW3/CnX9j2s5CWw8EDufck+SeIOVMacf5tkorq2vrG+XNytb2zu6evX/QVkkmKbRowhPZDYgCzmJoaaY5dFMJRAQcOsHoZup3HkAqlsT3epyCL8ggZhGjRBupbx95kCrGDc09KTBRKhMQTq6dWr1vV52aMwNeJm5BqqhAs29/eWFCTT7WlJubeq6Taj8nUjPKYVLxMgUpoSM ygJ6hMRGg/Hy2wwSfGiXEUSLNiTWeqb8TORFKjUVgJgXRQ7XoTcX/vF6mo0s/Z3GaaYjp/KEo41gneFoIDpkEqvnYEEIlM3/FdEgkodrUVjEluIsrL5P2ec11au5dvdq4Kuooo2N0gs6Qiy5QA92iJmohih7RM3pFb9aT9WK9Wx/z0ZJVZA7RH1ifP5zol3I=</latexit>

D
T

X
Y
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Fig. 6.3.1: Repetition bias trends in the adaptive DDM. A. The psychometric func-
tions in trial j conditioned on d j−1 shows that when d j−1 = +1, the fraction of
d j = +1 responses increases (top curve). When d j−1 = −1, the fraction of d j = +1
responses decreases (bottom curve). The weighted average of these two curves
gives the unconditioned psychometric function (middle curve). Coherence g/D
is defined for drift g ∈ ±1, noise diffusion coefficient D, and assumed change
rate εassumed = 0.25. Inset: When εtrue = 0.5 is the true change rate, the psy-
chometric function is shallower (grey curve). B. Correct probability cXY in current
trial, plotted as a function of the assumed change rate εassumed, conditioned on
the pairwise relations of the last three trials (R: repetitions; A: alternations). Note
the ordering of cAA and cAR is exchanged as εassumed is increased, since the ef-
fects of the state two trials back are weakened. Compare dots at εassumed = 0.05
and εassumed = 0.25. C. Decision time DTXY conditioned on pairwise relations of
last three trials. D. The initial condition, y0, increases as a function of the noise
diffusion coefficient D for εassumed = 0.1, 0.25, 0.4. In all cases, we set TD = 2,
θ = θmax∞ for all trials, and D = 1 if not mentioned.

The probability of a correct response as a function of εassumed is shown for

all four conditions in Fig. 6.3.1B. Clearly, cRR is always largest, since the ideal
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6.3. OUR MODEL IS CONSISTENT WITH EXPERIMENTAL TREND

observer correctly assumes repetitions are more likely than alternations (when

εassumed ∈ [0, 0.5)).

Note when εassumed = 0.05, cRR > cAA > cAR > cRA (dots), so a sequence of

two alternations yields a higher correct probability on the current trial than a repe-

tition preceded by an alternation. This may seem counterintuitive, since we might

expect repetitions to always yield higher correct probabilities. However, two al-

ternations yield the same state on the first and last trial in the three trial sequence

(H j = H j−2). For small εassumed, since initial conditions begin close to threshold,

then it is likely d j = d j−1 = d j−2; so if d j−2 is correct, then d j will be too. At small

εassumed, and at parameters we chose here, the increased likelihood of the first and

last response being correct, outweighs the cost of the middle response likely be-

ing incorrect. Note that AA occurs with probability ε2, and is thus assumed to be

quite rare when εassumed is small. As εassumed is increased, the ordering switches

to cRR > cAR > cAA > cRA (e.g., at εassumed = 0.25), so a repetition in trial j leads

to higher probability of a correct response. In this case, initial conditions are less

biased, so the effects of the state two trials back are weaker. As before, we have

fixed θ = θmax∞ .

These trends extend to decision times. Following a similar calculation as used

for correct response probabilities, cXY, we can compute the mean decision times,

DTXY, conditioned on all possible three-state sequences (see section 6.2). Fig.

6.3.1C shows that, as a function of εassumed, decision times following two repe-

titions, DTRR, are always the smallest. This is because the initial condition in trial

j is most likely to start closest to the correct threshold: Decisions do not take as
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6.3. OUR MODEL IS CONSISTENT WITH EXPERIMENTAL TREND

long when the decision variable starts close to the boundary. Also, note that when

εassumed = 0.05, DTRR < DTAA < DTAR < DTRA, and the explanation is similar

to that for the probabilities of correct responses. When the environment is as-

sumed to change slowly, decisions after two alternations will be quicker because

bias in the direction of the correct decision is more likely. The ordering is different

at intermediate εassumed where DTRR < DTAR < DTAA < DTRA.

Notably, both orderings of the correct probability and decision times, as they

depend on the three trial history, have been observed in previous studies of serial

bias [17, 35, 40]: Sometimes cAA > cAR and DTAA < DTAR whereas sometimes

cAA < cAR and DTAA > DTAR. However, it appears to be more common that

AA sequences lead to slower decision times, DTAA < DTAR (e.g., See Fig. 3 in

[40]). This suggests that subjects assume state switches are rare, corresponding to

a smaller εassumed.
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Chapter 7
Conclusion & Future Work

It has been known for nearly a century that observers take into account pre-

vious choices when making decisions [32]. Notably, Yu et al. developed a theory

of sequential effects using a Bayesian framework similar to that presented here

[97]. This theory was later extended to capture both first (marginal), and sec-

ond (sequential) effects [45, 49], predicting that decision times should decrease for

repeated trials and increase for alternating trials when an observer assumes a cor-

related environment. However, these studies did not formalize the link between

the decision threshold and subsequent initial condition or study the problem of

optimizing the reward rate. In addition, modeling studies have used generalized

versions of the DDM to account for trends observed in experimental data [34, 40],

but have not examined how to optimize a cost function, like the reward rate. Here

we have linked the normative model of evidence-accumulation in correlated en-

vironments to a decision strategy that optimally trades off speed and accuracy by

maximizing an overall reward rate.
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The fact that repetitions decrease response times has long been known [28, 76].

Whether this effect is driven by sensory after-effects of the stimuli, or the evi-

dence and resulting responses are still debated [65]. However, there is experi-

mental evidence that past outcomes bias the initial belief on a subsequent trial in

human observers [34, 47]. In contrast to our model, experimental studies also

show that responses depend on more than just one preceding trial (reviewed

in [54], chapter 6.6). Such trends could be due to continuous adaptation of the

evidence-discounting process to the statistics of the environment [45, 97]. The ex-

perimentally observed increases in response time, and reductions in erroneous re-

sponses following a correct response [51], are consistent with a dynamical thresh-

old model. Normative models of the type we suggest also cannot explain negative

recency effects, i.e., the observed tendency to alternate choices [44].

To account for information obtained on one trial observers could adjust ac-

cumulation speed [22, 72, 90], threshold [8, 22, 40], or their initial belief on the

subsequent trial [8, 11]. We have shown that an ideal observer adjusts their ini-

tial belief and decision threshold, but not the accumulation speed in a sequence

of dependent, statistically-identical trials. Adjusting the initial belief increases

reward rate by decreasing response time, but not the probability of a correct re-

sponse. Changes in initial bias have a larger effect than adjustments in threshold,

and there is evidence that human subjects do adjust their initial beliefs across tri-

als [11, 34, 63]. On the other hand, the effect of a dynamic threshold across trials

diminishes as the number of trials increase: RRmax
1:n is nearly the same for constant

thresholds θ as for when allowing dynamic thresholds θ1:n. Given the cognitive
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cost of trial-to-trial threshold adjustments, it is thus unclear whether human sub-

jects would implement such a strategy [5].

We do note, however, that the fact that the optimal variable-threshold model

predicts a decrease in decision times may lend some perspective to the finding

that subjects tend to increase the speed of decisions as an experiment goes on [25,

67]. Past studies have suggested that subjects successively decrease their decision

threshold until they make an error, and then increase the threshold on the next

trial. This theory relies on the presence of reward-based feedback, so it would

be interesting to examine decision time update strategies for spans of trials that

receive no feedback.

It has been shown that subjects performing decision tasks may still accumu-

late information even after providing a response [68, 77]. Such effects have been

modeled with a DDM that continues to evolve following the decision threshold-

crossing. We can incorporate these effects into our normative model by defin-

ing the initial conditions on trial n + 1 using an ending value yn(Tn + ∆T) with

∆T determining the time of integration after a threshold, ±θ, has been crossed:

yn(Tn + ∆T) ∼ p(y, Tn + ∆T|yn(Tn) = ±θ). Explicit results may still be possible

in this case, but the formulas would be considerably more complicated since yn+1
0

would be a random variable.

We also assumed that an observer knows the length of the trial sequence, and

uses this number to optimize reward rate [61]. It is rare that an organism would

have such information in a natural situation. However, our model can be ex-

tended to random sequence durations if we allow observers to marginalize over
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possible sequence lengths. If decision thresholds are fixed to be constant across all

trials θ j = θ, the projected RR is the average number of correct decisions c〈n〉 di-

vided by the average time of the sequence. For instance, if the trial length follows

a geometric distribution, n ∼ Geom(λ), then

R̄R(θ;ε) =
1/λ[

1− e−θ/D
]
[θ/λ− (1/λ− 1)(1− 2ε)y0] + (TD/λ)

[
1 + e−θ/D

] .

This equation has the same form as Eq. (4.2.2), the RR in the case of fixed trial

number n, with n replaced by the average 〈n〉 = 1/λ. Thus, we expect that as

λ decreases, and the average trial number, 1/λ, increases, there is an increase in

the RR and larger optimal decision thresholds θmax (as in Fig. 4.2.1). The case

of dynamic thresholds is somewhat more involved, but can be treated similarly.

However, as the number of trials is generated by a memoryless process, observers

gain no further information about how many trials remain after the present, and

will thus not adjust their thresholds as in section 4.3.

Our conclusions also depend on the assumptions the observer makes about

the environment. For instance, an observer may not know the exact probability of

change between trials, so that εassumed 6= εtrue. Indeed, there is evidence that hu-

man subjects adjust their estimate of εtrue across a sequence of trials, and assume

trials are correlated, even when they are not [17, 35, 97]. Our model can be ex-

panded to a hierarchical model in which both the states H1:n and the change rate,

ε, are inferred across a sequence of trials [69]. This would result in model ideal

observers that use the current estimate of the ε to set the initial bias on a trial [97].

A similar approach could also allow us to model observers that incorrectly learn,
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or make wrong assumptions, about the rate of change.

Experimental evidence strongly suggests that humans assume the world is

changing, even when instructed that experimental conditions will remain un-

changed [3, 33, 60]. At the same time, humans can use learned statistical structure

of the environment to make decisions [47, 49, 58, 97]. Mathematical models that

capture human behavior should, therefore, balance adaptivity with stability, to

describe how they learn and use the latent structure of the environment. We will

pursue such extensions in future work.

Observers may also not have full knowledge of the underlying statistics of

the evidence, f±(ξ). Several models have been recently developed to describe

how a choice and evidence reliability can be inferred simultaneously [21, 46, 56].

Incorporating dynamic updating of the decision threshold to optimize the reward

rate can then lead to bounds that collapse or increase depending on the assumed

prior distribution over the evidence reliability [24]. One possible extension of our

model would be to consider cases in which evidence quality can switch from one

trial to the next, potentially causing the noise amplitude and threshold to adapt

continuously within a trial in response to new evidence.

Modeling approaches can also point to the neural computations that underlie

the decision-making process. Cortical representations of previous trials have been

identified [2, 62], but it is unclear how the brain learns and combines latent prop-

erties of the environment (the change rateε) with sensory information to make in-

ferences. Recent work on repetition bias in working memory suggests short-term

92



plasticity serves to encode priors in neural circuits, which bias neural activity pat-

terns during memory retention periods [48, 64]. Such synaptic mechanisms may

also encode previously accumulated information in sequential decision-making

tasks, even in cases where state sequences are not correlated. Indeed, evolution

may imprint characteristics of natural environments onto neural circuits, shaping

whether and how ε is learned in experiments and influencing trends in human

response statistics [29, 37]. Ecologically-adapted decision rules may be difficult to

train away, especially if they do not adversely impact performance [88].

There is evidence that in humans, outcomes on previous trials bias future de-

cisions. This is the case even when stimuli provide no information about either

choice on a trial, so there is technically no correct decision [7]. Indeed the deci-

sion made on such trials can be decoded from electroencephalogram recordings

prior to stimulus presentation, suggesting it is primarily determined by evidence

on the previous trial. It would be interesting to derive the normative evidence-

accumulating model in the case in which H± trials are interspersed with pure

noise trials (with no correct decision). We expect that responses on pure noise tri-

als will exhibit considerable bias in the direction of decisions on the previous trial.

Furthermore, we expect that neurophysiologically inspired models that combine

aspects of decision-making and working memory would also exhibit such strong

biases, as the decision state may be stuck in the attractor state determined by the

previous trial, in the absence of new evidence [59].

The normative model we have derived can be used to identify task parameter

ranges that will help tease apart the assumptions made by subjects [17, 35, 40].
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Since our model describes the behavior of an ideal observer, it can be used to de-

termine whether experimental subjects use near-optimal or sub-optimal evidence-

accumulation strategies. Furthermore, our adaptive DDM opens a window to

further instantiations of the DDM that consider the influence of more complex

state-histories on the evidence-accumulation strategies adopted within a trial. Un-

covering common assumptions about state-histories will help guide future exper-

iments, and help us better quantify the biases and core mechanisms of human

decision-making.
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Appendix A
Numerical Methods

All numerical simulations of the DDM in chapters 3, 4, and 5 were performed

using the Euler-Maruyama method with a timestep dt = 0.0005, computing each

point from 105 realizations. To optimize reward rates (RR) and expected net re-

ward (ENR) for probabilistic signaling, we used the Nelder-Mead simplex method

(fminsearch) in MATLAB. Optimizing ENR for probabilistic reward using fminsearch

yields negative optimal thresholds. Therefore, we used fminsearchbnd by John

D’Errico (2020) to restrict the lower bound to be 0. To compute the pairs of (ε, p)

at the immediate-decision boundary, we used lsqnonlin in MATLAB to find the

roots of





∂ENR
∂θ

= 0,

θmax
r,s −

∣∣y2
0±
∣∣ = 0.
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