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Abstract

To make the best decisions, organisms must flexibly accumulate information,
accounting for what is relevant and ignoring what is not. Many decision-making
studies focus on sequences of independent trials in which the evidence gathered
to make a choice, as well as the resulting actions and feedback, are irrelevant to
future decisions. Two-alternative forced choice tasks (2AFC) are often used to
characterize strategies subjects use to make decisions. Normative theories, which
model ideal observers, have been developed for such tasks when rewards provide
the sole evidence (e.g., two-armed bandit tasks). Less is known about how ob-
servers should integrate probabilistic rewards interspersed with noisy evidence to
inform their decisions in future correlated trials. To understand decision-making
under more natural conditions, we extend drift-diffusion models to obtain the
normative form of evidence accumulation in a series of 2AFC trials with the cor-
rect choice evolving as a two-state Markov process. We analyze three different
feedback cases: withholding trial-to-trial feedback, giving probabilistic trial-to-
trial signal, and giving probabilistic trial-to-trial reward. Ideal observers integrate
noisy evidence within a trial until reaching a decision threshold and bias their
initial belief depending on the evidence accumulated and feedback received on
previous trials. Optimal observers accumulate more evidence on early trials and
make faster decisions on later trials. Gains in performance are primarily due to
biases in initial beliefs that lead to faster decisions even when feedback is lacking.
Feedback shapes trial-to-trial decision strategies determining whether decisions

are immediate, or a result of past and present evidence, depending on whether the



feedback is strong enough to overcome the volatility of changes between trials.
Our findings are also consistent with experimentally observed response trends,
showing decreased reaction times when correct choices are repeated and in re-

sponse to prior trial rewards.
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Chapter 1

Introduction

Organismal behavior is often driven by decisions that are the result of evi-
dence accumulated to determine the best choice among available options [12,39].
Often such evidence comes from conspecifics: for instance, honeybee swarms
use a democratic process in which each bee’s opinion is communicated to the
group to decide which nectar source to forage [82]. Competitive animals evalu-
ate their opponents’ attributes to decide whether to fight or flee [85], and humans
decide which stocks to buy or sell, based on individual research and social infor-
mation [57]. Importantly, the observations of these agents are frequently uncer-
tain [15]42] so accurate decision-making requires robust evidence integration that
accounts for the reliability and variety of evidence sources [70].

The two-alternative forced choice (2AFC) task paradigm has been successful in
probing the behavioral trends and neural and cognitive mechanisms underlying
decision-making [71]. In a 2AFC task, subjects decide which one of two hypothe-

ses is more likely based on noisy evidence [8, 38]. For instance, in a random dot



motion discrimination task (see Fig. [1.0.I), subjects decide whether a cloud of
noisy dots predominantly moves in one of two directions. Such stimuli evoke
strong responses in primate motion-detecting areas, showing that the oculomo-
tor system either takes part or is driven by the evolving decision-making process.
This observation also motivates the use of such stimuli in the experimental study

of neural mechanisms underlying decision-making [39, 83].

Trial N

Y

e
I_:‘ .4:0_:—0'& .\.\
& @ | «—o 0\\
./:_> o ®
7 *—> o> "'
— " o
*—> o>
‘/.f [ o d
Trial 1

Fig. 1.0.1: Random dot motion discrimination task is commonly used to study
decision-making processes. Some dots move to one direction, either left or right,
while other dots move randomly. Humans or animals need to determine the “cor-
rect” direction of the dots. In this experiment, the dot direction on trial 1 is oppo-
site to the ones on trial N.

The response trends and underlying neural activity are well described by the
drift-diffusion model (DDM), which associates a subject’s belief with a particle
drifting and diffusing between two boundaries, with decisions determined by the

tirst boundary the particle crosses [8, 73} 186].



1.1. EVIDENCE OF HISTORY-DEPENDENT BIASES IN DECISIONS

1.1 Evidence of History-Dependent Biases in Decisions

To survive, animals must constantly learn about and adapt to the changing
environment. Some changes are a result of autonomous cycles in the environment
(e.g., temperature, seasons), while others are due to the actions of living beings.
For example, a group of animals migrating can cause food shortages for other
animals, or a new predator in the area can influence prey’s foraging decisions [97].
On the other hand, humans often make decisions to suit their needs. For example,
if you enjoyed a dish you ordered on your last visit to a restaurant, you are likely
to order the same dish at your next visit [43]]. Experiments have shown that both
humans and animals can exhibit several irrational trends in their choices based on
previous ones. Such trends are often referred to as sequential effects or biases [17,
84].

Soetens et al. conducted experiments demonstrating sequential effects where
human subjects decided if a LED stimulus appeared on the left or right [84]. Sub-
jects’ mean reaction time and error rate were recorded according to XX XX stimu-
lus sequences (the previous four stimulus sides relative to the current one), where
X was R (A), which stood for a stimulus repetition (alternation), given 16 total
possible sequences. The data showed that subjects react faster in sequences of
AAAA type compared to sequences of AAAR type. Intuitively, subjects are likely

to expect the stimulus to alternate after three consecutive alternations. They thus



1.1. EVIDENCE OF HISTORY-DEPENDENT BIASES IN DECISIONS

react faster when this expectation is met, and slower when surprised by a repeat-
ing stimulus. Similar trends were also observed for other types of stimulus pat-
terns [84]. Humans use accumulated information across trials to bias their be-
lief in current trials, which can improve their performance if the strategy is well-
matched to environmental trends but will decrease performance if the strategy is
mismatched.

History-dependent biases are also found in animals. Such biases can also be
reflected in neural activity: Hwang et al. examined the pre-trial activity of the pos-
terior parietal cortex (PPC) in mice. In this task, mice decided if a visual stimulus
was forward or downward. A significant choice selectivity was found in a large
fraction of choice-selective neurons in PPC. Since PPC neurons encode the his-
tory of outcomes and transform visual information to motor outputs, the result
implies that neurons had predicted the choice before the trial even started [43].
In a recent study of primates” behaviors in an auditory task, in which monkeys
decided if the frequency of a sequence of tone bursts was predominantly low or
high, it was found that choice selectivity increases in ventrolateral prefrontal cor-
tex (VIPFC) neurons post-decision and pre-reward. The vIPFC neurons linked
auditory perception and decision-making, so activation in this area implies that
biases on subsequent trials are established as soon as the current decision is com-
mitted [89]. Both studies show that animals form biases at the beginning of each
subsequent trial.

In these experiments, stimuli appeared randomly on each trial and there were

no intertrial correlations. The observed biases imply that humans and animals



1.2. IMPORTANCE OF FEEDBACK IN DECISION-MAKING STUDY

could be assuming that trials are correlated, even when no correlations exist.
Goldfarb et al. performed related experiments examining responses in a series of
dependent trials with the correct choice across trials evolving according to a two-
state Markov process [40]. The transition probabilities affected the response time
and accuracy of subjects in ways well described by a DDM with biased initial con-
ditions and thresholds (see Fig. A). For instance, when repeated states were
more likely, response times decreased in the second of two repeated trials (see Fig.

T.1.1]B).

A Py B

— P, =01

< Pa=0.5

-
>

|
o
©

1—Pa 1-Py

< Sti1m. Stizm.>
N

Pa

Error rate

Reaction time

Fig. 1.1.1: A. There are two possible stimuli that could be presented each trial
which the subject must identify. Between trials, the identity of the stimulus is
repeated (alternated) with probability 1 — Pa (Pa). B. The mean reaction time
and the error rate of 16 participants were measured in Goldfarb’s experiment. R
stands for Repetition, and A stands for Alternation. Thus, RR, AR, RA, and AA
are second-order sequences for repeating and alternating stimuli. [40].

1.2 Importance of Feedback in Decision-Making Study

In nature, humans and animals require feedback to improve their future per-
formance. For example, both songbirds and humans rely on auditory feedback to

learn a dialect [10]. Toddlers receive feedback to learn simple tasks while adults



1.2. IMPORTANCE OF FEEDBACK IN DECISION-MAKING STUDY

need feedback to learn more complicated tasks [66, 92]. A student needs feed-
back to learn how to play a violin [53]. Because our world is uncertain, sometimes
feedback is not perfect. We are interested in how an optimal observer combines
probabilistic feedback and their internal belief to make decisions in a changing
environment.

In experiments, one way to give subjects feedback is to give a reward at the
end of each trial. This type of feedback is more common in animal studies. The
effect of feedback has been an interesting topic in the decision-making field. The
neural activity of dopamine neurons is typically examined to study this effect be-
cause dopamine plays an important role in motivating action [13, 14, 96]. More-
over, the mismatch between expected and actual reward is coded by dopamine
neurons. A surprising reward (or omission of a reward) activates (or depresses)
dopamine neurons [80,94]. In a high-variance environment, subjects who receive
more frequent feedback, and in this case, we can interpret that as receiving more
frequent rewards, perform worse [55]. Therefore, it is important for us to explore
and quantify the optimal strategy when the feedback is probabilistic.

On the other hand, human subjects are able to adjust their strategies based on
true/false feedback. Duijvenvoorde et al. examined the performance and neural
activity of subjects across a range of different ages while they perform feedback-
based sequential tasks [92]. Positive feedback encourages subjects to make the
same decision on repeated trials, while negative feedback motivates subjects to
switch their choice. Experimental data showed that accuracy increased and reac-

tion time decreased across age groups for positive feedback (see Fig. [1.2.1) while



1.2. IMPORTANCE OF FEEDBACK IN DECISION-MAKING STUDY

only adults successfully adjusted their behaviors after negative feedback. This
result was consistent with previous studies [19, [79]. Moreover, more activation
was found to the left of the dorsolateral prefrontal cortex (DLPC) in adults post-
negative feedback. This contrasted with what was found in children, as there was
more activation post-positive feedback. In summary, both positive and negative

feedback play important roles in sequential tasks.

Positive FB I Negative FB
A 7 N B A

% Correct
Reaction Time

v
y

18-25 11-13 8-9 18-25 11-13 8-9

Fig. 1.2.1: Subjects from age groups between 8-9, 11-13, and 18-25 participated in
a 2AFC task, where they were instructed to make decisions based on feedback.
Positive feedback and negative feedback indicate correct and incorrect choices,
respectively. A. Percentage correct. B. Mean reaction time. Overall, subjects per-
form better when given positive feedback. Ages 8-9 perform better with positive
feedback while ages 18-25 can adjust their performance when given negative feed-
back. The trends are reproduced from Van Duijivenvoorde et al. data [92].



1.3. DIFFERENT DECISION-MAKING MODELS

1.3 Different Decision-Making Models

Even though there are many mathematical decision-making models (such as
leaky competing accumulator, integration to bound, urgency model, etc.), the
drift-diffusion model (DDM) is typically used to study this decision-making pro-
cess. The DDM is popular because (1) it can be derived as the continuum limit of
the statistically-optimal sequential probability ratio test [8,95]; (2) it is an analyt-
ically tractable Wiener diffusion process whose summary statistics can be com-
puted explicitly [8] [74]; and (3) it can be fit remarkably well to behavioral re-
sponses and neural activity in 2AFC tasks with independent trials [38, [39] (al-
though see Latimer et al. [52]).

However, classical DDM does not describe many aspects of decision-making
in natural environments. For instance, the DDM is typically used to model a se-
ries of independent trials where evidence accumulated during one trial is not in-
formative about the correct choice on other trials [73]. Organisms in nature often
make a sequence of related decisions based on overlapping evidence [16]. Con-
sider an animal deciding which way to turn while fleeing a pursuing predator: to
maximize its chances of escape, its decisions should depend on both its own and
the predator’s earlier movements [18]. Animals foraging over multiple days are
biased towards food sites with consistently high yields [41]. Thus even in a vari-
able environment, organisms use previously gathered information to make future
decisions [20]].

Even in a sequence of independent trials, previous choices influence subse-

quent decisions [32]. Such serial response dependencies or recency effects have
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been observed in 2AFC tasks which do [4} 17, 34] and do not [6} 50] require ac-
cumulation of evidence across trials. For instance, a subject’s response time may
decrease when the current state is the same as the previous state [65]. Thus, trends
in response time and accuracy suggest subjects use trial history to predict the cur-
rent state of the environment, albeit suboptimally [50].

History-dependent biases also increase the probability of repeat responses when
subjects view sequences with repetition probabilities above chance [1}11]. These
results suggest that an adaptive DDM with an initial condition biased towards
the previous decision is a good model of human decision-making across corre-
lated trials [40]. There is an interesting proposal that bias can be due to a drift
shift. The choice pattern of initial condition bias and drift bias are identical with
different reaction time distributions [90].

Recency effects can appear if an observer is learning the statistical structure
of the environment. Much of the early literature on this subject treated recency
biases as a consequence of an observer trying to learn the frequency of events in
a sequence (reviewed in [31]). For instance, classical incremental learning [27] has
been used to explain how learning the probability of each of two choices across
trials can lead to responses biased by recent feedback [26].

Learning trial-to-trial dependencies can also lead to recency effects [17,30, 97].
In combination with learning the marginal frequency of each choice, this can ex-
plain a range of experimental observations [45] 49]. However, there is substantial

evidence that human observers can learn dependencies between different trials
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[4], and that recency effects are the result of observers stably learning such struc-
ture [47] 58]. Moreover, to address the reward prediction for dopamine neuron
output in primates, temporal difference (TD) method is applied because (1) it
predicts a discounted sum of future rewards using sensory cues; (2) it assumes
Markovian property [81]. In particular, as we will discuss further in this work, ev-
idence accumulated on a previous trial and feedback can bias an observer’s initial
belief and their response on the next trial.

There are many non-DDM models that describe sequential effects [4} 17, 27,
51]. For instance, Cho et al. used Usher and McClelland’s leaky competing ac-
cumulator model to study this effect in 2AFC tasks by constraining possibilities
of bias updates [17]. Even though this model reproduces behavioral trends bet-
ter than previous models, it only induced a sub-optimal strategy. Yu et al. pro-
posed the Fixed Belief Model using the Bayesian framework to study sequential
decision-making. The model shows that in a changing environment, humans
weigh past observations linearly with an exponential decaying coefficient. The
optimal Bayesian inference is approximated by this discounting, but error pat-
terns were not accounted for [97]. However, these models are not normative and
we are not aware of previous normative models that describe both recency and
teedback effects in evidence accumulation tasks. Normative models are useful
because they describe the behaviors of ideal observers.

We extend previous DDMs to provide a normative model of evidence accu-

mulation in serial trials evolving according to a two-state Markov process whose
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transition rate and feedback reliability are known to the observer. We use sequen-
tial analysis to derive the posterior for the environmental states H-. given a stream
of noisy observations [8,93]. Under this model, ideal observers incorporate infor-
mation from previous trials to bias their initial belief on subsequent trials. This
decreases the average time to the next decision but not necessarily its accuracy.
Furthermore, in a finite sequences of trials the rate of reward is maximized when
the observer deliberates longer for early decisions but responds more quickly to-
wards the end of the sequence. We show that even in the absence of fractional
learning, i.e., when the observer is fully aware of the correlations between tri-
als, a temporal structure of responses similar to that observed experimentally can

emerge due to the true or assumed dependencies between trials.

1.4 Overview

Many 2AFC tasks have been designed so that the stimulus itself has no corre-
lations from one trial to the next, and often modelers do not consider the effects of
reward or feedback on decision strategy [39]. In this dissertation, we focus on two
aspects of a more realistic decision-making model: correlations between trials and
probabilistic feedback. In chapter 1, we introduce experiments that motivate our
study. In chapter 2, we re-derive the standard drift-diffusion model (DDM) when
sequences of trials are uncorrelated, its summary statistics, as well as expressions
for first passage times and exit probabilities. We will use these computations in
later chapters to compute reward rate and expected net reward functions, which are

measurements of the optimal observer’s performance. In chapter 3, we consider

11
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the first two trials of the sequence. We assume that the correlation is known to
an optimal observer and feedback is omitted. When the correlation is strong, the
observer carries more information on subsequent trials to improve the reaction
time. We derive initial bias and compute the observer’s performance in cases of
constant and dynamic decision thresholds. We extend the findings to multiple
trials in chapter 4. In chapter 5, we consider optimal performance in correlated
trials with the observer receiving noisy feedback. Such feedback can take two
forms: (1) a probabilistic light signal with a deterministic reward, or (2) a prob-
abilistic reward. We recap our findings in chapter 6 by comparing our model to

experimental data response trends.

12



Chapter 2

Optimizing Decisions in the Standard

Drift-Diffusion Model

The standard DDM can be derived as the continuum limit of a recursive equa-
tion for the log-likelihood ratio (LLR) [8] 38, 95]. When the environmental states
are uncorrelated between trials and equally likely, an ideal observer has no bias at
the start of each trial. We assume that on one trial the observer integrates a stream
of noisy measurements of the true state, H (see Fig. A). If these measure-

ments are conditionally independent, the functional central limit theorem yields

the DDM for the scaled LLR, y(t) = DIn g(H:H”Observaﬁons), after observation

(H=H_|observations)

time ¢,
dy = gdt + vV2DdW. (2.0.1)

We have written the above as a Langevin equation in which W is a Wiener

13
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Fig. 2.0.1: A. In a standard two-alternative forced choice task, observers make a
sequence of observations, &;.,, to determine which of the two choices is correct.
B. Decision time measures how long it takes y(t) to reach a threshold. Positive/
Negative threshold indicates decisions Hy/ H_. The correct probability is the
probability that y(f) reaches the correct threshold. For example, when g > 0,
the correct probability is the probability of exiting through the positive threshold
when starting at an initial position y(0).

process, the drift ¢ € ¢4+ depends on the environmental state, and D is the vari-
ance which depends on the quality of each observation. Often, the prefactor of the
Weiner process is taken to be o, rather than V2D, but the form we have chosen
simplifies several expressions we derive subsequently. Eq. may be written
as a stochastic differential equation § = ¢ + v/2D¢, where ¢ is Gaussian white
noise, and some use the form dy = gdt 4 ¢ - v/2D - dt [91].

For simplicity and consistency with typical random dot kinetogram tasks [39,
78], we assume each drift direction is of equal unit strength: ¢4 = —g- =1,
and task difficulty is controlled by scaling the variance through D. An arbitrary
drift amplitude g can also be scaled out via a change of variables y = g7, so

the resulting DDM for i has unit drift, and D = D/g?. The initial condition is

14



2.1. DERIVATION OF THE DRIFT-DIFFUSION MODEL FOR A SINGLE TRIAL

determined by the observer’s prior bias, y(0) = DIn[P(H = Hy)/P(H = H_)].
Thus for an unbiased observer, y(0) = 0.

There are two primary ways of obtaining a response from the DDM given
by Eq. that mirror common experimental protocols [38} 39, [83]. The first
way is that the ideal observer interrogates at a set time, t = T, responds with
sign(y(T)) = %1 indicating the more likely of the two states, H = H, given
the accumulated evidence. On the other hand, an observer free to choose their
response time can trade speed for accuracy in making a decision. This is typically
modeled in the DDM by defining a decision threshold, 8, and assuming that at the
first time, T, at which |y(T)| > 0, the evidence accumulation process terminates,

and the observer chooses Hy if sign(y(T)) = +1 (see Fig. B).

2.1 Derivation of the Drift-Diffusion Model for a Sin-
gle Trial

We assume that the optimal observer integrates a stream of noisy measure-
ments 1., = (&1,&2, ..., ém) at equally spaced times ty., = (t1,t2, ..., tm) [8, 95].
The likelihood functions, fi (&) := P(&|Hx ), define the probability of each mea-
surement, &, conditioned on the environmental state, H+. Observations on each
trial are combined with the prior probabilities P(H+). We assume a symmetric

prior, P(H+) = 1/2. The probability ratio is then

R _ P(H = Hy |&m) _ fr
" PH=H |&m) f-

(&1)f+(&) - -
(&1)f=(&2) -

15



2.1. DERIVATION OF THE DRIFT-DIFFUSION MODEL FOR A SINGLE TRIAL

due to the independence of each measurement &,,. Thus, if R, > 1(R;, < 1) then

H = H, (H = H_) is the more likely state. Eq. (2.1.1) can be written recursively

Ry = (ﬁgi:g) Ry_1, (2.1.2)

where Ry = P(H4)/P(H-) = 1 due to the equal probability of both states at the
beginning of the first trial.
Taking the logarithm of Eq. (2.1.2) allows us to express the recursive relation

for the log-likelihood ratio (LLR) L}, = In Ry, as an iterative sum

_ f+(&m)
Ly =Ly—1+1n f—(ém),

where Ly = In [P(H)/P(H-)], so if Ly, 2 0 then H = H. is the more likely state.
Taking the continuum limit At — 0 of the timestep At := t,, — t,,_1, we can use

the functional central limit theorem to yield the DDM (see [8, 93] for details)

dy = gdt + v2DdW, (2.1.3)

where W is a Wiener process, the drift § € g+ = AE; [ln Lol |Hi] depends on
the state, and 2D = A%Var [ln ;* |Hi} is the variance which depends only on
the noisiness of each observation but not the state.

With Eq. (2.0.1) in hand, we can relate y(t) to the probability of either state H.+

16



2.2. MEAN FIRST PASSAGE TIME

by noting its Gaussian statistics in the case of free boundaries

P(y(t)|[H=Hy) = ! e~ (W(B)F)?/(4Dt)

so that

P(H=Hy|y(t)) _Py()|H=Hy) _ y0/p

P(H=H_[y(t)) P(y(t)|H=H-)

(2.1.4)

Note that an identical relation was obtained in [§] in the case of absorbing bound-

aries. Either way, it is clear that y = D - LLR. This means that before any observa-

P(H=H)
P(H=H_)

D to yield the initial condition yg in Eq. (2.0.1).

tions have been made e¥(0)/D =

, s0 we scale the log ratio of the prior by

2.2 Mean First Passage Time

Here we provide a brief overview of how to compute the mean first passage
time in a DDM by analyzing the corresponding Kolmogorov backward equation
[36]. Assume the decision variable, y, evolves according to Eq. with pos-
itive drift ¢! = 1 (a similar derivation can be carried out for ¢! = —1), and let
p(y, t|yo,0) denote the conditional density of state y at time ¢ given initial condi-

tion y at time t = 0 whose corresponding Kolmogorov equation is

9p (Y, tyo,0) = dy,p (v, tlyo,0) + D - 35 p(v, t|yo, 0), (2.2.1)

17



2.2. MEAN FIRST PASSAGE TIME

given initial condition p(y, 0|yo,0) = 6(y — yo) and boundary conditions p(y, t| =
0,0) = 0fory € (—0,0), implying absorbing boundaries at yyp = +6. The survival

probability, that y € (—6,0) at time ¢, is defined:

0
Gy, t) == / (0,0, 0)dy = P(T =)

where T is a random variable, corresponding to the time the state y leaves the

domain y € (-6, 0). Integrating Eq. (2.2.1), we obtain
9:G (o, t) = 9y,G(vo,t) + D - 95, G(vo, t). (2.2.2)

Boundary conditions for Eq. (2.2.1) imply G(+6,t) = 0.
The mean first passage time, T (y; 0), for the state to depart the domain (—6, 6)
given initial condition yj is then given by marginalizing t against the flux 9:G(yo, t)

of survival probability out of (—6,0):

o0

T(yo;0) = — /0 £9:G(yo, £)dt = /O G(yo, £)dt.

Noting [;° G(yo, t)dt = lim; 00 G(yo, t) — G(vo,0) = —1 and integrating Eq. (2.2.2),

we find

o T(y0;0) + D - 35, T(y0; 0) = —1,

18



2.3. PROBABILITY OF EXIT THROUGH A BOUNDARY

with boundary condition T(46;6) = 0, which can be solved explicitly

T(y0;6) = 0 00/D _ —0/D

e@/D + e*@/D . zefyo/D
- yO,

which for yo = 0 simplifies to

1—e 9D

Treom| =Pt

T(0;0) =6

2.3 Probability of Exit Through a Boundary

(2.2.3)

(2.2.4)

To derive the probability of exit from either boundary y = 36, when the deci-

sion variable begins at 1, we integrate the probability current through the bound-

ary of interest, +](=+6, t|yo, 0). For instance, the probability the decision variable

exits y = +-0 after time f is

go(yo,1) = / 16, #]yo, 0)dt’ = / [9(6,#y0,0) — D3y, p(6, ¢ |yo, 0)] dF'

(2.3.1)

Using the fact that p(6, t|yo, 0) satisfies Eq. (2.2.1), we find that go(1yo, t) satisfies

ayoge(yO/ t) + Dagz/oge(y()/ t) = [ at/](el t/|y0/ O)dtl = ](9/t|y0/ 0) - atg@(y()/ t)

19
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Taking t — 0 and defining 7p(y) := go(yo,0) , we see that J(6, 0|y, 0) vanishes if
0 # yo, since p(6,0]|yo, 0) = 6(yo — 0), so the right hand side goes to zero and

dyo (o) + DIy, 70 (yo) = 0, (2.3.3)

where m(0) = 1, my(—0) = 0, and my(yo) + m_o(yo) = 1. Solving the above

equations explicitly, we find

1 — e~ (o+6)/D o—(v0+6)/D _ o—26/D
mo(yo) = ————ap o) =y (2.3.4)

An exit through the threshold 6 results in a correct choice of H = H{,so ¢ =
m9(0). The correct probability ¢ increases with 0, since more evidence is required
to reach a larger threshold. Defining the decision as d = +1 if y(T) = £6, Bayes’

rule implies

1+ 19/1) =c=Pd==+1|H=Hy)=P(H=Hy|d==+1), (23.5a)
e
e 09/D

since P(H = H+) = P(d = £1) = 1/2. Rearranging the expressions in Eq. (2.3.5)
and isolating 0 relates the threshold 6 to the LLR given a decision d = +1

P(H = Hy|d = +1)

£0=DIn g )
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24 The Speed-Accuracy Tradeoff

Humans and other animals balance speed and accuracy to maximize the rate
of correct decisions [9, [16] 39]. If an observer spends more time to accumulate
evidence, they improve their accuracy. However, spending too much time on
one trial will decrease the performance overall. The value of decision threshold
0 reflects this speed-accuracy tradeoff [8]. Setting a high threshold will increase
both probability of being correct (see Fig. 2.4.1]A) and decision time (see Fig.
B). We can measure the observer’s performance by computing reward rate (RR)
or expected net reward (ENR).

The RR provides a measure of how much reward is gained on average in a
given unit of time and is more relevant when considering long trial sequences in
which such averages will be realized. Since it is a rate, the time per trial enters
as a divisor of the RR. Alternatively, one may consider the ENR in which the
observer’s time spent deciding penalizes their reward as a linear subtractive term.
Due to the linearity of the ENR function, methods from dynamic programming
can be applied more readily [23]. However, in some instances, it is possible to
rescale the RR function so that a linear treatment in dynamic programming is also

possible.

24.1 Optimizing Reward Rate

Performance can be quantified as reward rate (RR) function, or total reward
per unit time. Earlier decisions are preferred since decreasing reaction time leads

to higher RR [23] 38]. The most basic functional expression of the RR is typically
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2.4. THE SPEED-ACCURACY TRADEOFF

given as

c

RR(O) = 57 7p

(2.4.1)

where c is the probability of a correct decision, DT is the mean time required for
y(t) to reach either threshold +0, and Tp, is the prescribed time delay to the start
of the next trial [8, 38]. Without the delay time, the optimal strategy is to re-
act instantaneously without accumulating evidence because the probability being
correct will be 0.5 while the decision time is 0. Adding the term Tp prevents the
observer from making decisions randomly, and such delay times are typically im-
plemented in experiments. Eq. increases with c (accuracy) and with inverse
time 1/(DT + Tp) (speed). This usually leads to a nonmonotonic dependence
of RR on the threshold, 6, since increasing 6 increases accuracy and decreases
speed [8,38] (see Fig. 2.4.1]C).

Substituting this expression into the RR as defined in Eq. (2.4.1), assuming

yo = 0, we have
RR(6) = <9 [1 - e_e/D} +Tp [1 + e—Q/D} ) o

We can identify the maximum of RR(8) > 0 by finding the minimum of its recip-

rocal, 1/RR(6) [8],
0°P' = Tp + D — DW (exp [(Tp + D)/D]) . (24.2)

Here W(f) is the Lambert W function (the inverse of f(W) = We"Y). In the limit
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2.4. THE SPEED-ACCURACY TRADEOFF

Tp — 0, we have 0°P' — 0, and Eq. (2.4.2) defines nontrivial optimal thresholds
at Tp > 0.

A B
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Fig. 2.4.1: The variance is D = 1. A. Correct probability and B. decision time as
functions of decision thresholds 0. As 0 increases, it takes more time for the ob-
server to make decisions and the correct probability is improved. C. Reward rate
(RR) and D. expected net reward (ENR) as functions of thresholds 6, where the
“cost” = 1. The delay time Tp has an impact on the optimum of RR. In contrast,
because of the linearity, Tp only causes a vertical shift in ENR.
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2.4.2 Optimizing Expected Net Reward

Another quantity that can reflect the speed-accuracy tradeoff is the expected
net reward (ENR) function [23]

ENR(6) = ¢ — cost - (DT + Tp), (2.4.3)

where ¢, DT, and Tp are defined in section[2.4.1] The “cost” variable is the cost of
the evidence accumulation process or energy that an observer spends collecting
information. In fact, if the observer takes too long to decide on one trial, they
will have less time for future trials. The higher the cost, the fewer rewards will be
given. The cost of evidence accumulation plays an important role because without
it, the observer will want to wait infinitely to get the most reward. The cost could
be implicit due to one’s effort or attention or explicit such as losing future reward
[23]. In contrast to the optimal threshold of the RR, the ENR optimal threshold
does not depend on the intertrial delay time Tp. Changing the delay time merely
shifts the ENR up and down (See Fig. 2.4.1 D).

2.5 Summary

We have reviewed the derivation of the standard DDM from first principles
and computed its statistics. In addition, we have shown how to optimize the
observer’s performance in a single trial using two different measurements: (1) re-
ward rate, and (2) expected net reward. Even though the standard DDM explains

the decision-making process within a single trial well, it fails to take correlation
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and feedback into account. In nature, both animals and humans exhibit corre-
lations in their trial-to-trial response patterns. Feedback from the natural world
helps them learn the latent structure of their environment. In the next chapters,
we develop a more realistic normative model for decision-making by considering

intertrial correlations and feedback.
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Chapter 3

Integrating Information Across Two

Correlated Trials

We model a repeated 2AFC task with the environmental state in each trial (H
or H_) chosen according to a two-state Markov process: In a sequence of # trials,
the correct choices (environmental states or hypotheses) H'"* = (H!, H?, ..., H")
are generated so that P(H' = Hy) = 0.5and P(H/ = H-|HI™!' = H.) = ¢
for j = 2,...,n (See Fig. . When € = 0.5 the states of subsequent trials are
independent, and the decision on one trial does not bias future decisions for an

ideal observer [8, 138,39, 71, 73, [83].
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Fig. 3.0.1: Sequence of 2AFC trials with states H" determined by a two-state

Markov process with switching probability e := P(H" # H""!). For instance,
HY = (H.,H,,H_, H,) stands for the true states of the environment. When the
environment is H (H_), the drift direction of the drift-diffusion process is pos-
itive (negative). The decision threshold (6,,_1) crossed on trial n — 1 determines
the sign of the initial condition, y"(0), on trial n.

When repetitions are more likely and trials are dependent, i.e., 0 < e < 0.5,
evidence obtained during one trial can inform a decision on the next trial. If 0.5 <
e < 1, states are more likely to alternate. The analysis is similar to the one we
present here, so we do not discuss this case separately. We will show that ideal
observers use their decision on the previous trial to adjust their prior over the

states at the beginning of the following trial.
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Importantly, we assume that all rewards are given at the end of the trial se-
quence [11]]. Rewarding the correct choice on trial j provides unambiguous infor-
mation about the state H/, superseding the noisy information gathered over that
trial. The results can be easily extended to this case, as well as cases when rewards
are only given with some probability, as we show in chapter

Our main contribution is to derive and analyze the ideal observer model for
this sequential version of the 2AFC task. We use principles of probabilistic infer-
ence to derive the sequence of DDMs, and optimization to determine the decision
thresholds that maximize the reward rate (RR). Due to the tractability of the DDM,
the correct probability and decision times that constitute the RR can be computed
analytically. We also demonstrate that response biases, such as repetitions, com-
monly observed in sequential decision tasks, follow naturally from this model.

We first focus on the case of two sequential 2AFC trials. Both states are equally
likely on the first trial, P(H' = H.) = 0.5, but the state on the second trial can
depend on the state of the first, e := P(H> = H¢|H'! = Hy). On trial 2, the ideal
observer makes observations, E%:mz, with conditional density fi (.512:,712) ifH?2 = H.
to infer the state H2. All information about H! can be obtained from the decision
variable, d; = +1, and the ideal observer uses the decision variable to set their
initial belief, y% # 0, at the start of trial 2. We later show that the results for two
trials can be extended to trial sequences of arbitrary length with states generated

according to the same two-state Markov process.
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3.1. OPTIMAL OBSERVER’S PRIORS

3.1 Optimal Observer’s Priors

The first trial is equivalent to the single trial case discussed in chapter 2| As-
suming each choice is equally likely, P(H! = Hy) = 1/2, no prior information ex-
ists. Therefore, the decision variable, y1 (t), evolves according to the DDM given
by Eq. with y1(0) = 0. This generates a decision d; € +1if y}(T) = +6,
so that the probability of a correct decision c; is related to the threshold 6; by
Eq. . Furthermore, since ¢ = P(H?> = H-|H! = H.), it follows that
1 —e=P(H? = H£|H! = H), which means

P(H? = Hy|d; = £1) =P(H? = H:|H! = H{)P(H! = Hy|d; = £1)
+P(H? = Hy|H' = H-)P(H! = H|d; = £1)

=(1 —€)C1+€(1—Cl), (3.1.1)
and, similarly,
P(H? = Hy|d; = £1) = (1 —€)(1 — ¢1) + ecy. (3.1.2)

As the decision, d; = £1, determines the probability of each state at the end
of trial 1, individual observations, 511:1111’ are not needed to define the belief of
the ideal observer at the outset of trial 2. The ideal observer uses a sequence of

observations, Elz:mz, and their decision on the previous trial, dy, to arrive at the
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probability ratio

P(H? = Hy|&f,,, d1)  P(&f,,,|H? = Hi)P(H? = H|d)

R? = = :
"™ P(H?=H_|&§, 1) P(&,,, |H> = H-_)P(H? = H_|d;)

Taking the logarithm, and applying conditional independence of the measure-

ments E%:mz, we have that

f+(&3) 1 PO = Heldy)
@) R = o)

L2 =InR> —m21
mz_n mz_zn
j=1

indicating that L§ = In [P(H? = H, |d)/P(H? = H_|d;)]. Taking the temporal

continuum limit as in 2.1, we find
dy? = ¢g*dt +v2DdW, (3.1.3)

with the Wiener process, W, and variance defined as in Eq. (2.0.1). The drift g*> €
+1 is determined by H?> = H..
Furthermore, the initial belief is biased in the direction of the previous deci-

sion, as the observer knows that are correlated across trials. The initial condition

for Eq. (3.1.3) can be derived from Eq. (2.1.4) and is therefore

P(H? = Hi|dy = +1) (1—e)e?/P e

2(0. _ —D + — 4D . 2

y*(0;dy 2 n P(H2 = H_|d = £1) In eef/D 4 (1 —¢) S
(3.1.4)

where we have used Egs. (2.3.5), (3.1.1), and (3.1.2). Note that y3 — 0 in the limit

€ — 0.5, so no information is carried forward when uncorrelated across trials. In
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3.2. PERFORMANCE ON THE FIRST TWO TRIALS

the limit ¢ — 0, we find y% — 01, so the ending value of the decision variable
y'(T;) = +0; on trial 1 is carried forward to trial 2, since there is no change in
environmental state from trial 1 to 2. For € € (0,1/2), the information gathered
on the previous trial provides partial information about the next state, and we
have y3 € (0,6;) [61].

We assume that the decision variable, y?(t), evolves according to Eq.
until it reaches a threshold £6,, at which point the decision dy = +1 is registered.

The full model is thus specified by

dy/ = ¢g/dt+ vV2DdW, until |y/(T))| >6; — d; =sign(y/(T))),
y'(0) =0, y*(0)==+y3 for d;=+1, and

gj =41 for H/ = Hy,j=1,2.

3.2 Performance on the First Two Trials

Next, we show how varying the decision thresholds impacts the performance
of the observer. For simplicity, we first assume the same threshold is used on both
trials, 61., = 6. We quantify performance using a reward rate (RR) function across

both trials:

c1+co
DT; + DT, + ZTD,

RR;., = (3.2.1)

where c; is the probability of correct responses on trial j = 1,2, DT; is the mean

decision time on trial j, and Tp is the time delay after each trial. The expected
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3.2. PERFORMANCE ON THE FIRST TWO TRIALS

time until the reward is thus DT 4+ DT, 4+ 2Tp. The reward rate will increase
as the correct probability in each trial increases and as decision time decreases.

However, the decision time on trial 2 will depend on the outcome of trial 1.

3.2.1 Threshold Determines the Probability of Being Correct

We note that Eq. (2.1.4) extends to any trial j in the case of an ideal observer.

In this case, when the decision variable y?(T,) = 6, we can write

P(H? = Hy |y*(T2)

=0 0/D
= 2.2
P2 = H_|y2(Ty) = 0) e’/ ", (3.2.2)
so that rearranging Eq. (3.2.2) yields
2 _ 2 — 2 _
L PUP=HAT) =OPGAT =0) 1 _ ooy
P(dz = +1) 14 e-0/D

Therefore the probability of correct decision on trials 1 and 2 are equal, and deter-
mined by 6 = 615, and D. A similar computation shows that the threshold, 6; = 6,
and diffusion rate, D, but not the initial belief, determine the probability of a correct
response on any trial j. On trial 2, information from the previous trial is already
incorporated as a prior, so the threshold directly determines the probability of a
correct decision on both trials 1 and 2.

To demonstrate self-consistency in the general case of decision thresholds that
may differ between trials 61.,, we can also derive the formula for c; in the case
y3 < 6. Our alternative derivation of Eq. begins by computing the total

probability of a correct choice on trial 2 by combining the conditional probabilities
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3.2. PERFORMANCE ON THE FIRST TWO TRIALS

of a correct choice given decision d; = +1 leading to initial belief 13, and decision

dy = —1 leading to initial belief —173

c2 =[(1—e)er+e(l—c1)] - 7o, (y5) + [ec1 + (1 =€) (1 —c1)] - 70, (—y5),
(11— €)e?/P 4 ¢ (- €)(e/P — e=02/D) 4 ¢(1 — e(01-02)/D)

ef/D 41 (1 —€)e?/D 4 ¢)(1 — e=202/D)
eef/D 4 (1—¢) _ e(eel/D — e*92/D) +(1—e)(1— e(erez)/D)
ef1/D 41 (eef/D 4+ (1 —¢€))(1 — e202/D)

(ee®/P 4 (1 —€))((1—€)e?/P 4 ¢)(e?/P 4 1)(1 — e /D)
(€e®/D + (1 —€))((1—€)e®/D +€)(e®/P +1)(1 — e202/D)
1
1 +e02/D’

showing again that the correct probability ¢, on trial 2 is solely determined by 6,

and D, assuming y% < 6,.

3.2.2 Mean Response Time on the Second Trial

We can compute the expected time until a decision on trial 2, DT, by marginal-

izing over d; = £1,

DT,|(H* =Hs) = Y, T(k-y§;6,) - P(dy = k|H* = Hy), (3.2.4)
k=41
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3.2. PERFORMANCE ON THE FIRST TWO TRIALS

since d; = £1 will lead to the initial condition +y3 on trial 2. We can compute

T(+y3;0) using Eq. (2.2.3) as

+1
ee®/P 4 (1—¢)
(1—¢€)ed/D ¢

0, 0,
coth D cschﬁ

(1—e)e?/P e
eef/D 4 (1—¢)

T(+yg; 62) =62 T+ DIn

(3.2.5)
The second terms in the summands of Eq. (3.2.4) are given by

2 — = —
P(dy = +1|H2 = Hy) = P(H? = Hy|d, = £1)P(d; = +1)

= (1 — 6)01 +€(1 — Cl),

P(HZ = H-)
P(H? = H|d, = F1)P(d; = F1)
2 —
P(dy = F1|H? = Hy) = P(FE = ) =ec1+(1—€)(1—c1).

We also note that DT, = [DT,|H? = H, | P(H> = H4) + [DT,|H> = H_| P(H? =
H_) =DT;|(H? = Hy).

The average time until a decision on trial 2 is (see section [3.2.2)

1—e 9D (1—¢€)e?’P e
DTy = —— |0—(1—2¢)DI1
? +e ( €) 1n(—:eQ/D—{—(l—(—:)

(3.2.6)

Notice, in the limit e — 0.5, Eq. (3.2.6)) reduces to Eq. (2.2.4) for 6; = 0 as expected.
Furthermore, in the limit e — 0, DT, — 0, since decision is made immediately in
an unchanging environment as y3(0) = +0.

We can now use the fact that c; = ¢, to combine Egs. (2.3.5), and (3.2.6) with
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3.2. PERFORMANCE ON THE FIRST TWO TRIALS

Eq. (3.2.1) to find

(1—¢€)e?P +e
ee?/D + (1 —¢)

RR;,(6) = 2 ([1 - e_Q/D] [29 —(1-2¢)DIn +2Tp [1 + e—f’/D} ) - )

which can be maximized using numerical optimization.

Our analysis shows that the correct probability on both trials, c.p, increases
with 6 and does not depend on the transition probability e (Fig. 3.2.1]A). In ad-
dition, the decision time on trial 2, DT,, increases with 8 and e (Fig. ): At
smaller transition rates, €, more information is carried forward to the second trial,
so the decision variable y3 is, on average, closer to the threshold 6. This shortens
the average decision time and increases the RR (Fig. [3.2.1C, D). Lastly, note that
the threshold value, 6, that maximizes the RR is higher for lower values of €, as
the observer can afford to require more evidence for a decision when starting trial

2 with more information.
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3.2. PERFORMANCE ON THE FIRST TWO TRIALS

A Bis

0.9
08 1
> >
207 &
N Nos
0.6
05 ‘ 0
0 05 1 15 2

C 0.34 D RRLQ , €

(6, €)
0.32
0.3
0.28
2

0.26

1
0

Fig.3.2.1: The reward rate (RR) depends on the state change rate € := P(H? # H!)
for a constant threshold 6 := 01.,. Here and below stochastic simulations (dots)
are compared to theoretical predictions (solid lines). A. The probability of a correct
response on trials 1 and 2 (c1.2) only depends on the threshold 6, and increases
with 0. B. Decision time DT, on trial 2 increases with the threshold 0 and with
the change rate, e. Threshold crossings happen sooner on average for lower ¢,
since trial 2 is initiated closer to threshold. C. The reward rate (RR) as defined
by Eq. is unimodal. D. Colormap plot of RR as a function of 6 and €. The
maximal RR increases and occurs at higher thresholds, 8, when state changes are
less likely (lower €): As € decreases, the observer can afford to integrate evidence
for a longer time on trial 1 because trial 2 will be much shorter (as shown in B).

Here and in subsequent figures we used delay time Tp = 2 and noise amplitude
D=1
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3.3. PERFORMANCE FOR DYNAMIC DECISION THRESHOLDS

3.3 Performance for Dynamic Decision Thresholds

We next ask whether the RR given by Eq. can be increased by allowing
unequal decision thresholds between the trials, 8; # 6,. As before, the proba-
bility of a correct response, c; = 719, (0), and mean decision time, DT, on trial 1
are given by Egs. and (2.3.4). The correct probability ¢, on trial 2 is again
determined by the decision threshold, and noise variance, D, as long as 6, > y3.
However, when 0, < y3, the response on trial 2 is instantaneous (DT, = 0) and
cp = (1 —¢€)c1 + €(1 —cy). Therefore, the probability of a correct response on trial

2 is defined piecewise

1

_— 0 > 3,
cr — 1+4e6/D 2~ (3.3.1)
2 (1_€)+€e—61/D .6 < ) .
Tteop  2SW

In the case 6, > yé, the average time until a decision on trial 2, is (See )

1—e%/D (1-2¢)(1 - e 01/D) " (1—e€)e®/P 4 ¢
1+e /D 1+e60/D ee?/D 4 (1—¢)’

DT, = 6, (3.3.2)

which allows us to compute the reward rate function RRy.2(€) = RRj.2(01:; €):

El + E2
E2EL [0, — (1—2 2T E e T 2> Vo
RRy(€) = ZEL [0 — (1 —2e)yg] + EL [62E2 +2TpE? |
' 2(1—€)+e€eEL )
T 1 2 60 < vy,
0,EL +2TpEL
(3.3.3)
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3.3. PERFORMANCE FOR DYNAMIC DECISION THRESHOLDS

where E 1,[ — 1+ 9%/P. This reward rate is convex as a function of the thresholds,

1.2, for all examples we examined.

A 5 RR1:2(91:2§ €= 0-25) B 5 RR1;2(91:2; €= 0.1) B
0.3
0.29 0.3
& 0.28 <
0.07 0.28
0.26 0.6
0.25
C D .
o I
y gmax 5;0.32
B - N
ES 41 9% oy
o * .31
Q > 0.3
S
08 ° 0.3+
N S | ‘ ‘ ‘ ‘ ‘
0 01 02 03 04 05 0 0.1 02 03 04 05
€ €

Fig.3.3.1: A,B. Reward rate (RR), given by Eq. , depends on the change rate
€ and thresholds 01,,. For e = 0.25 (panel A), the pair 07'3* that maximizes RR
(dot) satisfies 07" > 07", Compare to the pair 675 (circle) for & = 61, as in
Fig. . The boundary 6, = y3(61), obtained from Eq. @ , is shown as a
dashed line. For € = 0.1 (panel B), the optimal choice of thresholds (dot) is on the
boundary 6, = y3(61). C. Decreasing e from 0.5, initially results in an increase in
07" and decrease in 05", At sufficiently small value of ¢, the second threshold
collides with the initial condition, 6 = y3(0;) (vertical line). After this point, both
07" and 05'®* increase with € and meet at € = 0. The optimal constant threshold,
6™, is represented by the thin curve. D. RR{%*(e) decreases as € is increased,
since the observer carries less information from trial 1 to trial 2. The thin light
curve shows RRTS* for the constant threshold case, and the horizontal line shows
RR7T% when assuming independence.
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3.4. OPTIMIZING THE EXPECTED NET REWARD

The pair of thresholds, 073, that maximize RR satisfy 07"® > 0% so that the
optimal observer typically decreases their decision threshold from trial 1 to trial 2
(Fig.[3.3.TA,B). This shortens the mean time to a decision on trial 2 since the initial
belief 3 is closer to the decision threshold more likely to be correct. As the change
probability, €, decreases from 0.5, initially the optimal 8" decreases and 67"®* in-
creases (Fig. ), and 09'® eventually collides with the boundary y3 = 6,. For
smaller values of €, RR is thus maximized when the observer accumulates infor-
mation on trial 1, and then makes the same decision instantaneously on trial 2, so
thatcy = (1 —€)c; + €(1 — 1) and DT, = 0. As in the case of a fixed threshold,
the maximal reward rate, RR]%3*(¢), increases as € is decreased (Fig. 3.3.1D), since
the observer starts trial 2 with more information. Surprisingly, despite different

max

strategies, there is no big increase in RRT"5* compared to constant thresholds, with

the largest gain at low values of e.

Remark: In the results displayed for our RR maximization analysis (Fig.
and [3.3.1)), we have fixed Tp = 2 and D = 1. We have also examined these trends
in the RR at lower and higher values of Tp and D (plots not shown), and the
results are qualitatively similar. The impact of dynamic thresholds 6;., on the RR

is slightly more pronounced when Tp is small or when D is large.

3.4 Optimizing the Expected Net Reward

Our next question is what is the optimal strategy if the performance is defined

as ENR. From Eq. (3.3.2) and (3.3.1), we can write ENR function as the following
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3.4. OPTIMIZING THE EXPECTED NET REWARD

E! +E% —cost- [E2 EL (6, —(1-2¢)y2)+EL [y0,E2 + (1+)TpE3 ]|

: 92 > ]/2,
ENR;., = N et Eifi 2 0
1+y(1—€E> )—cost- |01E- +(1+y)TpE
Eil — 10y < 3/(2)/
(3.4.1)

where Ej — 1+ 9/ ,and 0 < y < 1 is the discount rate. The discount rate
reflects the current value of future rewards: the reward is received j trials later in
the future is only worth v/~ times of its immediate value [87].

We analyze ENR similarly to the way we do RR analysis. First, we look at the
color map of ENR as a function of 81 and 6, for 2 different values of change rate,
€ = 0.1 and € = 0.25. In both cases, the global maximum of ENR is obtained
when threshold on trial 2 is lower, i.e., 6, < 0; (see Fig. A, B) . This is the
same result as we find in section 3.3|(see Fig. [3.3.1 A and B). Interestingly, we also
find similar trends when we plot optimal thresholds 677> and maximum ENR as
a function of e (compare Fig. A and B to Fig. A and B, respectively).
The same explanation for RR can be explained here. When initial belief collides
with the threshold on trial 2, the observer makes an immediate decision. There-
fore, increasing 6, does not impact the decision time while improving the correct

probability. We also find that the dynamic threshold strategy improves slightly

for small values of change rate.
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3.4. OPTIMIZING THE EXPECTED NET REWARD

A ENR1:2(91:2; €= 025) B ENR1;2(01;2; €= 01)
2 [
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© 0.3
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0.7 = 0.58
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Fig. 3.4.1: Diffusion term D = 1, the evidence-accumulation cost is “cost” = 0.5,
the intertrial delay time is Tp = 0.5, and discount rate y = 0.7. A,B. Expected
Net Reward (ENR), given by Eq. as a function of change rate € and thresh-
olds 01.>. The pair 675> that maximizes ENR (dot) satisfies 07"® > 05'®*. On the
other hand, the pair 07%* (circle) maximizes ENR under the constraint on con-
stant thresholds, 6; = 6,. The boundary 6, = y%(@l), obtained from Eq. ,
is shown as a dashed line. C, D. Optimal decision thresholds 07%3* and maximum
ENRJ* as functions of change rate €. The trends are similar to the results in Fig.
C and D even though the optimal values are different between RR and ENR.
The thin light blue curve shows ENRTS* for the constant threshold case, and the
vertical line in panel C shows the boundary of 6, = y3(61).

Remark: The optimal thresholds found from optimizing ENR are lower than
from RR optimization. Recall that the intertrial delay time Tp makes a difference

in optimizing RR while it does not affect optimizing ENR. We set high delay time
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3.5. SUMMARY

(Tp = 2) in our RR optimization problem, so it increases the optimal thresholds.
Note that ENR and RR are two different functions, so we cannot say that one

function is a better optimization.

3.5 Summary

In this chapter, we extend the standard DDM to include correlation while omit-
ting feedback. We compute the history bias, mean decision time, and probability
of being correct. Optimizing RR and ENR for the first two trials, we find that
varying thresholds across trials yields the global maximum. In fact, the optimal
strategy is to set higher thresholds on trial 1 and lower thresholds on trial 2 so that
the bias is closer to the threshold. In chapter 4, we extend these observations to

multiple correlated trials.
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Chapter I

Integrating Information Across

Multiple Correlated Trials

To understand optimal decisions across multiple correlated trials, we again
assume that the states evolve according to a two-state Markov Chain with € :=
P(H/*! = H+|H/ = H.). Information gathered on one trial again determines
the initial belief on the next. We first discuss optimizing the RR for a constant
threshold for a fixed number, n, of trials known to the observer. When decision
thresholds are allowed to vary between trials, optimal thresholds typically de-

crease across trials, 9;“3" < Q;Ealx.
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4.1. OPTIMAL OBSERVER MODEL FOR MULTIPLE TRIALS

4.1 Optimal Observer Model for Multiple Trials

As in the case of two trials, we must consider the caveats associated with in-
stantaneous decisions to define initial conditions, yé, probabilities of correct re-
sponses, ¢, and mean decision times DT;. The same argument leading to Eq.
shows that the decision variable evolves according to a linear drift-diffusion pro-
cess on each trial. Because the thresholds are symmetric, we only discuss the case
where the correct threshold is positive. The probability of a correct choice is again
defined by the threshold, ¢; = 1/(1 + e~ %/P) when 0; > yé. When 0; < yé, no
evidence is accumulated and a decision is made immediately. The correct prob-
ability is ¢; = (1 —€)cj1 +€(1 —¢j_1) as in Eq. (3.3.1). Therefore, c; may be
defined iteratively for j > 2, as

1 . j

¢; = 1+e79/P ' | (4.1.1)
(1 — G)C]',l + 6(1 — ijl) : 6] < yé,

with ¢; = 1/(1 + e~%/P) since y} = 0.
The probability c; also quantifies the belief of a rational observer at the end of
trial j. Hence, as in Eq. (3.1.4), the initial belief of an ideal observer on trial j + 1

has the form

(1—e)cj+e(l—cj)

ITH0;d; = +1) = +D1In
Y0 ) eci+(1—€)(1—c)

— 4y, (4.1.2)

and the decision variable y/(t) within trials obeys a DDM with threshold 0; as

in Eq. 1i A decision d; = +1 is then registered when y/J (Tj) = £0;, and if
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4.2. PERFORMANCE FOR CONSTANT DECISION THRESHOLDS

0; < yé, thend; = d; 1 and T; = 0. In the following we assume that the number

of trials, 1, is known to the observer.

4.2 Performance for Constant Decision Thresholds

We first assume that the observer uses a fixed threshold, 0, = 6, across all
trials. With n trials, the RR is the sum of the expected rewards divided by the
total expected time for the sequence of trials. Assuming, as before, that correct
responses yield a unit reward, and incorrect responses yield no reward, and that

the total time is a sum of the decision and delay time, we obtain

n .
j=1¢j

7:1 DT] —+ I’ZTD )

RR;., = (4.2.1)

The probability of a correct choice, ¢; = 1 /(1 + e~ 9/D ), is constant across trials,

and determined by the fixed threshold 6. It follows that y3 = y3 = - -+ = y! = yp.

Eq. (4.1.2) then implies that 6 > yé for e > 0 and yé =0ife =0.

As yé is constant on trial 2 and beyond, the analysis of the two-trial case im-
plies that the mean decision time is given by an expression equivalent to Eq. (3.2.6)
for j > 2. Using these expressions for ¢; and DT; in Eq. (4.2.1), we find

RR;..(6;¢€) = n ([1 - e_e/D] (10 — (n — 1)(1 — 2€)yo] + nTp [1 + e_Q/D])_l .
(4.2.2)

As n is increased, the threshold value, 0™@%, that maximizes the RR increases
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4.2. PERFORMANCE FOR CONSTANT DECISION THRESHOLDS

across the full range of € values (Fig. [4.2.1) as trial 1 has less impact on the RR.
Longer decision times on trial 1 impact the RR less, allowing for longer accumu-

lation times (higher thresholds) on later trials. In the limit of an infinite number

of trials (n — o0), Eq. simplifies to
-1
RRoo (0; €) = ([1 — e 0/ D} 10— (1—2€)yo] + Tp [1 +e D]) . (42.3)

and we find 6™2* of RR (6; €) sets an upper limit on the optimal 0 for n < co.

Aoss B oss Cos

- 03 0.4

0.25¢

Fig. 4.2.1: Reward rate (RR;.,) defined by Eq. increases with 1, and as € is
decreased, as shown for e = 0.25 (panel A); € = 0.1 (panel B); and € = 0 (panel
C). The optimal decision threshold, 8™%%, increases with n. The limiting reward
rates RRy.,(0;€) — RRu(6;€) as n — oo defined by Eq. are given by the
topmost light curves.

Interestingly, in a static environment (¢ — 0),

1
lim RR(6;€) = ,
d RR(0:€) = T e o)

so the decision threshold value that maximizes RR diverges, 6™ — oo (Fig.
)- Intuitively, when there are many trials (n > 1), the price of a long wait for

a high accuracy decision on the first trial (c; ~ 1 but DT; > 1 for 6 > 1) is offset
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by the reward from a large number (n —1 > 1) of subsequent, instantaneous,

high accuracy decisions (¢; &~ 1 but DT; = 0 for 6 > 1 and j > 1).

4.3 Performance for Dynamic Decision Thresholds

In the case of dynamic thresholds, the RR function, Eq. , can be maxi-
mized for an arbitrary number of trials, n. The probability of a correct decision,
¢j, is given by the more general, iterative version of Eq. (4.1.1). Therefore, while
analytical results can be obtained for constant thresholds, numerical methods are
needed to find the sequence of optimal dynamic thresholds.

The expression for the mean decision time, DT}, on trial j is determined by
marginalizing over whether or not the initial state yé aligns with the true state H/,
yielding

1_ e 8/D

0

DT, = ]1—i—e*91’/D B

(1-2€)(2cj1 — 1)y} : 6, >y),

0 : 0 <y}

Thus, Eq. (4.1.1), the probability of a correct decision on trial j — 1, is needed to
determine the mean decision time, DT}, on trial j. The resulting values for ¢; and
DT; can be used in Eq. to determine the RR which achieves a maximum for
some sequence of thresholds, 1., := (61,03, ..., 0).

In Fig. we show that the sequence of decision thresholds that maximize

RR, 0719, is decreasing (07" > 07'® > ... > 0;'®) across trials, consistent with
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our observation for two trials. Again, the increased accuracy of earlier trials im-
proves accuracy on later trials. Thus, there is a value in gathering more infor-
mation early in the trial sequence, and making fast, but less accurate decisions
later in the sequence. Alternatively, an observer has less to gain from waiting for
more information in a late trial, as the additional evidence can only be used on a
few more trials. For intermediate to large values of ¢, the observer uses a near-
constant threshold on the first n — 1 trials, and then a lower threshold on the last
trial. As € is decreased, the last threshold, 6;'**, collides with the boundary v, so
the last decision is made instantaneously. The previous thresholds, 674}, 097, . ..
collide with the corresponding boundaries yg_l, yg_z, ... in reverse order as € is
decreased further. Thus for lower values of €, an increasing number of decisions
toward the end of the sequence is made instantaneously. This results in a more

gradual decrease in the thresholds used on each successive trial in the case of slow

environments, with low € values.
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EXPECTED NET REWARD

A three trials B five trials C ten trials
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Fig. 4.3.1: Optimal sets of thresholds, 67°2%, for n trials with correlated states. Top

1n 7
row: A. For n = 3, the set of optimal thresholds 67'5* obeys the ordering 6" >
o > P52 for all values of €, converging as € — 0.5 and as € — 0. Vertical
lines denote points below which 67" = y) successively for j = 3,2,1. B, C.

Ordering of optimal thresholds is consistent in the case of n = 5 (panel B)and n =
10 trials (panel C). Thin curves in each plot show the optimal choice of constant
threshold 6. Bottom row: Fixing D. € = 0.01, E. ¢ = 0.1, and F. € = 0.25, the
optimal threshold vectors 07)3* are displayed as a function of trial number. The
stereotyped decrease in 8% is preserved as a function of j across different total

trial numbers n. The decrease is more gradual for small €, whereas for larger ¢,
thresholds are constant until the last trial ;2.

4.4 Performance for Dynamic Decision Thresholds Us-
ing Expected Net Reward

We now identify optimal evidence accumulation strategies across trials when

taking the expected net reward (ENR) as the value function, which for # trials is
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4.4. PERFORMANCE FOR DYNAMIC DECISION THRESHOLDS USING
EXPECTED NET REWARD

defined as

n .
ENRy,, = Y v/ 7! [¢j — cost- (DT; + Tp)] (4.4.1)
j=1

where ¢; and DT are defined in Eq. (4.1.1) and (4.4.1). We assume the number of

trials is finite, n < oo, and the thresholds can vary across trials.

three trials five trials
= B 1.2 -
95‘“&" - 912113.)(
— egnax 1 | ‘ — Hgnax
?ém [r— Ginax
5 0.8 N\ =05
0.6 \
‘ ‘ ‘ 0.4 ‘ ‘
0 0.1 0.2 03 04 0 0.1 0.2 03 04
€ €

Fig. 4.4.1: Optimal sets of thresholds computed from ENR, 67’2, for n trials with
correlated states. Here, D = 1, cost = Tp = 0.5 and v = 0.7. A. For n = 3, the
set of optimal thresholds 0775 still obeys the ordering 6" > 0" > 05" for all
values of €, converging as € — 0.5~ and as € — 0. Vertical lines denote points

below which 9}“?"" = yé successively for j = 3,2,1. B. For n = 5, the ordering

of optimal thresholds is consistent, i.e., higher thresholds on earlier trials. Thin
curves in each plot show the optimal choice of constant threshold 6.

When the observer optimizes ENR over multiple trials, we obtain the same re-
sult as when the observer optimizes RR (compare Fig. A and B to Fig.
A and B, respectively): While the exact values of the thresholds are not the same
in both cases, the thresholds decrease in the order from earlier trials to later trials,

o > 07 > ... > 0@, This shows that the general optimal strategy is the
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4.5. SUMMARY

qualitatively regardless of whether the observer optimizes ENR or RR. As such,
we conclude that both value functions quantify performance in such multi-trial
tasks similarly enough that we need only focus on one henceforth. In the sub-
sequent chapter, we will primarily focus on optimal strategy calculations using
ENR as it is more tractable to analyze for some problems, due to the time penalty

arising linearly, as opposed to nonlinearly in the RR.

4.5 Summary

In this chapter, we derive general equations for the probability of a correct
response and the mean decision time for any number of trials. When the ideal
observer changes their threshold between trials, their initial beliefs for a trial can
be above thresholds, resulting in an immediate decision. We analyzed the no-
teedback case in multiple trials by optimizing reward rate (RR) and expected net
reward (ENR) functions. Even though both functions do not produce the exact
same set of optimal thresholds, the trends in strategy are similar. The optimal ob-
server prioritizes accuracy on earlier trials and speed on later trials. In the next
chapter, we introduce probabilistic feedback and identify how conflict arises be-
tween external feedback and internal belief and how this shapes decision strate-

gies.
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Chapter 5

Effects of Probabilistic Feedback

Across Correlated Trials

Having studied the normative model of sequential decision-making without
feedback, we next consider how the observer integrates external feedback with
their internal belief to make optimal decisions in a changing environment. To
model this situation we assume the following: the ideal observer integrates evi-
dence about the true state, H", and makes a decision about whether H" = H or
H_. Feedback is then given in two possible ways. Probabilistic signaling denotes
given feedback after the response as a light signal: green light implying the re-
sponse was more likely correct; red light implying the response was more likely
incorrect. As in the previous chapter, we assume that the reward is provided at
the end of the trial sequence as it would provide an unambiguous signal that the
response was correct. Alternatively, the reward itself may be provided at the end

of each trial, but with some probability of being received when the observer is
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wrong, or not received when the observer is right. We call this the case of proba-

bilistic reward (See Fig. for more details).

trial 1 |‘ trial 2 |‘ trial 3 |‘ trial 4
m

S 1—e€ 1—e€

~(Hy D, H, H,

» ¢ € €

oo}

S

% H_ H_ H | . |H_

~_

W T A+947
= = = =
> A > —e, > —0s > _947

time time - time tlme

< ¢ <

Fig. 5.0.1: True environmental state H" € H4 switches stochastically between
trials with probability €. An observer sequentially accumulates noisy evidence
within a trial and biases their initial belief based on the past choice and feedback.
When the green light (or reward) appears at the end of trial 1, the initial belief
on trial 2 may end up above the decision boundary due to the additional positive
information. Thus, the observer may use feedback at the end of trial 1 to make
an immediate decision on trial 2. A. Given probabilistic signal as feedback, de-
spite the erroneous red (negative) signal at the end of trial 2, the observer will
still receive a reward for trial at the end of the trial sequence, since they were
correct. B. In the case of probabilistic reward, the observer is sometimes not re-
warded /rewarded even though they are correct/incorrect. In this example, there
is no reward on trial 2 even though the observer is correct.

Besides the change probability €, we assume that the observer also knows the
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probability of correct feedback, i.e., p := P(positive feedback|correct choice) and

q := P(negative feedback| incorrect choice), i.e.,

P(sj=+1|H = Hy,d; = +1) =p,

P(sj = —1|H/ = Hy,d; = ¥1) = g,

where s; = +1 (s; = —1) indicates positive feedback (negative feedback) on j-th
trial.

Rewards are distributed differently depending on the type of feedback. If the
feedback is a probabilistic signal, a cumulative reward is distributed at the end
of the sequence of trials. On the other hand, if the feedback is a reward, then
reward is distributed probabilistically and does not perfectly correspond to the
correctness or incorrectness of the observer’s choices. For example, in the case
of probabilistic signaling feedback, despite the red signal, a reward will still be
given for the response on trial 2 at the end of all trials if the observer is correct
(See Fig. 5.0.1 A). However, in the case of probabilistic reward, there may be no
reward given at times even though an observer is correct on a trial (See Fig. 5.0.1
B). When p = g = 0.5, probabilistic signals are uninformative, but the observer
can still be rewarded on more than half the trials on average by accumulating
information, as described in chapters|3|and @ On the other hand, for p = g = 0.5,
probabilistic rewards are awarded independently of the responses. Observers are

therefore rewarded only on half the trials on average, regardless of their strategy.
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5.1. FEEDBACK ENHANCES THE OBSERVER’S INITIAL BELIEF

5.1 Feedback Enhances the Observer’s Initial Belief

We start off by considering the first two trials of a sequence to get a sense of
how information is passed from one trial to the next and how this impacts decision
strategies. The observer combines their internal belief and external feedback on
trial 1 to bias their belief on trial 2. We assume that the probabilities of correct
teedback are the same for both positive and negative feedback, i.e., p = g, and
decision thresholds are fixed across trials, 8; = 8, = 6. We only consider the case
where 0.5 < p < 1. If 0 < p < 0.5, the roles of positive feedback and negative
teedback interchange, i.e., the red light (green light) indicates correct (incorrect)
choice while the observer receives rewards for being incorrect more often. The
analysis is similar, so we do not discuss this case separately.

Moreover, we have € = P(H? = H+|H! = Hy) = P(H! = Hy|H? = H+) and
1—e=P(H?> = Hy|H' = Hy), then

P(s; = +1,d; = £1|H?> = H.)
=P(s; = +1|d; = £1, H! = H1)P(d; = +£1|H' = H1)(1 —¢)
+P(s; = +1|d; = £1, H' = H£)P(d; = £1|H' = Hy)e

=p(l—€e)c1+ (1 —p)e(1—rc1). (5.1.1)
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5.1. FEEDBACK ENHANCES THE OBSERVER’S INITIAL BELIEF

Similarly, we have

P(s; = +1,d; = £1|H?> = Hz) = pec; + (1 — p)(1 — €)(1 — ¢1), (5.1.2)
P(s; = —1,dy = +1|H> = Hs) = (1 = p)(1 — e)c1 + pe(1 —c1), (5.1.3)

P(s; = —1,d; = £1|H?> = Hy) = (1 — p)ec; + p(1 —€)(1 —¢1). (5.1.4)

The probability ratio is:

P(H> = Hy|&,, ,d1,51)
P(H? = H_|é3,, ,d1,51)
P(&3.,,|H> = Hy)P(s1,d1|H? = Hy)
P(&3.,,|H? = H-)P(s1,d1|H? = H-)

4

and thus, the LLR is computed as

P(s1,d1|H? = Hy)
P(Sl,d1|H2 = H_)’

m fe(&F)
2 =InR2. =Y In=—L +1In
IR = L In

indicating that L3 = In[P(s1,d1|H? = Hy)/P(s1,d1|H* = H_)]. Taking the con-

tinuum limit, we also find
dy? = ¢g*dt + vV2DdW. (5.1.5)

When feedback is present, the initial belief is typically biased, but the direction

of the bias depends on the strength of feedback p and discounting based on the
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5.1. FEEDBACK ENHANCES THE OBSERVER’S INITIAL BELIEF

correct choice change probability €. The initial condition for Eq. (5.1.5) is

P(s; = +1,d; = £1|H? = H,)
2 +
0;dy = +1,51 = +1) = D1

y(0;dy 51 ) np(sl +1,dy = £1|H2=H_)

(p—€)cr+(1—p)e 2
= +DI = Yo+
"pre—Da+-p-e ot
(5.1.6)
200 4. — T P(s; = —1,d = +1|H*> = Hy)
Y (O,dl—il,sl— 1)_DlnP(Sl=—1,d1:i1|H2:H_)
_ipm iZp=eatpe 2 (5.17)

(e=pla+p(l—e)
When p = g = 0.5, the initial belief is

(1—e€)er+€(1—cq)

2. 4. _ 200 . 1) —
y2(0;dy = £1,51 = +1) = y2(0;d1 = +1,51 = —1) DIn 1o’

which is the initial condition in the case of no feedback in Eq (4.1.2).

The observer enhances their initial belief when given probabilistic intertrial
teedback. Reliable positive feedback, either probabilistic signaling or probabilis-
tic reward, strengthens the observer’s bias toward the same decision in a slow-
changing environment, i.e., y3, increases toward +6 as (e, p) — (0,1) (see Fig.
A and C). In contrast, reliable negative feedback strengthens the belief in op-
posite decision when the environmental state is likely to repeat, as y3_ decreases
toward —0 as (¢, p) — (0,1) (see Fig. B and D). Interestingly, there is an in-
crease in initial belief given by the red light when (e, p) — (0,0.5) (bright yellow
region in Fig. B). This is the region where the observer makes an instanta-

neous decision after receiving a green light. The green light impacts the expected
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5.1. FEEDBACK ENHANCES THE OBSERVER’S INITIAL BELIEF

net reward more, thus the optimal thresholds increase. On average signaling leads
to optimal strategies with increased accuracy, whereas probabilistic reward leads
to optimal strategies with decreased accuracy.

The increase in initial beliefs leads to more frequent immediate decisions. The
ideal observer commits an immediate decision when the initial belief is above
threshold, i.e., 6 < | y% n } We denote the optimal thresholds for probabilistic sig-
naling and probabilistic reward by 67" and 6"?%, respectively. Thus, the solid
(dashed) curve in Fig. indicates }y(z) i‘ = g (‘y% i‘ = 0"%). In Fig. 5.1.1,
the immediate decision occurs for parameter values in the region above the curve
for the probabilistic signaling (solid) and on the left region for the probabilistic
reward (dashed). In the probabilistic reward case, the observer always makes an
immediate decision at p = 0.5 because the optimal threshold 6]"** (¢, 0.5) = 0 for
any 0 < e < 0.5. When the reward is given for correct choice with probability
p = 0.5, the probability of correct response does not contribute to ENR, so setting

threshold to be 0 improves the decision time and ENR overall.
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5.1. FEEDBACK ENHANCES THE OBSERVER’S INITIAL BELIEF
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Fig.5.1.1: Color plots of initial belief on trial 2, y% ., given by light signals: A. green
light, B. red light; and by reward feedback: C. reward, D. no reward. The optimal
policy is for constant thresholds across trials. The curves indicate the parameter
values (€, p) at which 6@ = ‘ y3. |, or omax = }y% |, 1.e., decisions occur immedi-
ately. The solid (dashed) curve corresponds to the case of probabilistic signaling
(probabilistic reward) while the green (blue) color indicates positive (negative)
teedback.

Positive feedback yields a larger region of immediate decisions because the
observer’s belief and the feedback agree. When feedback is unreliable, p — 0.5,
the observer can still react instantly when the environment is likely to stay con-
stant, e — 0. Negative feedback does not agree with the internal belief, so the
initial bias on the next trial is pushed toward the opposite threshold. Unless the
probability of correct feedback is high, the information from negative feedback is

not sufficient to lead to an immediate decision on trial 2.

59



5.2. PROBABILISTIC FEEDBACK REDUCES MEAN DECISION TIME AND
INCREASES PROBABILITY OF CORRECT RESPONSES ON TRIAL 2

The immediate-decision regions are smaller in the case of probabilistic signal-
ing. This is because there is more incentive to ensure a correct response in the case
of probabilistic signaling as opposed to probabilistic reward. In the case of prob-
abilistic signaling, the observer can still be rewarded after they receive negative
feedback. If the feedback is not reliable, the observer will need to accumulate in-
formation to increase their accuracy. In contrast, when the probability of receiving
a reward for being correct is low, the observer will react faster since a correct re-
sponse does not ensure a reward. In this case, there is more to be gained by simply

reducing the time to a decision to increase overall performance on the task.

5.2 Probabilistic Feedback Reduces Mean Decision Time
and Increases Probability of Correct Responses on

Trial 2

Because the observer knows the probability of receiving correct feedback, they
can estimate the probability of receiving positive (s; = +1) or negative (s; = —1)

feedback on each trial by conditioning on both outcomes of the same trial

P(s; = +1) = P(s; = +1|H! = Hy,d; = +£1)P(d; = £1|H' = Hy)
+P(s; = +1|H! = Hy,dy = +1)P(dy = £1|H' = H+)

=2p—1ec1+(1-p). (5.2.1)
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5.2. PROBABILISTIC FEEDBACK REDUCES MEAN DECISION TIME AND
INCREASES PROBABILITY OF CORRECT RESPONSES ON TRIAL 2

Similarly,

P(sy =—1)=(1-2p)c1 + p. (5.2.2)

Note in the limit p — 0.5, P(s; = £1) — 0.5, so the signals are decoupled from
the probability of a correct response. On the other hand, as p — 1, the feedback
perfectly corresponds to whether the observer was right or wrong, i.e., P(s; =

+1) = ¢q and P(51 = —1) =1—-c.

5.2.1 Probability of Being Correct Depends on Reliability of Feed-
back

Feedback is received only after a decision is made. We assume that both op-
tions are equally likely at the beginning of trial 1, so the observer has neither bias
nor information about the correct choice, and trial 1 is equivalent to the case of no

feedback. Therefore,

1

C1 = —1+679/D'

Assuming the feedback is positive s; = 41 and the observer makes decision
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5.2. PROBABILISTIC FEEDBACK REDUCES MEAN DECISION TIME AND
INCREASES PROBABILITY OF CORRECT RESPONSES ON TRIAL 2

dqy = +1, LLR on trial 2 if the initial belief is below threshold is

P(H*> = Hyldy = +1,51 =+1) _ 4/p
P(H2 = H_|d2 = +1,S1 = +1)
=41
col(s1=+1) o0/D

1-— C2|(Sl = +1)

1

allor =11 = 1o

(5.2.3)

If the initial belief is above threshold, i.e., y% + > 0, then the observer makes deci-

siondp, = +1 and

P(H? = Hi|dy = +1,51 = +1)
P(H2 = Hf‘dz = +1, 51 = +1)
allsi=+1) _ g

1—ca|(s1 =+1)

2
— ey0,+/D

1

s =+1) = —————. 524
ZI( 1 ) 1_|_e_]/%,+/D ( )
Otherwise, when y% + <0, then the decision is d, = —1 and
2 _ _ —
P(H* = Hy|dy = —1,81 = +1) _ ey%,+/D
P(Hz = H,|€l2 =—-1,51 = —|—1)
1-alli=+1) _ g0
C2|(51 = +1)
1
cl(s1 =+1) = ———5—. 5.2.5
2|(1 + ) 1+ey%,+/D ( )
In general, the correct probability given the previous signal is:
1
C2|(Sl = :|:1) = (5.2.6)

14+ efmax(6,|y%i|)/D'
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5.2. PROBABILISTIC FEEDBACK REDUCES MEAN DECISION TIME AND
INCREASES PROBABILITY OF CORRECT RESPONSES ON TRIAL 2

Another way to write Eq. (5.2.6) is

— 10> |y% ,
col(s1 = +1) = 17 9/)D - i (5.2.7)
ci(p—e)+(1-p . 2
aty iy 0S|

7

and

—7 9> y2_ ,

cal(s1 = —1) = ”(e 9/)D - %0 (5.2.8)
c1(e—p)+ —€ . 2
Loty 0= vi |-

The probability of correct response on trial 2 is marginalized on both positive

and negative signals

(

i 10> [yg.| > v

7

=91-2p)t+2p—e)an+(1—ple :|y3.|>0>|vi_|, (5.2.9)

p(1—2e)+e ol = [vo-| =z 6,

\

where 0.5 <p—-e<p(l—2¢)+e<p<L

63



5.2. PROBABILISTIC FEEDBACK REDUCES MEAN DECISION TIME AND
INCREASES PROBABILITY OF CORRECT RESPONSES ON TRIAL 2
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Fig.5.2.1: Here, the probability of environmental change is € = 0.25 and probabil-
ity of correct feedback is p = 0.7. The stochastic simulations (dots) are compared
to theoretical predictions (solid lines). Feedback improves the probability of be-
ing correct in the case of quicker decisions. Positive feedback (green curves) leads
to both more accurate and speedier decisions as compared to decisions following
negative feedback (red curves). This is because most positive feedback follows a
correct decision. A. Probability of correct responses. B. Mean decision time on
trial 2.

When both initial beliefs for positive and negative feedback are below thresh-

old, ie, 8> |y3.| > |y2_

, feedback does not enhance the correct probability as
2 = ca|(51 = £1) = 1/(1 + e79P). (the region on the right of |y2_| = 0 in Fig.
A'). As threshold decreases, the probability being correct ¢, only depends
on change rate € and probability of correct feedback p, as initial beliefs for both
types of feedback are above threshold. For instance, if the environment does not
change, ¢ = 0, and the feedback is perfect, p = 1, then the observer is always
correct on trial 2 with probability c; = 1. On the other hand, if the feedback is
perfect, p = 1 and there is no correlation, e = 0.5, then the accuracy is c; = 0.5,
which is as good as guessing. For high thresholds, feedback does not improve

accuracy (region on the right of ‘y% n ‘ = 0in Fig A). Because the observer has
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more time to accumulate information, they rely more on their internal belief. As
thresholds decrease, the positive feedback has a greater impact on accuracy, and
thus it improves the total probability of being correct. Interestingly, correct prob-
ability given by negative feedback decreases as thresholds increase for |y5_| > 6
(see Fig. A). Recall that the negative feedback pushes the initial belief to the
opposite threshold. Since the environment is not static and the feedback is not
perfect, the initial belief is more likely to exit the wrong decision boundary. With-
out any subsequent evidence accumulation, the accuracy will decrease. Therefore,

setting higher thresholds does not improve accuracy.

5.2.2 Feedback Decreases Mean Decision Time in an Optimal Ob-

server

Now we can compute the average time until a decision on trial 2, assuming the

environment on trial 2 is H> = H, and feedback on trial 1 is positive, s1 = +1:

DTo|(H* = Hy,51 = +1) = Y, T(k-y3.;0). (5.2.10)
k=+1

Thus, the mean decision time on trial 2 given by positive/negative feedback is

DTo| (H? = Hy,s1 = +1) = 5o | T4 02)[p(1 = €)er + (1= )e(1 — )]

+ T(=y8,:02)[(1 =) (1 = €)(1 = 1) + peci] ],

(5.2.11)
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DTa|(H? = Hys1 = —1) = 535 | T(5502)[(1= p)(1 = €)er +ge(1 = 1))

+T(~y3:02)[q(1 — &) (1 — 1) + (1 = peci].

(5.2.12)

Substituting the mean first passage time from Eq. (2.2.3) into the unconditional

mean decision time equations, we obtain

L S T YO ) B )
DTy|(s1 = +1) = o Te 0P ]/0+(1 2e) (2p—1)c1+(1-p) 10> |y0+ ,
’ 10 < |y3+ ,
(5.2.13)
and
DT2’(51 = —1) — 1+e-6/D 0 (1-2p)c1+p ‘ 0 | (5.2.14)
’ 0 <[ .

Concerning the response times on trial 2, there are 3 possibilities: (1) both ini-
tial beliefs are below threshold and the observer takes a nonzero time to deliberate
in either case, (2) the initial belief for positive feedback is above threshold and the
observer responds immediately while initial belief for negative feedback is below
threshold and leads to further evidence accumulation, and (3) both initial beliefs

are above thresholds (look at three regions separated by dashed lines in Fig. 5.2.1).
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5.2. PROBABILISTIC FEEDBACK REDUCES MEAN DECISION TIME AND
INCREASES PROBABILITY OF CORRECT RESPONSES ON TRIAL 2

The unconditional mean decision time is therefore a piecewise function

DT,|(H* =Hy) = Y, DT,|(H? = Hy,s1 = k)P(s; = k)
k=+1
(

DTy — (1-2e)[y3 (p—1+c1) +v3_(c1—p)] 0> |v3.|>|vi

7

= (1 =2p)e1 + p)DTy — y3_ (1 —2€)(c1 — p) ey = 0> (v,
0 g > v > 6.
(5.2.15)

For high thresholds, there is an increase in mean decision time given by neg-
ative feedback. Negative feedback propels the observer’s belief away from the
previously crossed threshold, so unless it pushes it very close to the other thresh-
old it will take longer for LLR to reach the decision boundary than in the positive
feedback case. The mean decision time in the region on the left of |y%7 | is 0, mean-
ing that the negative feedback is informative enough to trigger a decision without
accumulating evidence (see Fig. [5.2.1). In summary, both positive feedback and
negative feedback help improve accuracy and lead to faster decisions. This result
is consistent with the trends in Fig. A more interesting question is how the
optimal observer changes their strategy for different types of probabilistic feed-

back. We address this question next by computing reward functions.
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5.3. OPTIMIZING EXPECTED NET REWARD FOR PROBABILISTIC
SIGNALING AND PROBABILISTIC REWARD

5.3 Optimizing Expected Net Reward for Probabilis-
tic Signaling and Probabilistic Reward

A major difference between the contexts of probabilistic signaling and proba-
bilistic reward is the reward schedule. In the first case, a cumulative reward for
each correct choice is given at the end of the trial sequence while in the second
case, a reward is given probabilistically at the end of each trial. This difference
affects the computation of expected reward, primarily because correct choices are
not all rewarded and incorrect choices are sometimes rewarded in the case of prob-
abilistic reward. In this section, we identify how these differences shape the strat-

egy and response features using the ENR function as our performance measure.

5.3.1 Probabilistic Signaling

In this case, reward is deterministic, so we define ENR as follows:
ENRj.p = ¢1 + ycp — cost - [DTl +Tp + Y(DTZ + TD)], (5.3.1)

where ¢q, ¢, DT, and DT, are defined from the last sections, and y is discount
rate.

In the color plot of optimal thresholds for different values of € and p, there
are 3 regions (see Fig. 5.3.1). In the region below the green curve, both initial
beliefs are below thresholds. Recall that feedback does not matter in this region

as the ideal observer relies more on their internal belief. The optimal thresholds
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increase as the change probability € gets closer to 0. This result is consistent with
the results in chapter @] (see Fig. A-C). In the region above the blue curve,
both initial beliefs are above thresholds. In this region, the ideal observer relies
solely on feedback. This is also an immediate-decision region because there is no
need to accumulate information on trial 2. The optimal thresholds are the lowest
at point (€, p) = (0, 1) because the feedback is perfect and is perfectly transferred
forwards to trial 2. In contrast to the region below the green curve, as € increases,
the optimal thresholds increase as well.

The region between the blue and green curves is our interest as the observer
makes an immediate decision on trial 2 after a green signal but must accumulate
evidence after a red signal. We call such region the “conflict” region as this shows
the conflicting evidence accumulation strategies provoked by receiving positive

versus negative feedback and is reminiscent of results from prior experimental

work [92].

A 05 (e, p) o B ENRIS* (e, p)
0.9 0.9 0.8
0.8 G 0.8

= a, ,
0.7 02 07 0.6
0.6 0.6
0.5° 0 0.5 0.4

0 0.2 0.4 0 0.2 0.4
€ €

Fig. 5.3.1: In the case of probabilistic signaling, color plots of A. Optimal threshold
0 and B. the maximum ENR. The green (blue) curve denotes where ‘y% +‘ = gax
(|y3_| = 6m™), so in the region (e, p) to the left of these curves, responses are
immediate on trial 2.
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Positive feedback always leads to a stronger subsequent initial bias than in the
case of negative feedback. As such decision times on trial 2 are always longer
(or equal) following a red signal than following a green signal, and the region
of immediate decisions is larger in the case of the green signal (Fig. 5.3.2). In
the immediate-decision region, the conditional mean decision time is 0, and the
conditional correct probability given by green signal increases as probability of
correct signal p increases. However, in the evidence accumulation region, there is
a small area where the decision time on trial 2 following a red signal varies non-
monotonically with the feedback parameter p. This is due to the fact that a weak
signal will tend to drive the initial belief on trial 2 away from the closest threshold
(when € is small), but as p is increased further, the red signal drives the initial
belief on trial 2 closer to the opposite threshold, triggering quicker decisions for
the opposite choice from before. Increasing p and decreasing e increases the total

correct probability and decreases the mean decision time on trial 2 as expected.
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Fig. 5.3.2: Color plots of probability of correct response and mean decision time
on trial 2 in the context of probabilistic signaling with parameter p. The green
(blue) solid curve indicates where |13, | = 62 (|y3_| = 61®). Optimal decision
thresholds 6@ are found by optimizing Eq. (5.3.1). The regions above the curves
are “immediate-decision” regions. Correct probability on trial 2 conditioned on
A. green light, ¢;|(s; = +1), B. red light, c»|(s; = —1), and C. probability being
correct ¢p. D. Decision time on trial 2 conditioned on D. green light, DT;|(s1 =
+1); E. conditioned on red light, DT,|(s; = —1), and E. mean decision time on
trial 2, DT5.
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5.3.2 Probabilistic Reward

When rewards are given probabilistically, the observer receives rewards for
correct choices with probability p and rewards for incorrect choices with proba-

bility 1 — p. Therefore, the ENR is defined as

ENRi:» = pe1+ (1= p)(L—c1) +v[pe2 + (1 = p)(1 — c2)]
—cost- [DTy + Tp + y(DT, + Tp)]

= (2p—1)(c1+rc2) + (1 = p)(1+7y) —cost- [DTy + Tp + (DT, + Tp)].
(5.3.2)

where ¢ and DT, are defined in Eq. (2.3.5) and (2.2.4), ¢, and DT, are defined in

Eq. (6.2.9) and (5.2.15).
In Fig. A, the probabilistic reward yields different optimal thresholds

comparing to the probabilistic signaling. The regions on the left of the green
(blue) dashed curves are immediate-decision regions, where feedback plays an
important role in decision-making. In contrast to probabilistic signaling case, the
negative feedback matters more as the immediate-decision region for negative
teedback is larger. For small values of p, the probability of receiving a reward for
correct choice is low, so the observer prioritizes speed over accuracy since their
probability of being correct matter little to their ENR, so they set a low thresholds
to make quicker decisions. For instance, when p = 0.5, the observer only receives
rewards half of the time they are correct and half the time when they are incor-
rect. As such, it is best to guess immediately, so the optimal threshold is set to be

0, regardless of the value of €. As p increases, correct choices are more valuable,
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encouraging the observer to spend more time accumulating evidence.

A 0, (e, p) B ENR7IS(
/ 0.6
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) 0.4
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Fig. 5.3.3: In the case of probabilistic reward, color plots of A. optimal threshold
67" and B. maximum ENRT3*. The green (blue) dashed curve is |yf | = o~

(|y%_} = 0;"¥). Note that the regions in which an instantaneous decision in trig-
gered on trial 2 (left of curves) is larger than in the case of probabilistic signaling.

Similar to the signal-based feedback, the accuracy increases when the feed-
back is more reliable (p — 1) (see Fig. A, B, and C) because strong and
reliable feedback enhances the observer’s bias and leads to improvement in accu-
racy. When the environment is less correlated (¢ — 0.5), the observer does not
have a strong bias at the beginning of trial 2, so they need to spend time to accu-
mulate evidence. This shows in Fig. D, E, and F, where the mean decision
time increases as € — 0.5.

For any pairs of (¢, p) on the immediate-decision region, from Eq. (5.2.9),
the probability of correct response on trial 2 depends on € and p, particularly,
c = p(1 —2¢) +e. When p — 1, i.e., perfect feedback, and € — 0, the correct
probability c; — 1, which is the highest accuracy the observer can attain. Thus,
the observer can react immediately while their accuracy increases when the feed-

back is reliable and the environment is likely to stay constant, i.e., (¢, p) — (0,1).
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Reducing the reliability of feedback reduces the accuracy.

A =+ p) g @l(s1=-1""¢p) C o (0,7 €, p)
1
0.9 0.9 0.9 0.9 0.9
0.8 0.8 0.8 0.8 0.8
=} ISH ISH
0.7 0.7 0.7 0.7 0.7
0.6 0.6 0.6 0.6 0.6
0.5 0.5 0.5 0.5 0.5
0 0.2 0.4 0 0.2 0.4 0 0.2 0.4
€ € €
DT,|(s; = +1)(0™;¢, DTo|(s; = —1)(6™; max,
D 2|( 1 )( p) 0.2 E 2|(<51 )( s 7€7p) 0.2 F DT2(97' ,6,]?) 0.2
0.9 0.9 0.9
0.8
= 01 = 08 01 = 0.8
0.7 0.7 0.7
0.6 0.6 0.6
0.5 0 0.5 0 0.5
0 0.2 0.4 0 0.2 0.4 0 0.2 0.4
€ € €

Fig. 5.3.4: A, B, C. Color plots of probability of correct response and D, E, F. mean
decision time on trial 2 following a probabilistic reward on trial 1. The green (blue)
curve indicates the collision between initial belief for positive (negative) feedback
and threshold y% L = (y%_ = 0®). The positive (negative) feedback is
defined as the observer receive reward (no reward). Optimal thresholds 8/"** are
found from optimizing Eq. (5.3.2). A, D. The conditional correct probability and
decision time given by positive feedback. B, E. The conditional correct probability
and decision time given by negative feedback. C, F. Total correct response and
mean decision time.

Reward-based feedback yields larger immediate-decision regions (regions on
the left of the curves) compared to signal-based feedback. The negative feedback
shares a large immediate-decision region with positive feedback for probabilistic
reward. There is not much conflict between positive reward-based feedback and
negative reward-based feedback. For small values of p, the probability of receiv-

ing reward (no reward) for correct choice (incorrect choice) is low, so regardless of
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5.4. SUMMARY

types of feedback, the observer will react quickly. An observer receiving reward-
based feedback focuses on obtaining a higher expected reward by making quicker
decisions, whereas observers receiving signal-based feedback can focus more on
being correct since rewards are always given for correct choices. Overall, signal-
based feedback yields higher expected net reward.

Remark: In the results displayed for our ENR maximization analysis (Fig.

5.3.1,5.3.2,5.3.3|and |5.3.4), we have fixed y = 0.8, cost = Tp = 0.5,and D = 1.

54 Summary

In this chapter, we introduce probabilistic signaling and probabilistic reward
as feedback. Optimal observers receiving probabilistic signaling opt for higher
decision thresholds than those receiving probabilistic reward. If probability of re-
ceiving reward for correct decisions is low, there is no need to keep past informa-
tion as improving accuracy only modestly increases the expected net reward over-
all. We find that reward-based feedback yields a larger immediate-decision region
and a smaller region of conflict between positive and negative feedback. For a low
probability of correct signal-based feedback, the observer is certain that they re-
ceive reward for correct choice, so evidence-accumulation process is needed. On
the other hand, for a low probability of correct reward-based feedback, the ob-
server does not need to waste time accumulating evidence as the probability of
receiving reward for being correct is low. This explains why the conflict region
is larger in the case of signal-based feedback. We are also interested in how well

the predictions of our model match human subject reaction times and accuracy in
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2AFC correlated tasks. In the next chapter, we compare our no-feedback model to

experimental data trends.
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Chapter 6

Discussion

6.1 The Optimal Observer Assumes Incorrect Change

Probability

Our modeling work demonstrates that there can be a tension between the in-
formation provided from evidence collected on a previous trial and feedback in
2AFC tasks with correlated trials. Correlations in the environment make it ideal
to value evidence received in earlier trials more than in later trials, and thus de-
liberations should be longer in the first few trials. When considering the effects
of feedback, we find that the evidence discounting effects of environmental state
changes can be counteracted by feedback received at the ends of trials. As such,
the evidence that an agent has in favor of an option at the beginning of a trial can
be more than they had at the end of the last trial prior to feedback. We also show

here that the typical idiosyncratic repetition biases commonly observed in human
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PROBABILITY
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Fig. 6.1.1: The optimal RR for a two trial task as a function of the true €ye and
the assumed €,55umeq SWitching rates. Eq. is maximized by tuning (61, 6,)
while fixing (€true, €assumed ). A. For slow environments (small €¢rye), the RR ob-
tains the same maximum regardless of the choice of €,55umeq < 0.5, while for

larger €trye the optimal choice €222 . = €true- B. The RR varies weakly with

€assume about the maximum RR (dots) for each €trye.

subjects emerge naturally in a normative model that assumes environmental cor-
relations.

We now discuss the experimental predictions of our model, motivated by pre-
vious observations of repetition bias. It has been long known that trends appear
in the response sequences of subjects in a series of 2AFC trials [32], even when the
trials are uncorrelated [17,35]]. For instance, when the state is the same on two ad-
jacent trials, the probability of a correct response on the second trial increases [34],
and the response time decreases [45].

In our model, if the assumed change rate of the environment does not match
the true change rate, €,ssumed 7 Etrue, performance can decrease, compared to
€assumed = €Etrue- However, this decrease is not particularly severe. We studied
the maximal RR from Eq. for each (€true, €assumed) While tuning (61, 6;)

(Fig.[6.1.1). For €trye small, the RR is constant across all €,55ymeq because deciding
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immediately in trial 2 is always optimal in this case (Fig. ). For larger €trye,
taking €,5sumed = €true is optimal as expected, but the RR depends only weakly on
gassumed (Fjg ). This suggests that subjects pay little penalty for implement-
ing a model with a mistuned €,55ymeq- Thus experimentally observed response
trends may arise partly due to misestimation of the transition rate ety and the
assumption that trials are dependent, even if they are not [17,97].

Motivated by our findings on RR}}7* in the previous sections, we focus on the
model of an observer who fixes their decision threshold across all trials, 9]- = 0, for
all j. Since allowing for dynamic thresholds does not impact RR’;* considerably,
we think the qualitative trends we observe here should generalize.

To provide a normative explanation of repetition bias, we compute the de-
gree to which the optimal observer’s choice on trial j — 1 biases their choice on

trial j. For comparison with experimental work, we present the probability that

d i = +1, conditioned both on the choice on the previous trial, and on coher-

enc (See Fig.6.3.1A) . In this case, P(d; = +1[g//D,d; 1 = £1) = ne(j:yé),

where the exit probability 7g(-) is defined by Eq. (2.3.4), and the initial decision
variable, yé, is given by Eq. using the threshold 6 and the assumed tran-
sition rate, €,5sumeq- The unconditioned psychometric function is obtained by
marginalizing over the true environmental change rate, "¢, P(d; = +1] ¢//D) =
(1 — ewwe)P(dj = +1|g//D,dj-1 = +1) + egueP(d; = +1|¢//D,dj-1 = —1),

which equals 79(0) if €a5sumed = Etrue-

*We define coherence as the drift, gf € =£1, in trial j divided by the noise diffusion coefficient
D [8,138].
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6.2. REPETITION-DEPENDENCE OF CORRECT PROBABILITIES AND
DECISION TIMES

Fig. shows that the probability of decision d; = +1 is increased (de-
creased) if the same (opposite) decision was made on the previous trial. When
€assumed 7 Etrue, the psychometric function is shallower and overall performance
worsens (inset), although only slightly. Note that we have set 8 = 03X, so the
decision threshold maximizes RRy, in Eq. (4.2.3). The increased probability of a
repetition arises from the fact that the initial condition y/(0) is biased in the direc-

tion of the previous decision.

6.2 Repetition-Dependence of Correct Probabilities and
Decision Times

We derive formulas for correct probabilities c; and average decision times DT;
in trial j, conditioned on whether the current trial is a repetition (R: H i = HI71
or alternation (A: H/ # H/~1) compared with the previous trial. To begin, we first
determine the correct probability, conditioned on repetitions (R), ¢j|R := ¢;|(H/ =

GIR=Y, meo(s yy) - P(dj1 = &s|H = HI ™' = Hy)
s==1

1— o8/De=Vh/D 1 1 — e 0/De+y)/D  o—6/D
1—e-20/D {4 e6/D + 1—e20/D 14 e0/D
(1—¢€)e?/D €
[1+e-9/DP] [(1—€)e?D +¢] * [1+e9/D] [ee/P + (1 —¢)]
(1-— e)eeze/D +(1- e)ee/D + €2
[1+e9/P][(1—€)e?/P +¢] [ee®/P 4+ (1—¢)]
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In the case of alternations, ¢j|A := ¢;|(H/ # H/™') = ¢;|(H/ # H~! = Hy):

cjlA =) mo(Fs- yé) ‘P(dj_1 = Fs|H # H ' = Hy)
s==1

1— e8/De—v)/D  o—6/D 1 — e~0/Datv)/D 1
1—e20/D ' 14e0/D - 1—e20/D ' 14e0/D
(1—¢) N eed/D
[1+e 9Pl [(1—€)e®/P+e] [14+e9P] [eeD + (1 —¢)]
(1 —€)ee?/D 4 ¢ef/D 4 (1 —¢)?

[1+e 9P] [(1—€)e?DP +¢€] [ee9/P+ (1—¢)]

Thus, we can show that the correct probability in the case of repetitions is higher

than that for alternations, cj|R > cj|A for any @ > 0 and € € [0,0.5), since

(1-2¢) [ef’/D - 1]

Tte O] [(1— )P 1 el [P+ (1—e)] ~

C]"R — C]'|A =

Now, we also demonstrate that decision times are shorter for repetitions than
for alternations. First, note that when the current trial is a repetition, we can again

marginalize to compute DT}|R := DT;|(H/ = H/~! = H.)

DT:|R = T(+yl0)— " T(—yls0) "
iR =T(+yp; )1-|—e——WD+ (—vor )m/
whereas in the case of alternations
DTAA = T(445:0)—6 0 (o)L
ilA = T(+y; )m+ (—vo; )1+e——9/D'

By subtracting DT;|A from DT||R, we can show that DT;|R < DT;|A forall @ > 0
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and € € [0,0.5). To begin, note that

1—e9/D

R DT LT T
DTIR ~DT||A = 1~ [T(+yo,6) T( yO,Q)}.

Since it is clear the first term in the product above is positive for 8, D > 0, we can
show DT;|R — DT;|A < 0 and thus DT;|R < DT;|A if T(—l—yé;@) < T(—yé;@).
We verify this is so by first noting the function F(y) = (e¥/P — e ¥/P)/y is al-
ways nondecreasing since F/(y) = [4 cosh £ —sinh &) /y*> > 0 since y/D >
tanh y/D. In fact F(y) is strictly increasing everywhere but when y = 0. This

means that as long as yo < 6, F(yo) < F(0), which implies

j j eyO/D — efyO/D
T(+y0;0) = T(~y0;0) = 20—575— —575~ — 20 <0,

SO T(+yé; 0) < T(—yé;@) as we wished to show, so DT|R < DT;|A.
Moving to three-state sequences, we note that we can use our formulas for ¢;|R

and c;| A as well as 79(y) described by Eq. (2.3.4) to compute

CRR := c]-|RR = nig(j:yé) -Cj\R + ﬂie(?%) (1- Cj)|Rr
cra = Cj|RA = io(FYp) -¢j|R+ mro(Lyp) - (1— cj)IR,
car = Cj|AR = mao(£y)) - ¢j| A+ mro(Fyp) - (1 - ¢))| A,

CAA ‘= C]'|AA = ﬂig(:Fyé) 'C]"A + ﬂi@(iyg}) ’ (1 - Cj)|A'

Applying similar logic to the calculation of the decision times as they depend on
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the three-state sequences, we find that

DTgg := DT}|RR = T(+y);0) iR+ T(—y};0)-(1— cj)|R,
DTg4 := DT;|RA = T(—y};0) - ¢;|[R+ T(+y};0) - (1 —¢;)|R,
DTag := DT;|AR = T(+y};0) - ¢;|A+ T(—y}; 6) - (1 —¢))|A,

DT a4 := DT;|AA = T(—y);0) - cj|A+ T(+y}; 0) - (1 —¢;)|A.

6.3 Our Model Is Consistent With Experimental Trend

The adaptive DDM also exhibits repetition bias in decision times [40]. If the
state at the current trial is the same as that on the previous trial (repetition) the
decision time is shorter than average, while the decision time is increased if the
state is different (alternation, see section [6.2). This occurs for optimal (€3ssumed =
€true) and suboptimal (€ ssumed 7 €true) Models as long as €,ssumed € [0,0.5).
Furthermore, the rate of correct responses increases for repetitions and decreases
for alternations (see section [6.2). However, the impact of the state on two or more
previous trials on the choice in the present trial becomes more complicated. As
in previous studies [17, 40, 45], we propose that such repetition biases in the case
of uncorrelated trials could be the result of the subject assuming €,ssumed 7 0.5,
even when €¢ye = 0.5.

Following [40], we denote that three adjacent trial states are composed of rep-

etitions (R), and alternations (A) [17,40]. Repetition-repetition (RRﬂ corresponds

tNote that RR here refers to repetition-repetition, as opposed to earlier when we used RR in
Roman font to denote reward rate.
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to the three identical states in a sequence, H/ = H/~! = H/=?; RA corresponds to
H/ # H' = H~%, ARto H = H™' # H7%;and AAto H # H/™! # H/72,
The correct probabilities cxy associated with all four of these cases can be com-
puted explicitly, as shown in section 6.2} Here we assume that €,5symed = €true for
simplicity, although it is likely that subjects often use €,55ymed 7 €true as shown in

[17, 40].
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Fig. 6.3.1: Repetition bias trends in the adaptive DDM. A. The psychometric func-
tions in trial j conditioned on d; ; shows that when d; | = +1, the fraction of
d ji= +1 responses increases (top curve). When d j-1= —1, the fraction of d i = +1
responses decreases (bottom curve). The weighted average of these two curves
gives the unconditioned psychometric function (middle curve). Coherence g/D
is defined for drift g € +1, noise diffusion coefficient D, and assumed change
rate €;5sumed = 0.25. Inset: When €iye = 0.5 is the true change rate, the psy-
chometric function is shallower (grey curve). B. Correct probability cxy in current
trial, plotted as a function of the assumed change rate €,¢5ymeq, conditioned on
the pairwise relations of the last three trials (R: repetitions; A: alternations). Note
the ordering of c44 and c4r is exchanged as €,55umeq 1S increased, since the ef-
fects of the state two trials back are weakened. Compare dots at €,55ymeq = 0.05
and €,55umed = 0.25. C. Decision time DT xy conditioned on pairwise relations of
last three trials. D. The initial condition, vy, increases as a function of the noise
diffusion coefficient D for €,5umeq = 0.1,0.25,0.4. In all cases, we set Tp = 2,
0 = 0@ for all trials, and D = 1 if not mentioned.

The probability of a correct response as a function of €,55ymeq 1S shown for

all four conditions in Fig. 6.3.1B. Clearly, crr is always largest, since the ideal
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observer correctly assumes repetitions are more likely than alternations (when
€assumed € [0,0.5)).

Note when €,¢5ymed = 0.05, cRr > €44 > car > cra (dots), so a sequence of
two alternations yields a higher correct probability on the current trial than a repe-
tition preceded by an alternation. This may seem counterintuitive, since we might
expect repetitions to always yield higher correct probabilities. However, two al-
ternations yield the same state on the first and last trial in the three trial sequence
(H = HI7?). For small €,55ymed, Since initial conditions begin close to threshold,
then itis likely d; =d; 1 =d; ;s0if d;  is correct, then d; will be too. At small
€assumed, and at parameters we chose here, the increased likelihood of the first and
last response being correct, outweighs the cost of the middle response likely be-
ing incorrect. Note that AA occurs with probability €2, and is thus assumed to be
quite rare when €,45umeq is sSmall. As €,55umed 15 increased, the ordering switches
to CRr > CAR > €a4 > Cra (€.8., at €355umed = 0.25), so a repetition in trial j leads
to higher probability of a correct response. In this case, initial conditions are less
biased, so the effects of the state two trials back are weaker. As before, we have
fixed 6 = 6327

These trends extend to decision times. Following a similar calculation as used
for correct response probabilities, cxy, we can compute the mean decision times,
DTxy, conditioned on all possible three-state sequences (see section [6.2). Fig.
shows that, as a function of €,55ymed, decision times following two repe-
titions, DTRg, are always the smallest. This is because the initial condition in trial

j is most likely to start closest to the correct threshold: Decisions do not take as
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long when the decision variable starts close to the boundary. Also, note that when
€assumed = 0.05, DTrr < DTg4 < DTgr < DTRry4, and the explanation is similar
to that for the probabilities of correct responses. When the environment is as-
sumed to change slowly, decisions after two alternations will be quicker because
bias in the direction of the correct decision is more likely. The ordering is different
at intermediate €,55ymeq Where DTrr < DT g < DT g4 < DTgra-

Notably, both orderings of the correct probability and decision times, as they
depend on the three trial history, have been observed in previous studies of serial
bias [17, 135}, 40]: Sometimes ca4 > cagr and DT 44 < DT g whereas sometimes
caa < cag and DT44 > DT4r. However, it appears to be more common that
AA sequences lead to slower decision times, DT44 < DTxr (e.g., See Fig. 3 in
[40]). This suggests that subjects assume state switches are rare, corresponding to

a smaller €,4sumed-
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Chapter 7

Conclusion & Future Work

It has been known for nearly a century that observers take into account pre-
vious choices when making decisions [32]. Notably, Yu et al. developed a theory
of sequential effects using a Bayesian framework similar to that presented here
[97]. This theory was later extended to capture both first (marginal), and sec-
ond (sequential) effects [45] 49]], predicting that decision times should decrease for
repeated trials and increase for alternating trials when an observer assumes a cor-
related environment. However, these studies did not formalize the link between
the decision threshold and subsequent initial condition or study the problem of
optimizing the reward rate. In addition, modeling studies have used generalized
versions of the DDM to account for trends observed in experimental data [34, 40],
but have not examined how to optimize a cost function, like the reward rate. Here
we have linked the normative model of evidence-accumulation in correlated en-
vironments to a decision strategy that optimally trades off speed and accuracy by

maximizing an overall reward rate.
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The fact that repetitions decrease response times has long been known [28)76].
Whether this effect is driven by sensory after-effects of the stimuli, or the evi-
dence and resulting responses are still debated [65]. However, there is experi-
mental evidence that past outcomes bias the initial belief on a subsequent trial in
human observers [34, 47]. In contrast to our model, experimental studies also
show that responses depend on more than just one preceding trial (reviewed
in [54], chapter 6.6). Such trends could be due to continuous adaptation of the
evidence-discounting process to the statistics of the environment [45} 97]. The ex-
perimentally observed increases in response time, and reductions in erroneous re-
sponses following a correct response [51], are consistent with a dynamical thresh-
old model. Normative models of the type we suggest also cannot explain negative
recency effects, i.e., the observed tendency to alternate choices [44].

To account for information obtained on one trial observers could adjust ac-
cumulation speed [22} 72, 90], threshold [8| 22, 40], or their initial belief on the
subsequent trial [8] [11]. We have shown that an ideal observer adjusts their ini-
tial belief and decision threshold, but not the accumulation speed in a sequence
of dependent, statistically-identical trials. Adjusting the initial belief increases
reward rate by decreasing response time, but not the probability of a correct re-
sponse. Changes in initial bias have a larger effect than adjustments in threshold,
and there is evidence that human subjects do adjust their initial beliefs across tri-
als [11, 34, 163]. On the other hand, the effect of a dynamic threshold across trials
diminishes as the number of trials increase: RRY'* is nearly the same for constant

thresholds 6 as for when allowing dynamic thresholds 6;.,. Given the cognitive
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cost of trial-to-trial threshold adjustments, it is thus unclear whether human sub-
jects would implement such a strategy [5].

We do note, however, that the fact that the optimal variable-threshold model
predicts a decrease in decision times may lend some perspective to the finding
that subjects tend to increase the speed of decisions as an experiment goes on [25),
67]. Past studies have suggested that subjects successively decrease their decision
threshold until they make an error, and then increase the threshold on the next
trial. This theory relies on the presence of reward-based feedback, so it would
be interesting to examine decision time update strategies for spans of trials that
receive no feedback.

It has been shown that subjects performing decision tasks may still accumu-
late information even after providing a response [68, 77]. Such effects have been
modeled with a DDM that continues to evolve following the decision threshold-
crossing. We can incorporate these effects into our normative model by defin-
ing the initial conditions on trial # + 1 using an ending value y" (T, + AT) with
AT determining the time of integration after a threshold, 6, has been crossed:
YTy + AT) ~ p(y, T, + AT|y"(T,) = £6). Explicit results may still be possible
in this case, but the formulas would be considerably more complicated since y8+1
would be a random variable.

We also assumed that an observer knows the length of the trial sequence, and
uses this number to optimize reward rate [61]. It is rare that an organism would
have such information in a natural situation. However, our model can be ex-

tended to random sequence durations if we allow observers to marginalize over
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possible sequence lengths. If decision thresholds are fixed to be constant across all
trials 6; = 6, the projected RR is the average number of correct decisions c(n) di-
vided by the average time of the sequence. For instance, if the trial length follows

a geometric distribution, n ~ Geom(A), then

1/A
[1—e 9P][/A— (1/A—1)(1 —2¢e)yo] + (Tp/A) [1 +e /L]

RR(6;¢) =

This equation has the same form as Eq. (¢.2.2), the RR in the case of fixed trial
number n, with n replaced by the average (n) = 1/A. Thus, we expect that as
A decreases, and the average trial number, 1/A, increases, there is an increase in
the RR and larger optimal decision thresholds 6™ (as in Fig. .2.1). The case
of dynamic thresholds is somewhat more involved, but can be treated similarly.
However, as the number of trials is generated by a memoryless process, observers
gain no further information about how many trials remain after the present, and
will thus not adjust their thresholds as in section

Our conclusions also depend on the assumptions the observer makes about
the environment. For instance, an observer may not know the exact probability of
change between trials, so that €,55ymed 7 €true- Indeed, there is evidence that hu-
man subjects adjust their estimate of erye across a sequence of trials, and assume
trials are correlated, even when they are not [17, 35, 97]. Our model can be ex-
panded to a hierarchical model in which both the states H Ln and the change rate,
€, are inferred across a sequence of trials [69]. This would result in model ideal
observers that use the current estimate of the € to set the initial bias on a trial [97].

A similar approach could also allow us to model observers that incorrectly learn,
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or make wrong assumptions, about the rate of change.

Experimental evidence strongly suggests that humans assume the world is
changing, even when instructed that experimental conditions will remain un-
changed [3] 33, 60]. At the same time, humans can use learned statistical structure
of the environment to make decisions [47, 49, 58, 97]. Mathematical models that
capture human behavior should, therefore, balance adaptivity with stability, to
describe how they learn and use the latent structure of the environment. We will
pursue such extensions in future work.

Observers may also not have full knowledge of the underlying statistics of
the evidence, fi(&). Several models have been recently developed to describe
how a choice and evidence reliability can be inferred simultaneously [21) 46| 56].
Incorporating dynamic updating of the decision threshold to optimize the reward
rate can then lead to bounds that collapse or increase depending on the assumed
prior distribution over the evidence reliability [24]. One possible extension of our
model would be to consider cases in which evidence quality can switch from one
trial to the next, potentially causing the noise amplitude and threshold to adapt
continuously within a trial in response to new evidence.

Modeling approaches can also point to the neural computations that underlie
the decision-making process. Cortical representations of previous trials have been
identified [2}162], but it is unclear how the brain learns and combines latent prop-
erties of the environment (the change rate €) with sensory information to make in-

ferences. Recent work on repetition bias in working memory suggests short-term
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plasticity serves to encode priors in neural circuits, which bias neural activity pat-
terns during memory retention periods [48] 64]. Such synaptic mechanisms may
also encode previously accumulated information in sequential decision-making
tasks, even in cases where state sequences are not correlated. Indeed, evolution
may imprint characteristics of natural environments onto neural circuits, shaping
whether and how e is learned in experiments and influencing trends in human
response statistics [29,37]. Ecologically-adapted decision rules may be difficult to
train away, especially if they do not adversely impact performance [88].

There is evidence that in humans, outcomes on previous trials bias future de-
cisions. This is the case even when stimuli provide no information about either
choice on a trial, so there is technically no correct decision [7]. Indeed the deci-
sion made on such trials can be decoded from electroencephalogram recordings
prior to stimulus presentation, suggesting it is primarily determined by evidence
on the previous trial. It would be interesting to derive the normative evidence-
accumulating model in the case in which H. trials are interspersed with pure
noise trials (with no correct decision). We expect that responses on pure noise tri-
als will exhibit considerable bias in the direction of decisions on the previous trial.
Furthermore, we expect that neurophysiologically inspired models that combine
aspects of decision-making and working memory would also exhibit such strong
biases, as the decision state may be stuck in the attractor state determined by the
previous trial, in the absence of new evidence [59].

The normative model we have derived can be used to identify task parameter

ranges that will help tease apart the assumptions made by subjects [17, 35, 40].
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Since our model describes the behavior of an ideal observer, it can be used to de-
termine whether experimental subjects use near-optimal or sub-optimal evidence-
accumulation strategies. Furthermore, our adaptive DDM opens a window to
further instantiations of the DDM that consider the influence of more complex
state-histories on the evidence-accumulation strategies adopted within a trial. Un-
covering common assumptions about state-histories will help guide future exper-
iments, and help us better quantify the biases and core mechanisms of human

decision-making.
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Appendix A

Numerical Methods

All numerical simulations of the DDM in chapters and [5| were performed
using the Euler-Maruyama method with a timestep dt = 0.0005, computing each
point from 10° realizations. To optimize reward rates (RR) and expected net re-
ward (ENR) for probabilistic signaling, we used the Nelder-Mead simplex method
(fminsearch)in MATLAB. Optimizing ENR for probabilistic reward using fminsearch
yields negative optimal thresholds. Therefore, we used fminsearchbnd by John
D’Errico (2020) to restrict the lower bound to be 0. To compute the pairs of (e, p)
at the immediate-decision boundary, we used 1sqnonlin in MATLAB to find the

roots of

9ENR _
90 =0,
2 | —
0™ — |yoe| =0
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https://www.mathworks.com/matlabcentral/fileexchange/8277-fminsearchbnd-fminsearchcon
https://www.mathworks.com/matlabcentral/fileexchange/8277-fminsearchbnd-fminsearchcon
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